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Preface 





ICE-EM Mathematics Third Edition is a series of textbooks for students in years 5 to 10 throughout 
Australia who study the Australian Curriculum and its state variations. 


The program and textbooks were developed in recognition of the importance of mathematics in 
modern society and the need to enhance the mathematical capabilities of Australian students. 
Students who use the series will have a strong foundation for work or further study. 


Background 


The International Centre of Excellence for Education in Mathematics (ICE-EM) was established 

in 2004 with the assistance of the Australian Government and is managed by the Australian 
Mathematical Sciences Institute (AMSI). The Centre originally published the series as part of a 
program to improve mathematics teaching and learning in Australia. In 2012, AMSI and Cambridge 
University Press collaborated to publish the Second Edition of the series to coincide with the 
introduction of the Australian Curriculum, and we now bring you the Third Edition. 


The series 


ICE-EM Mathematics Third Edition provides a progressive development from upper primary 
to middle secondary school. The writers of the series are some of Australia’s most outstanding 
mathematics teachers and subject experts. The textbooks are clearly and carefully written, and 
contain background information, examples and worked problems. 


For the Third Edition, the series has been carefully edited to present the content in a more 
streamlined way without compromising quality. There is now one book per year level and the flow of 
topics from chapter to chapter and from one year level to the next has been improved. 


The year 10 textbook incorporates all material for the 10A course, and selected topics in earlier 
books carefully prepare students for this. ІСЕ-ЕМ Mathematics Third Edition provides excellent 
preparation for all of the Australian Curriculum’s year 11 and 12 mathematics courses. 


For the Third Edition, /CE-EM Mathematics now comes with an Interactive Textbook: a 
cutting-edge digital resource where all textbook material can be answered online (with students’ 
working-out), additional quizzes and features are included at no extra cost. See 'The Interactive 
Textbook and Online Teaching Suite’ on page xiii for more information. 


ix 
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How to use this resource 





The textbook 


Each chapter in the textbook addresses a specific Australian Curriculum content strand and 

set of sub-strands. The exercises within chapters take an integrated approach to the concept of 
proficiency strands, rather than separating them out. Students are encouraged to develop and apply 
Understanding, Fluency, Problem-solving and Reasoning skills in every exercise. 


The series places a strong emphasis on understanding basic ideas, along with mastering essential 
technical skills. Mental arithmetic and other mental processes are major focuses, as is the 
development of spatial intuition, logical reasoning and understanding of the concepts. 


Problem-solving lies at the heart of mathematics, so ICE-EM Mathematics gives students a variety 
of different types of problems to work on, which help them develop their reasoning skills. Challenge 
exercises at the end of each chapter contain problems and investigations of varying difficulty that 
should catch the imagination and interest of students. Further, two “Review and Problem-solving’ 
chapters in each 7-10 textbook contain additional problems that cover new concepts for students 
who wish to explore the subject even further. 


The Interactive Textbook and Online Teaching Suite 


Included with the purchase of the textbook is the Interactive Textbook. This is the online version of 
the textbook and is accessed using the 16-character code on the inside cover of this book. 


The Online Teaching Suite is the teacher version of the Interactive Textbook and contains all the 
support material for the series, including tests, worksheets, skillsheets, curriculum documentation 
and more. 


For more information on the Interactive Textbook and Online Teaching Suite, see page xiii. 


The Interactive Textbook and Online Teaching Suite are delivered on the Cambridge HOTmaths 
platform, providing access to a world-class Learning Management System for testing, task 
management and reporting. They do not provide access to the Cambridge HOTmaths stand-alone 
resource that you or your school may have used previously. For more information on this resource, 
contact Cambridge University Press. 


AMSI's TIMES and SAM modules 


The TIMES and SAM web resources were developed by the /CE-EM Mathematics author team at 
AMSI and are written around the structure of the Australian Curriculum. These resources have been 
mapped against your /CE-EM Mathematics book and are available to teachers and students via the 
AMSI icon on the Dashboard of the Interactive Textbook and Online Teaching Suite. 
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The Interactive Textbook апа the Online 
Teaching Suite 





Interactive Textbook 


The Interactive Textbook is the online version of the print textbook and comes included with 
purchase of the print textbook. It is accessed by first activating the code on the inside cover. It is easy 
to navigate and is a valuable accompaniment to the print textbook. 


Students can show their working 


All textbook questions can be answered online within the Interactive Textbook. Students can show 
their working for each question using either the Draw tool for handwriting (if they are using a device 
with a touch-screen), the Type tool for using their keyboard in conjunction with the pop-up symbol 
palette, or by importing a file using the Import tool. 


Once a student has completed an exercise they can save their work and submit it to the teacher, who 
can then view the student’s working and give feedback to the student, as they see appropriate. 


Auto-marked quizzes 


The Interactive Textbook also contains material not included in the textbook, such as a short 
auto-marked quiz for each section. The quiz contains 10 questions which increase in difficulty from 
question | to 10 and cover all proficiency strands. There is also space for the student to do their 
working underneath each quiz question. The auto-marked quizzes are a great way for students to 
track their progress through the course. 


Additional material for Year 5 and 6 


For Years 5 and 6, the end-of-chapter Challenge activities as well as a set of Blackline Masters 
are now located in the Interactive Textbook. These can be found in the ‘More resources’ section, 
accessed via the Dashboard, and can then easily be downloaded and printed. 


Online Teaching Suite 


The Online Teaching Suite is the teacher’s version of the Interactive Textbook. Much more than a 
“Teacher Edition’, the Online Teaching Suite features the following: 


* The ability to view students’ working and give feedback — When a student has submitted their 
work online for an exercise, the teacher can view the student's work and can give feedback on 
each question. 

* For Years 5 and 6, access to Chapter tests, Blackline Masters, Challenge exercises, curriculum 
support material, and more. 

* For Years 7 to 10, access to Pre-tests, Chapter tests, Skillsheets, Homework sheets, curriculum 
support material, and more. 

* A Learning Management System that combines task-management tools, a powerful test generator, 
and comprehensive student and whole-class reporting tools. 
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CHAPTER 


Number and Algebra 





This chapter reviews some important practical financial topics, such as investing 
and borrowing money, income tax and GST, inflation, depreciation, profits 

and losses, discounts and commissions. Formulas for compound interest and 
depreciation are introduced. 


Everything in this chapter requires calculations with percentages. We are 
assuming that you are using a calculator, so we have made little attempt to set 
questions where the numbers work out nicely. 


Nevertheless, you should always look over your work and check that the 
answers to your calculations are reasonable and sensible. 


When the calculator displays numbers with many decimal places, you will need 
to round the answer in some way that is appropriate in the context of the 
question. This is an important skill in everyday life. 
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Review of percentages 





We first review the calculation techniques involving percentages, which you have learned in 
previous years. 


* To convert a percentage to a decimal, move the decimal point two places to the left. For example: 
27% = 0.27 
: : 1 
* То convert a percentage to a fraction, multiply by 107 For example: 
йг g 4 


mes ad е туге 
100 100 200 40 


* To convert a decimal or а fraction to a percentage, multiply by 100%. For example: 
0.35 = 0.35 x 100% and : = =x 100% 
= = 60% 


• To find a percentage of a quantity, convert ће percentage to a decimal ог a fraction, and then 
multiply the quantity by it. For example: 





3.5% of 1250 = 1250 x 0.035 or 3.5% of 1250 = 1250 x wn 


- 43.75 - 43 


Ajo 


* To calculate the percentage that one quantity, a, is of another quantity, b: 
— first convert both quantities to the same unit of measurement 
— then form the fraction and multiply it by 100%. 
For example, to express 32 cm as a percentage of 2.4 m: 


First, write 2.4 m - 240 cm 


Then 22. x "04 = 131% 
240 


So32cmis 13196 of 2.4m 


Finding the original amount 


We now introduce another important method that will be used with percentages throughout this 
chapter. 


* To find the original amount, given 12% of it, divide by 12%. 


Example 1 


Ken saves 12% of his after-tax salary every week. If he saves $108 a week, what is his 
after-tax salary? 
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Savings = after-tax salary x 12% 

Reversing this: 

After-tax salary = savings + 12% 

savings + 0.12 (Replace 12% by 0.12.) 
= 108 + 0.12 

= $900 


This technique of writing the percentage factor on the right and reversing the process using division 
is needed in many practical situations. It will be applied throughout this chapter to commissions, 
profit and loss, income tax and interest. 


Commission 


A commission is a fee that is charged by an agent who sells goods or services on behalf of someone 
else. The person who owns the goods or services is called the vendor, and the commission charged is 
usually determined as a percentage of the selling price. 


The Dandy Bay Gallery charges a commission of 8.6% on the selling price. 


а An antique vase was sold recently for $18 000. How much did the gallery receive, and 
how much was left for the vendor? 


b The gallery received a commission of $215 for selling a painting. What was the selling 
price of the painting, and what did the vendor actually receive? 


a Commission = 18 000 x 8.6% 


= 18 000 x 0.086 
= $1548 
Amount received by vendor = 18 000 — 1548 
= $16452 


b Commission = selling price x 8.6% 
Reversing this: 
Selling price = commission + 8.6% 
= 215 + 0.086 
= $2500 
Amount received by vendor = 2500 - 215 
= 2255 
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ON 1A REVIEW OF PERCENTAGES 
I4 00 2 - 


Profit and loss as percentages 


Is an annual profit of $20 000 a great performance or a modest performance? For a business with 
annual sales of $100 000, such a profit would be considered very large. For a business with annual 
expenditure of $100 000 000, however, it would be considered a very poor performance. 


For this reason, it is often convenient to express profit and loss as percentages of the total costs. 


The owners of Budget Shoe Shop spent $6 600 000 last year buying shoes and paying 

salaries and other expenses. They made a 2% profit on these costs. 

а What was their profit last year? 

b What was the total of their sales? 

с In the previous year, their costs were $5 225 000 and their sales were only $5 145 000. 
What percentage loss did they make on their costs? 


d Two years ago their costs were $5 230 000 and their sales were $6 125 000. What 
percentage profit did they make on their costs? 


a Profit = 6600 000 x 2% b Total sales = total costs + profit 
= 6600 000 x 0.02 - 6 600 000 -- 132 000 
= $132 000 = $6 732 000 


c Last year, loss = total costs — total sales 
= 5225 000 — 5145000 





= $80 000 
80 000 100 
Percentage loss = x 
5 225 000 1 


= 1.53% (Correct to the nearest 0.01%.) 
Alternatively, profit = total sales — total costs 


= 5 145 000 — 5 225 000 
= — $80 000 

Percentage change = —1.53% 
= 1.53% 1055 


d Profit = total sales — total costs 
= 6125 000 — 5 230 000 
= $895 000 
895 000 - 100 
5 230 000 1 
= 17.11% (Correct the nearest 0.01%.) 





Percentage profit = 


ICE-EM MATHEMATICS YEAR 
ICE-EM Mathematics 103ed ISBN 978-1- 108. 40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 








1A REVIEW OF PERCENTAGES М 
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Andrew’s paint shop made a profit of 6.4% on total costs last year. If the actual profit was 
$87 000, what were the total costs, and what were the total sales? 


Profit = costs х 6.4% 

Reversing this, costs = profit + 6.4% 
= 87 000 + 0.064 
= $1359 375 


Hence, total sales = profit + costs 
= 87 000 + 1359 375 
= $1446 375 


Income tax 


Income tax rates are often progressive. This means that the more you earn, the higher the rate of tax 
you pay on each extra dollar earned. 


Australian income tax rates are progressive, but they often change, so here is an example using the 
rates of the fictional nation of Plusionta, where taxation rates have not changed for many years. 


Income tax in the fictional nation of Plusionta is calculated as follows. 


* There is no tax on the first $12 000 that a person earns in any one year. 
* From $12 001 to $30 000, the tax rate is 15c for each dollar over $12 000. 


* From $30 001 to $75 000, the tax rate is 25c for each dollar over $30 000. 
e For incomes exceeding $75 000, the tax rate is 35c for each dollar over $75 000. 


Find the income tax payable by a person whose taxable income for the year is: 


a $10500 b $26 734 c $72000 d $455 000 
a There is no tax. b Taxon first $12 000 = $0 

Tax on remaining $14 734 

= d 754 »« (0,15) 

= $2210.10 


This is the total tax payable. 


(continued over page) 
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с Tax on first $12 000 = $0 4 Tax on first $12 000 = $0 
Tax on next $18 000 Tax on next $18 000 = $2700 
= 18000 x 0.15 Tax on next $45 000 
= $2700 = 45 000 x 0.25 
Tax on remaining $42 000 = pli 250) 
= 42 000 x 0.25 Tax on remaining $380 000 
= $10 500 - 380 000 x 0.35 
= 5132 000 
алаға O Total tax = 2700 + 11250 + 133000 
к = $146950 


Simple interest 


When money is lent by a bank or other lender, whoever borrows the money normally makes a 
payment, called interest, for the use of the money. 


The amount of interest paid depends on: 

* the principal, which is the amount of money borrowed 
* the rate at which interest is charged 

* the time for which the money is borrowed. 


This section will deal only with simple interest. In simple interest transactions, interest is paid on 
only the original amount borrowed. 


Conversely, if a person invests money in a bank or elsewhere, the bank pays the person interest 
because the bank uses the money to finance its own investments. 


Formula for simple interest 
Suppose that I borrow $P for T years at an interest rate of R per annum. 
Interest paid at the end of each year = PX R 
Total interest, $7, paid over T years = P x RX T 
= PRT 
This gives us the well-known simple interest formula. 
I = PRT (Interest = principal x rate x time) 


Note: The interest rate is normally given per year, so the time must also be written in years. In some 
books, R is written as r%. 


‘Per annum’ means “рег year’. It will sometimes be abbreviated to ‘p.a.’. 
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Find the simple interest оп $16 000 for eight years at 7.5% р.а. 


I = PRT 
= 16000 x 7.5% x 8 
= 16000 x 0.075 x 8 
= 9600 
Thus, the simple interest is $9600. 


Reverse use of the simple interest formula 


There are four pronumerals in the formula / = PRT. If any three are known, then substituting them 
into the simple interest equation allows the fourth to be found. 


Example 7 


John borrows $120 000 from his parents to put towards an apartment. His parents agree that 
John should only pay simple interest on what he borrows. Ten years later, John repays his 
parents $216 000, which includes simple interest on the loan. What was the interest rate? 


P = 120 000 and T = 10. 
The total interest paid was $216 000 — $120 000 = $96 000, so J = 96 000 





I = PRT 
96 000 = 120 000 x R x 10 
96 000 100 3 
= х 2 (Interest rates are normally written as percentages.) 
1 200 000 1 
- 8% 


The interest rate was 8%. 


Ф) Simple interest formula 






* Suppose that a principal $P is invested for T years at an interest rate R p.a. Then the 
total interest $7 is given by: 


I = PRT 
е |f the interest rate В is given per year, the time Т must be given in years. 


• The formula has four pronumerals. If any three are known, the fourth can be found by 
substitution and solving the resulting equation. 
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1 Express each percentage as a decimal. 
a 56% b 8.2% с 12% а 3.75% 


е 215% f 0.8% g 881% h —% 


2 Express each percentage as a fraction in lowest terms. 


a 4596 b 6496 с 671% d 662% 
e 8.25% f 5.696 g 12096 h 15096 
1 : І 

і 7.25% і 123% К 22 1 7.8% 


3 Express each fraction or decimal as a percentage. 
7 7 


a = b — с — 412 
5 8 16 2 
e2 ыг g 0.46 h 0.025 
20 3 
i 14 j 1125 k 0.000 75 1 21 


4 Copy and complete this table. 


Percentage Fraction Decimal 
a 64% 








b 2 
5 




















5 Evaluate each amount, correct to two decimal places. 


a 15% of 60 b 36% of 524 
с 120% of 436 d 140.5% of 720 
e 3.8% of 73 Ї 0.5% of 220 


6 Evaluate each amount, correct to the nearest cent where necessary. 


а 52% of $50 b 24.2% of $1050 
с 110% of $1590 d 0.30% of $900 
е 8196 of $2000 f 5% of $1060 
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7 Find what percentage the first quantity is of the second quantity, correct to one decimal 





place. 
а 9 km, 150 km b $5, $400 
c 28 kg, 600 kg d 80 m, 50m 


8 Find what percentage the first quantity is of the second quantity, correct to two decimal 
places. You will first need to express both quantities in the same unit. 


a 48 cents, $10.00 
b 3.4 cm, 2m 
c 28 hours, 4 weeks 
d 250 m, 8 km 
e 40 km, 1250 m 
f 1 day, 2 years 
9 There are 640 students at a primary school, 796 of whom have red hair. Calculate 

the number of students in the school who have red hair. 

10 Asample of a certain alloy weighs 2.6 g. 


a Aluminium makes up 58% of the alloy. What is the weight of the aluminium in 
the sample? 


b The percentage of lead in the alloy is 0.28%. What is the weight of the lead in 
the sample? 


11 A soccer match lasted 94 minutes (including injury time). If Team A was in possession for 
65% of the match, for how many minutes and seconds was Team А in possession? 


12 А football club with 15 000 members undertook a membership drive, and the membership 
increased by 110%. 
a How many new members joined the club? 


b What is the size of the club's membership now? 


этэ 13 Find the original quantity, given that: 


a 596 ofitis $24 

b 3096 of it is 72 minutes 
c 90% of it is 216 cm 

d 7% of itis $15.26 

e 0.5% of itis 4mm 

f 1596 of itis 56 mm 


14 Sometimes customers pay a deposit on an item and then later pay the rest of the full price. 
Find the full price when a deposit of $570 is 30% of the full price. 
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15 Find the selling price if the commission and the commission rate are as given. 
a Commission $46, rate 8% 
b Commission $724, rate 5.6% 
16 Find the percentage profit or loss on costs in these situations. 
a Costs $26 000 and sales $52 000 
b Costs $182 000 and sales $150 000 


17 a A company made a profit of $28 000, which was a 5.4% profit on its costs. Find the costs 
and the total sales. 


b A company made a loss of $750 000, which was a 6.5% loss on its costs. Find the costs 
and the total sales. 


18 This question uses the income tax rates in the fictional nation of Plusionta. They are: 
* There is no tax on the first $12 000 that a person earns in any one year. 

From $12 001 to $30 000, the tax rate is 15c for each dollar over $12 000. 

From $30 001 to $75 000, the tax rate is 25c for each dollar over $30 000. 

* For incomes exceeding $75 000, the tax rate is 35c for each dollar over $75 000. 


a Find the income tax payable on: 
i 59000 ii $15 000 iii 538000 iv 5400 000 
b What percentage of each person’s income was paid in income tax in parts і-іу of part a? 
c Find the income if the income tax on it was: 
i $1580 ii $3860 iii $15 200 iv $15 000 
19 520000 is invested at 8% р.а. simple interest for five years. 
a How much interest will be earned each year? 


b Use the formula / = PRT to find how much interest will be earned over the five-year 
period. 


20 Find the total simple interest earned in each investment. 
а $4000 for three years at 6% p.a. 
b $7500 for six years at 4.5% p.a. 
21 Find the rate А in each simple interest investment. 
a Interest of $7200 on $8000 for 12 years 
b Interest of $3 400 000 on $12 500 000 for four years 
22 Find the time T involved in each simple interest investment. 
a Interest of $2500 on $1000 at 596 p.a. b Interest of $91 200 on $30 000 at 896 p.a. 
23 Find the principal P in each simple interest investment. 
a Interest of $4320 at 4.8% p.a. for six years 
b Interest of $5020 at 6.7596 p.a. for three years 
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Percentage increase and decrease 





When a quantity is increased or decreased, the change is often expressed as a percentage of the 
original amount. 


This section reviews a concise method of dealing with percentage increase and decrease. The method 
will be applied in various ways throughout the remaining sections of the chapter. 


Percentage increase 


The Shining Path Cleaning Company made a profit of $421 000 last year, and increased its profit this 
year by 23%. 


We can find the new profit in one step by using the fact that the new profit is 100% -- 23% — 123% 
of the old profit. 


New profit = 421 000 x 123% 
- 421000 x 1.23 
- $517 830 
When using a calculator, this is a simpler method than calculating the profit separately and adding it 


on. It will also allow us to handle repeated increases more easily and will make it simpler to reverse 
the process. 


Percentage decrease 


The same method can be used to calculate percentage decreases. For example, Grey Gully Station 
recently sold 4146 of its 2288 head of cattle to the meatworks. 


We can calculate how many head of cattle the station now has by using the fact that 
10096 — 4196 — 59% of its cattle remain. 


Number of remaining head of cattle — 2288 x 59% 
— 2288 x 0.59 


ж 1350 (Correct to the nearest integer.) 


> Percentage increase and decrease 







* To increase an amount by, say, 15%, multiply by 1+ 0.15 = 1.15. 
* To decrease an amount by, say, 15%, multiply by 1- 0.15 = 0.85. 
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Finding the percentage increase or decrease 


The method used in the following example is in keeping with the other methods covered in 

this chapter. It requires fewer calculations than finding the actual increase or decrease and then 
expressing that change as a percentage of the original amount. In all cases, subtracting the calculated 
percentage by 100% determines the percentage change. 


Example 8 


The water stored in the main Warrabimbie Dam has increased from 1677 gigalitres to 
2043 gigalitres in three months. What percentage increase is this? 


New storage _ 2043 100 ob 
Old storage 1677 ^ 1 
= 121.82% (Correct to the nearest 0.01%.) 
Thus, the storage has increased by about 121.82% — 100% = 21.82%. 





Reversing the process to find the original amount 


Harry claims that his mathematics mark of 78 constitutes a 45% increase on his previous 
mathematics mark. What was his previous mark? 


This mark is 100% + 45% = 145% of the previous mark. 
Hence, this mark = previous mark x 1.45 
Reversing this, previous mark = this mark + 1.45 
= 78 + 1.45 
= 54 (Correct to the nearest mark.) 
Thus, to find the original amount, we divide by 1.45, because dividing by 1.45 is the reverse process 
of multiplying by 1.45. 


Exactly the same principle applies when an amount has been decreased by a percentage, as shown in 
the following example. 


Example 9 


The price of bananas has decreased by 70% over the last year to $3 per kilogram. What was 
the price a year ago? 


The new price is 100% - 70% = 30% of the old price. 
Hence, new price = old price x 0.30 
Reversing this, old price = new price + 0.30 

= 3.00 + 0.3 

= $10 per kilogram 


12 
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Ria has had mixed results with the shares that she bought three years ago. Shares in White 
Manufacturing rose 37% to $14.56, but shares in Black Tile Distributors fell 28% to $8.76. 
Find the prices she originally paid for these two shares, correct to the nearest cent. 





White Manufacturing shares are now 100% + 37% = 137% of their previous value. 
Thus, new value = original price x 1.37 
Reversing this, original price = 14.56 + 1.37 

= $10.63 (Correct to the nearest cent.) 
Black Tile Distributors shares are now 100% - 28% = 72% of their original value. 
Thus, new value = original price x 0.72 
Reversing this, original price = 8.76 + 0.72 

= $12.17 (Correct to the nearest cent.) 


> Finding the original amount 





* To find the original amount after an increase of, say, 15%, divide the new amount by 
1+ 0.15 = 1.15. 


• To find the original amount after a decrease of, say, 15%, divide the new amount by 
1 — 0.15 = 0.85. 


Discounts 


It is common for a shop to discount the price of an item. This can be done to sell stock of a slow- 
moving item more quickly, or simply to attract customers into the shop. 


Discounts are normally expressed as a percentage of the original price. 


Example 11 


The Tie Knot Shop is expecting new stock and needs to make room on its shelves. It has 
discounted all its prices by 4546 to try to sell some of its existing stock. 


a Whatis the discounted price of a tie with an original price of $90? 
b What was the original price of a tie with a discounted price of $90? 


The discounted price of each item is 10096 — 45% — 55% of the old price. 

a Discounted price — original price x 0.55 b Original price = discounted price + 0.55 
= 90 x 0.55 = 90+ 0.55 
= $49.50 = $163.64 


(Correct to the nearest cent.) 


13 
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Тһе С$Т 


Іп 1999 the Australian Government introduced a Goods and Services Tax, or GST for short. This tax 
applies to nearly all goods and services in Australia. 


The current rate of GST is 10% of the pre-tax price of the good or service. 
* When GST applies, GST is added to the pre-tax price. This is easily done by multiplying by 1.10. 


* Conversely, if a quoted price already includes the GST, the pre-tax price is obtained by 
dividing by 1.10. 


Example 12 


The current GST rate is 10% of the pre-tax price. 


а The pre-tax price of a large fridge is $2150. What will the fridge cost after GST is added, 
and how much will be paid to the government? 


b I recently paid $495 to have a tree pruned. What was the price before adding GST, and 
how much GST was paid to the government? 


The after-tax price is 110% of the pre-tax price. 


а After-tax price = 2150 x 1.10 Alternatively, tax = 2150 x 0.1 
= $2365 = 215 
Тах = 2365 — 2150 After-tax price = $2150 + $215 
= $215 = $2365 
b Pre-tax price = 495 + 1.10 (Divide by 1.10 to reverse the process.) 
= $450 
Tax = 495 - 450 
= $45 
Inflation 


The prices of goods and services in Australia and other countries usually increase by a small amount 
every year. This gradual rise in prices is called inflation, and is measured by taking the average 
percentage increase in the prices of a large range of goods and services. 


Other things, such as salaries and pensions, are often adjusted automatically every year to take 
account of inflation. 


High rates of inflation are damaging to society, and governments generally try to keep inflation low. 


14 
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Example 13 


The economy in Espirito Santo is booming as a result of its mineral exports, but 
unfortunately, with a change of government, inflation has also taken hold. Last year inflation 
was 28%, meaning that on average, prices have increased by 28% over the last year. 


а If the average winter electricity bill was $460 last year, give an estimate of this year’s bill, 
based on the inflation rate. 


b Ifa new Hunter Flash station wagon now costs $38 000, give an estimate of its cost a 
year ago, based on the inflation rate, correct to the nearest $100. 


We estimate this year’s prices as 100% + 28% = 128% of last year’s prices. 


а Estimate of this year’s bill = 460 x 1.28 
= $588.80 
b Estimate of cost last year = 38 000 + 1.28 
= $29700 (Correct to the nearest $100.) 





Өн 


1 Increase each amount by ће given percentage. 
a $570, 10% b $9320, 5% c $456, 6% d $3120, 8% 


2 Decrease each amount by the given percentage. 
a $9000, 10% b $4560, 5% c $826, 3% d $9520, 4% 


3 Traffic on all roads has increased by an average of 12% during the past 12 months. By 
multiplying by 112% = 1.12, estimate the number of vehicles now on a road where the 
number of vehicles a year ago was: 


а 32000 per day b 153 000 per day c 248 per day 


4 Rainfall across Victoria has decreased over the last 10 years by about 38%. By multiplying 
by 62% = 0.62, estimate, correct to the nearest mm, the annual rainfall this year at a place 
where the rainfall 10 years ago was: 


a 700 mm b 142 mm с 1268 mm 


5 The number of shops in different shopping centres in Borrington changed from 2011 to 
2012, but by quite different percentage amounts. Find the percentage increase or decrease in 
the number of shops where the numbers during 2011 and 2012, respectively, were: 


a 200 and 212 b 85 and 160 с 156 and 122 d 198 and 110 
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a An amount is decreased by 10% and the new amount is $567. What was the original 
amount? 


b An amount is increased by 10% and the new amount is $5676. What was the original 
amount? 


Phoenix Finance Pty Ltd recently issued bonus shares that increased by 14% the number of 
shares held by each of the company's shareholders. By dividing by 114% = 1.14, find the 
original holding of a shareholder who now holds: 


a 228 shares b 8321 shares c 77682 shares 


A research institute is trying to find out how much water Lake William had in it 8000 years 
ago. The lake now contains 7600 megalitres, but there are various conflicting theories 
about the percentage change over the last 8000 years. Find how much water the lake 

had 8000 years ago, correct to the nearest 10 megalitres, if in the last 8000 years the 
volume has: 


а risen by 60% b fallen by 33% с risen by 312% d fallen by 88% 


A clothing store is offering a 35% discount on all its summer stock. Find the discounted 
price of an item with a marked price of: 


a $80 b $48 с 5680 4 51.60 


A furniture shop is offering а 55% discount at its end-of-year sale. Find the original price of 
an item with a discounted price of: 


a $1400 b $327 с $24.50 


Mr Brown bought parcels of shares in June last year. He has a spreadsheet showing 

the value at which he bought his shares, the value at 31 December last year, and the 
percentage increase or decrease in their value. (Decreases are shown with a negative sign.) 
Unfortunately, a virus has corrupted one entry in each row of his spreadsheet. Help him fix 
his spreadsheet by calculating the missing values, correct to two decimal places. 


Company 


Value at purchase 


Value at 31 December 


Percentage increase 





a 


$20 000 


40% 





$14 268 
$3128.72 


-58% 
341.27% 





$80 000 


15% 





$114 262 


258.3% 





$32 516.24 


-92.29% 





$50 000 


$52 000 














$21625 $34 648 
i $48 372.11 $40 072.11 
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ИШЕК) 12 Тһе GST is a tax on most goods and services, which is calculated at the rate of 10% of the 
pre-tax price. 


a Find the after-tax price on goods or services with a pre-tax price of: 


і 52740 ii $134 000 Ш 58.20 
b Find the pre-tax price оп goods or services with an after-tax price of: 

i $3927 ii 5426877 iii $3.19 
c Find the after-tax price on goods or services on which the GST is: 

i $442 ii 5347114 iii 50.47 


тэ 13 а Prices have increased with inflation by an average of 3.4% since the same time last year. 
Estimate today’s price for an item that one year ago cost: 


i $3000 ii $24.15 iii 5361 
b Estimate the price a year ago of an item that now costs: 
i $4200 ii $14.30 iii $76 


(When finding your estimate, assume that the average increase applies to all items.) 


14 a A table originally priced at $370 was increased in price by 100%. What percentage 
discount will restore it to its original price? 
b The number of daily passengers on the Jarrabine ferry-bus was 156, and in one year 


it increased by 25%. What percentage decrease next year would restore the number of 
passengers to its original value? 


c Thien had savings of $15 000, but he spent 45% of this last year. By what percentage of 
the new amount must he increase his savings to restore them to their original value? 


d The profit of the Audry Goldfish Guild last year was $3650, but this year it decreased 
by 42%. By what percentage must the profit increase next year to restore it to its original 
value? 


15 а Find, correct to two decimal places, the percentage decrease necessary to restore a 
quantity to its original value if it has been increased by: 


i 10% ii 18% 
iii 360% iv 4.1% 


b Find, correct to two decimal places, the percentage increase necessary to restore a 
quantity to its original value if it has been decreased by: 


і 10% ii 18% 
iii 80% iv 4.1% 
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Repeated increases апа decreases 





Repeated increases 


The method used in the last section becomes very useful when two or more successive increases or 
decreases are applied, because the original amount can simply be multiplied successively by two or 
more factors. Here is a typical example. 


Example 14 


Internet sales of Ferret Virus Guard have been increasing dramatically. Three years ago the 
number of registered users was 20 874. In the three years since then, the number of users 
rose by 8.1% in the first year, a further 46.4% in the second year, and then a further 112.8% 
in the third year. 


a How many users were there at the end of the first year? 

b How many users were there at the end of the second year? 

c How many users are there now, at the end of the third year? 

d What has the percentage increase in users been over the three years? 


a After one year, the number of users was 108.1% of the original number. 
Hence, number after one year - 20 874 x 1.081 
ж 22 565 (Correct to the nearest integer.) 
b After two years, the number of users was 146.496 of the number after one year. 
Hence, number after two years - 20874 x 1.081 x 1.464 
ж 33035 (Correct to the nearest integer.) 
c After three years, the number of users is 212.8% of the number after two years. 
Hence, number after three years — 20874 x 1.081 x 1.464 x 2.128 
ж 70298 (Correct to the nearest integer.) 
d Number after three years — original number x 1.081 x 1.464 x 2.128 
« original number x 3.37 
This is about 337% of the original amount, or 33796 — 100% — 237% more than it. 
Hence, the number of users has increased by about 237% over the three years. 


70 298 
Note: We could have solved part d by calculating 20874 & 3.37. It is best to keep the answer to c in 


your calculator for this calculation. 


18 


ICE-EM MATHEMATICS YEAR 10 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





1С REPEATED INCREASES AND DECREASES М 


Repeated decreases 


The same method also applies to percentage decreases, as in Example 15. 


Example 15 


The median value of houses in the city of Winchester was reasonably stable for several years 
at $340 000. After the local lead mine closed, however, the value of houses fell disastrously. 
One year later, the median house value had dropped by 58% and, over the next year, the 
median house value dropped a further 46%. 





а What was the median house value one year later? 
b What was the median house value two years later? 
c What percentage of the original median house value was lost over the two years? 


a One year later, the median value was 100% — 58% = 42% of the original. 
Hence, median value after one year = 340 000 x 0.42 
= $142 800 
b Two years later, the value was 100% — 46% = 54% of the value after one year. 
Hence, median value after two years = 340 000 x 0.42 x 0.54 
= S77 L2 
c Median value after two years = original value x 0.42 x 0.54 
= original value x 0.23 
Hence, about 77% of the value was lost over the two years (23% - 100% = -77%). 


Combinations of increases and decreases 


Some problems involve both increases and decreases. They can be solved in the same way. 


Example 16 


During July 2011, 34% more patients at St Michael’s Hospital were treated than in June 
2011. Monthly patient numbers then fell by 40% during August, rose by 30% during 
September, and finally fell by 24% during October 2011. 


a What is the percentage increase or decrease over the four months, correct to the 
nearest 1%? 


b If 5783 patients were treated during the month of June 2011, how many patients were 
treated during October 2011? 
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a Final monthly number = original monthly number x 1.34 x 0.60 x 1.30 x 0.76 


= original monthly number x 0.79 
79% — 100% - -21%, so the number has decreased by about 21% over the four months. 


b Final monthly number - original monthly number x 1.34 x 0.60 x 1.30 x 0.76 
- 5783 x 1.34 x 0.60 x 1.30 x 0.76 


ж 4594 patients (Correct to the nearest integer.) 


In the above example, you may notice that the sum of the percentages is 
34% — 40% + 30% — 24% = 0%, but this is completely irrelevant to the problem. 


Ф) Repeated increases and decreases 





* To apply successive increases of, say, 15%, 24% and 38% to a quantity, multiply the 
quantity by 1.15 x 1.24 x 1.38. 


* To apply successive decreases of, say, 15%, 24% and 38% to a quantity, multiply the 
quantity by 0.85 x 0.76 x 0.62. 


Reversing the process to find the original amount 


As we have already learned, division reverses the process to find the original amount, as in the 
following example. 


Example 17 


The cat population in Grahamsville grew by 145% over a decade, and then fell by 40% over 
the next decade. 

а What was the percentage increase in the cat population over the 20 years? 

b Ifthe final population was 10 000, what was the original population 20 years earlier? 


a After one decade, the population was 100% -- 145% — 245% of the original population. 
After the second decade, the population was 10096 — 40% — 60% of the increased 
population. 

Thus, final population — original population x (2.45 x 0.60) 
— original population x 1.47 
So the population increased by 147% — 10096 — 47%. 
b Reversing this: 
Original population = final population + (2.45 x 0.60) 
- 10 000 -- (2.45 x 0.60) 
= 6803 (Correct to the nearest integer.) 
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ә) Reversing repeated increases and decreases 








* To find the original quantity after successive increases of, say, 15%, 24% and 38% to that 
quantity, divide the final quantity by (1.15 x 1.24 x 1.38). 


* To find the original quantity after successive decreases of, say, 15%, 24% and 38% to 
that quantity, divide the final quantity by (0.85 x 0.76 x 0.62). 


Successive equal percentage increases and decreases 


When all the percentage changes are the same, we can use powers to reduce the number of 
calculations. 


Ехатріе 18 


The number of people visiting the Olympus Cinema each week has been decreasing by 4% 
per year for the last 10 years. 


a What is the percentage decrease in weekly attendance over the 10 years? 
b If there are 1250 visitors per week now, what was the weekly attendance 10 years ago? 


Each year the weekly attendance is 96% of the previous year’s weekly attendance. 
а Final weekly attendance 

= original weekly attendance x 0.96 x 0.96 x ... x 0.96 

= original weekly attendance x (0.96)? 

ж original weekly attendance x 0.66 


Here the cinema's weekly attendance has decreased by about 34% over the 10 years. 


b From part a: 
10 


Final weekly attendance = original weekly attendance x (0.96) 

Reversing this: 

Original weekly attendance = final weekly attendance + (0.96) 9 
= 1250 + (0.96)'° 


= 1880 (Correct to the nearest integer.) 


уке 


1 а Find the final value after $10 000 is successively increased by 5%, 8% апа 10%. 
b Find the final value after $10 000 is successively decreased by 8%, 7% and 6%. 


c Find the final value after $90 000 has been increased by 10% ten times. (Give your 
answer correct to the nearest cent.) 
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2 Three years ago, apples cost $2.80 рег kg, but the price has increased by 8%, 15% and 10% 
in the past three successive years. Multiply by 1.08 x 1.15 x 1.1 to find the price of 
apples now. 


3 The dividend per share in Knowledge Bank Company has risen over the last four years by 
32%, 112%, 155% and 8%, respectively. Find the total dividend received by a shareholder 
whose dividend four years ago was: 


a $1000 b $12472 c $16.64 d $512.21 
4 Land rates in Crookwell Shire have risen by 6% every year for the last seven years. 
a By what percentage have the land rates risen over the seven-year period? 
b Find the rates now payable by a landowner whose rates seven years ago were: 
i $1000 ii $1726824 iii 5216.04 


2710) 5 Since anew ‘Fitness for Freedom’ program was introduced in a community, the number 
of people classified as overweight in that community has been falling. In four successive 
years, the number of overweight people fell by 4.8%, 7.1%, 10.5% and 6.2%, respectively. 
Find, correct to two decimal places, the percentage decrease over the four-year period. 

6 Calculate the total increase or decrease in a quantity when: 
а itis increased by 20% and then decreased by 2096 
b it is increased by 80% and then decreased by 80% 
7 The price of beans has been rising. The price has risen by 10%, 15% and 35% in three 


successive years, and they now cost $3.40 per kg. By dividing successively by 1.35, then by 
1.15, and then by 1.10, find the: 


a price one year ago b price two years ago с original price three years ago 


277117) 8 Shares in Value Radios have been falling by 18% per year for the last five years. 


a Find the present worth of a parcel of shares with an original worth five years ago of: 
i $1000 ii $24 000 iii $11328512 
b By what percentage has the value fallen over the five-year period? 


9 А particular strain of bacteria increases its population on a certain prepared Petri dish 
by 18% every hour. Calculate the size of the original population four hours ago if there 
are now: 


a 10 000 bacteria b 1000 000 bacteria c 120 000 bacteria 


10 A potato is taken from boiling water at 100°C and placed in a fridge at 0°C. Every minute 
after this, the temperature of the potato drops by 16%. 


a Find the temperature of the potato after: 
i 4minutes Н 8 minutes iii 20 minutes 


b François measures the temperature of the potato and finds it to be 12°C. Find its 
temperature: 


i 3 minutes ago ii 6 minutes ago iii 10 minutes ago 
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11 Here is a table of the annual inflation rate in Australia for the years ending 30 June 2005 to 
30 June 2010 (from the Reserve Bank of Australia website). 





2005 2006 2007 2008 2009 2010 





2.376 2.7% 3.8% 2.3% 4.4% 18% 





Calculate the percentage increase in prices, correct to one decimal place: 


a over the whole six-year period b during the first four-year period 


12 The radioactivity of any sample of the element iodine-131 decreases by 55% every seven 
days. Find the percentage reduction in radioactivity over each of the periods given below. 
(Give percentages correct to one decimal place.) 


a 3 weeks b 10 weeks c 26 weeks 


13 a A coat is discounted by 50%, and the resulting price is then increased by 50%. By what 
percentage is the price increased or decreased from its original value? 


b The price of a coat is increased by 50%, and the resulting price is then decreased 
by 50%. By what percentage is the price increased or decreased from its original value? 


с Can you explain the relationship between your answers to parts a and b? 


Compound interest 





With simple interest, the interest is always calculated on the original amount: the principal. 


With compound interest, the interest is applied periodically to the balance of an account (whether 

it is an amount borrowed or an amount invested). For example, when interest is compounded 
annually (per annum), the interest is calculated on the balance at the end of each year. The interest 
earned in one year plus the previous balance becomes subject to interest calculations in the next year, 
and so on. 


The first example below is done using the method of percentage increase developed in the previous 
two sections. After that, we will develop a general formula for compound interest. 


Example 19 


Siri has invested $100 000 for five years with the St Michael Bank. The bank pays her 
interest at the rate of 6% p.a., compounded annually. 
a How much will the investment be worth at the end of: 

i one year? ii two years? iii five years? 
b Whatis the percentage increase of her original investment at the end of five years? 
c Whatis the total interest earned over the five years? 


d What would the simple interest on the five-year investment have been, assuming the same 
interest rate of 696 p.a.? 
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Each year the investment is worth 106% of its value the previous year. 
a i Balance at the end of one year. - 100 000 x 1.06 
— $106 000 
ii Balance at the end of two years - 100 000 x 1.06 x 1.06 
100 000 x (1.06)? 
= $112 360 
iii Balance at the end of five years = 100 000 x 1.06 x 1.06 x 1.06 x 1.06 x 1.06 
= 100 000 x (1.06)? 
= $133 822.56 (Correct to the nearest cent.) 


b Final amount = original amount x (1.06)? 
« original amount x 1.3382 
So the total increase over five years is about 33.8296. 
с Totalinterest = 133 822.56 — 100 000 
= $33 822.56 


d Simple interest - PRT 
- 100 000 x 0.06 x 5 
- $30 000 


We will often use the word ‘amount’ for the ‘balance’ of the account. 


A formula for compound interest 


It is not difficult to develop a formula for compound interest, provided that the interest rate 15 
constant throughout the loan. 


Suppose that a principal $P is invested for n units of time at an interest rate R per unit time, and that 
compound interest is paid. (The unit of time may be years, months, days or any other length of time.) 


Let $A, be the amount that the investment is worth after п units of time. That is, A, is the balance of 
the account. 


At the end of each unit of time, the amount increases by a factor of 1-- R. 
Thus, A; = Р(1 + R) 
and A, = A,(1+ К) 
= Р(1+ R)x(1+R) = Р(1 + RY 
and Аз = A,(1+ R) 
= Р(1+ R? х (1+ R) = P( + RP 
Continuing this process for n units of time gives: 
A, = Р(1+ А)" 
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1D COMPOUND INTEREST М 


Ө Compound interest 





Suppose that a principal $P is invested at an interest rate R per unit time, and that 
compound interest is paid. The amount $A, that the investment is worth after n units 
of time is: 


A, = Р(1+ Ry 


Thus, in the previous example, the amount at the end of five years would be calculated as: 
Substituting Р = 100 000, А = 0.06 and n = 5 
As = 100000 x (1.06)° 
= $133 822.56 


Example 20 


Wesley has retired, and he has invested $200 000. 
а How much will his investment grow to after four years if he has invested the money at 
0.596 per month compound interest? 


b How much would it have grown to had Wesley invested the money at 6% p.a. compound 
interest for four years? 


c How much would the investment grow to if he had invested it at 3% per six months 
compound interest for four years? 


Each amount is calculated to the nearest cent. 


a The money is invested for 48 months, and R - 0.596 — 0.005 per annum. 


A, = Р(1 + Ry 
Аз = 200 000 х (1.005) 
= $254 097.83 
b The money is invested for four years, and R = 6% = 0.06 per annum. 
A, = P+ Ry 
А, = 200 000 x (1.06)* 
ж $252 495.39 
с The money is invested for 8 periods of six months, and R - 3% — 0.03 per six-month 
period. 
A, = P(l4 Ку” 
Ag = 200 000 x (1.03) 
= $253 354.02 


Note: The calculations of a and b in the above example show that 0.5% per month, 
compounded monthly, earns slightly more interest than 6% p.a., compounded annually. With 
compound interest, the more frequent the compounding, the greater the amount of interest. 
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Compound interest on a loan 


Exactly the same principles apply when someone borrows money from a bank and the bank charges 
compound interest on the loan. If no repayments are made, the amount owing compounds in the 
same way, and can grow quite rapidly. 


Example 21 


Assad is setting up a home renovation business and needs to borrow $360 000 from a bank. 
The bank will charge him interest of 1% per month. Assad will pay the whole loan off all at 
once eight years later. 


њо оо с о 


How much will Assad owe the bank at ће end of опе year? 

How much will Assad owe the bank at the end of two years? 

How much will Assad owe the bank at the end of eight years? 

What is the percentage increase in the money owed at the end of eight years? 
What is the total interest that Assad will pay on the loan? 


What would the simple interest on the loan have been, assuming the same interest rate 
of 1% per month? 


Each amount is calculated to the nearest cent. 


The units of time are months, and R = 1% = 0.01 per month. 


a 


Amount owing at the end of one year = Р(1-- R)" 
= 360 000 x (1.01) 
z $405 657.01 


Amount owing at the end of two years - 360 000 x (ЕЛ) 
= $457 104.47 


Amount owing at the end of eight years = 360 000 x (ПО 
= $935 738.25 


Final amount = original amount x (1.01) 
= original amount х 2.60 


So the percentage increase over eight years is approximately 160%. 


Total interest = 935 738.25 - 360 000 
= $575 738.25 
Simple interest = PRT 
= 360 000 x 0.01 x 96 
= $345 600 


Note: Making no repayments on a loan that is accruing compound interest can be a risky business 
practice because, as this example makes clear, the amount owing grows with increasing rapidity as 
time goes on. Similarly, not making regular payments on a credit card can be disastrous. 
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Reversing the process to find the original amount 


If we are given the final amount A,, the interest rate R and the number п of units of time, we can 
substitute into the compound interest formula and solve the resulting equation to find the principal P. 


Example 22 


Carla wants to borrow money for six years to start a business, and then pay all the money 
back, with interest, at the end of that time. The bank will charge compound interest at a rate 
of 0.8% per month, and will limit her final debt, including interest, to $1 000 000. What is 
the maximum amount that Carla can borrow? 


The units of time are months, so n = 72 and R = 0.8% = 0.008 per month. 
Hence, А) = P x (1.008)? 


Substituting А55 = 1 000 000, the maximum amount that Carla can owe at the end of the 
loan: 


1000 000 = P x (1.008) 


Р = 1000 000 + (1.008) 


= $563 432.23 
Carla can borrow a maximum of $563 432.23. 


D Besen 


Note: This exercise is based on the compound interest formula A, = Р(1 + R)”. Remember that 
if an interest rate is given “рег annum' then it is assumed that the compounding occurs annually, 
and if it is given per month then the compounding occurs every month, and so on. 


1 Ming invested $100 000 for five years at 7% p.a. interest, compounded annually. 
a Find the amount invested after one year. 
b Find the amount invested after two years. 
c Find the amount invested after five years. 


d Find the percentage increase in the investment over the five-year period, correct to two 
decimal places. 


e Find the total interest earned over the five years. 


f Find the simple interest on the principal of $100 000 over the five years at the same 
annual interest rate. 


2 The population of a town increases at a rate of 5.8% p.a. for 10 years, compounded 
annually. Initially, the population was 34 000. 


a What was the population at the end of the 10-уеаг period? 


b What was the total percentage increase, correct to the nearest 196? 
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3 А couple takes out a housing loan of $380 000 over a period of 25 years. They make по 
repayments during the 25-year period. 


a i How much money would they owe if compound interest were payable at 6% p.a.? 
ii What would the percentage increase in the debt be, correct to the nearest 1%? 


b i How much money would they owe if compound interest were payable at 0.5% 
per month? 


ii What would the percentage increase in the debt be, correct to the nearest 1%? 


4 Emmanuel has borrowed $300 000 for seven years at 9% p.a. interest, compounded 
annually, in order to start his carpentry business. He intends to pay the whole amount back, 
plus interest, at the end of the seven years. 


a Find the amount owing after one year. 
b Find the amount owing after seven years. 


c Find the percentage increase in the debt over the seven-year period, correct to two 
decimal places. 


d Find the total interest charged over the seven years. 


e Find the simple interest on the principal of $300 000 over the seven-year period at the 
same annual interest rate. 


5 а Find the compound interest оп $1000 at 12% p.a. for 100 years. 
b Find the compound interest on $1000 at 1% per month for 100 years. 
c Find the simple interest on $1000 at 12% p.a. for 100 years. 


6 A student borrows $20 000 from a bank for six years. Compound interest at 9% p.a. must 
be paid. 


a How much money is owed to the bank at the end of the six-year period? 


b How much of this amount is interest? 


7 Money borrowed at an interest rate of 8% p.a. grew to $100 000 in seven years. Find: 

a the original amount invested 
b the total percentage increase in the investment, correct to the nearest 1% 

8 Emily wants to invest some money now so that it will grow (о $250 000 in eight years’ 
time. The compound interest rate is 0.5% per month. 
a How much should she invest now? 
b What will the total percentage increase be, correct to the nearest 1%? 

9 A bank offers 0.7% per month compound interest. How much needs to be invested if the 
investment is to be worth $100 000 in: 
a 10 years? 
b 25 years? 
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10 Тһе population of the mountain town of Granite Peak has been growing at 7.4% every year 





and has now reached 80 000. Find the population: 
a one year ago 

b two years ago 

c five years ago 


d 10 years ago 


11 Mr Brown has had further difficulties with the virus that attacked his spreadsheet entries. 
The spreadsheet calculated interest compounded annually on various amounts, at various 
interest rates, for various periods of time. Help him reconstruct the missing entries. 














Principal Number of years | Final amount | Total interest 
a $3000 25 
b | 53000000 12 
с 25 $3000 
d 112) $3 000 000 

















12 a Mr Yang invested $90 000 at a compound interest rate of 6% p.a. for three years. The 
tax office wants to know exactly how much interest he earned each year. Calculate these 
figures for Mr Yang. 


b Repeat these calculations with the rate of interest of 0.596 per month. 


13 WestPlaza Holdings sold one of its shopping centres for $20 000 000 and invested the 
money at a daily compound interest rate of 0.016%. How much interest did the company 
earn in the first year? 


14 Find the percentage increase in each situation (correct to the nearest 0.0196). 
a $100 000 is borrowed at a compound interest rate of 0.0196 per day for one year. 


b 51000 000 is borrowed at a compound interest rate of 0.02% per day for one year. 


15 Find the total percentage growth, correct to the nearest 0.196, in a compound interest 


investment: 

a at 1596 p.a. for two years b at 10% p.a. for three years 
с at 6% p.a. for five years d at 596 p.a. for six years 

e at 396 p.a. for 10 years f at 296 p.a. for 15 years 


g What do you observe about these results? 


16 А досіог took out a six-year loan to start a medical practice. For the first three years, he was 
charged compound interest at a rate of 996 p.a. For the second three-year period, he was 
charged compound interest at a rate of 13% p.a. Find the total percentage increase in the 
money owing, correct to the nearest 1%. 
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Compound depreciation 





Depreciation occurs when the value of an asset reduces as time passes. For example, a person may 
buy a car for $50 000, but after six years the car will be worth a lot less, because the motor will be 
worn, the car will be out of date, the body and interior may have a few scratches, and so on. 


Accountants usually make the assumption that an asset, such as a car, depreciates at the same rate 
every year. This rate is called the depreciation rate. In the following example, the depreciation rate 
is taken to be 20%. 


In many situations, simple depreciation is used, but in other situations the depreciation is 
compounded. We will deal only with compound depreciation. 


This first example is done using the methods of percentage decrease developed in Sections 1C and 
1D. After that, we will develop a general formula for depreciation, as we did for compound interest. 


Example 23 


A person bought a car six years ago for $50 000, and assumed that the value of the car would 
depreciate at 20% p.a. 


a What value did the car have at the end of two years? 
b What value does the car have now, after six years? 
с What is the percentage decrease in value over the six-year period? 


d What is the average reduction in value, in dollars p.a., on the car over the six-year period 
due to depreciation? 


The value each year is taken to be 100% — 20% = 80% of the value in the previous year. 


a Value at the end of two years = 50 000 x 0.80 x 0.80 


= 50 000 x (0.80)? 
= $32 000 


b Value at the end of six years - 50 000 x 0.80 x 0.80 x 0.80 x 0.80 x 0.80 x 0.80 


= 50 000 х (0.80) 
= 1310720 
с Final value = original value х (0.80)° 
= original value x 0.26 
Hence, the percentage decrease over six years is about 100% — 26% = 74%. 
d Depreciation over six years = 50 000 — 13 107.20 
= $36 892.80 
Average reduction in value per year = $36 892.80 + 6 
= $6148.80 per year 
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A formula for depreciation 





We can develop a formula for depreciation, as we did for compound interest. The two formulas are 
very similar. 


Suppose that an asset originally worth P depreciates at a rate, R, per unit time. 
Let А, be the value of the asset after п units of time. 
At the end of each unit of time, the value decreases by a factor of 1 — R. 
Thus, A, = Р(1- R) 
and A, = A((0- К) 
zsPü-Ax(ü-R = РО)? 
and Аз = А,(1 – R) 
= P(1 - R? х(1- R) = Р(1- RP 
Continuing this process for n units of time gives: 
A, = Pd – Ry 


> Compound depreciation 






Suppose that an asset with an original value P depreciates at a rate R per unit time. The 
value А, of that asset after n units of time is: 


A, = P(1- RY" 


Thus, in the previous example, the value at the end of six years would be calculated as: 


Substituting Р = 50 000, R = 0.8 апал = 6 


Ag = 50 000 x (0.8)° 
= $13 107.20 


Example 24 


A piece of machinery that cost $560 000 depreciates at 30% p.a. 


a What is its value after six years? 
b What is the average reduction in value per year? 
с If it had depreciated at 15% p.a., what would its value have been after six years? 


а Hee, R =03,s0l-R=07 


A, = P(1- Ry 
Ag = 560 000 x (0.7) 
— $65 883.44 


(continued over page) 
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b Depreciation = 560 000 - 65 883.44 
= $494 116.56 
Average reduction per year = 494117.56 + 6 
= $82 352.76 


с Неге” К =(0.15,зо1=К =085 


A, = Р(1— Ry 
Ag = 560 000 x (0.85)° 
= $211 203.73 


Reversing the process to find the original amount 


Given the final depreciated value А, and the depreciation rate R we can substitute into the 
depreciation formula and solve the resulting equation to find the original value of an item P. 


A company buys its staff new cars every four years. At the end of the four years, it offers 
to sell the cars to the staff on the assumption that they have depreciated at 22.5% p.a. The 
company is presently offering cars for sale at $9000 each. 


а What did each car cost the company originally? 
b What is the average reduction in value, in dollars p.a., on each car? 


а Here, R 30 22:58 сон = 902440) 75 
БЭ 
9000 = P x (0.775) 
Р = 9000 + (0.775) 
= $24 948 (Correct to the nearest dollar.) 
Each car originally cost the company about $24 948. 


b Loss of value = 24 948 - 9000 


= $15 948 
Average loss per year = 15 948 + 4 


= $3987 
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Ф Ехегсіѕе 1Е 


1 Тһе landlord of a large block of home units purchased washing machines for its units six 
| years ago for $600 000, and is assuming a depreciation rate of 30% р.а. 





a Find the estimated value after one year. 

b Find the estimated value after two years. 

c Find the estimated value after six years. 

d What is the percentage decrease in value over the six-year period? 

e What is the average reduction in value, in dollars p.a., on the washing machines over the 


six-year period due to depreciation? 


2 a Acomputer shop spent $320 000 installing alarms at its premises. If it depreciated them 
at 20% p.a., find the estimated value after six years, and the percentage reduction of 
value over that period. 

b The business borrowed the money to install the alarms, paying 8% p.a. compound 
interest for the six years. How much did it owe at the end of the six years? 


3 А school bought а bus for $90 000, depreciated it at 30% p.a., and sold it again five years 
later for $20 000. Was the price that they obtained better or worse than the depreciated 
value, and by how much? 


4 The Online Grocery spent $4 540 000 buying computers for its offices, and depreciated 
them for taxation purposes at 40% p.a. Find the value of the computers at the end of each 
of the first four years, and the amount of the loss that the company could claim against its 
taxable income for each of those four years. 


5 Sandra and Kevin each received $80 000 from their parents. Sandra invested the money at 
6.5% p.a. compounded annually, whereas Kevin bought a sports car that depreciated at a 
rate of 20% p.a. What were the values of their investments at the end of six years? 


6 ‘Taxis depreciate at 50% p.a., and other cars depreciate at 22.5% p.a. 
a What is the total percentage reduction in value on each type of vehicle after six years? 
b What is the difference in value after six years of a fleet of taxis and a fleet of other cars, if 
both fleets originally cost $10 000 000? 
7 Mr Startit’s 10-year-old car is worth $6500, and has been depreciating at 22.5% p.a. 


a By substituting into A, = Р(1- А)", find how much (to the nearest dollar) it was 
estimated to be worth a year ago. 


b How much, correct to the nearest dollar, was it estimated to be worth two years ago? 
с How much, correct to the nearest dollar, was it estimated to be worth 10 years ago? 
d What is the total percentage reduction in value on the car over the 10-year period? 


e What was the average reduction in value in dollars per year over the 10-year period? 
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ON 1E COMPOUND DEPRECIATION 
I4: 1 1: "ыш 


8 Ms Rinoldis’ seven-year-old car is worth $5600, and has been depreciating at 22.5% p.a. 
a How much, correct to the nearest dollar, was it worth four years ago? 
b How much, correct to the nearest dollar, was it worth seven years ago? 
c What is the total percentage reduction in value on the car over the seven-year period? 
d What was the average reduction in value in dollars per year over the seven-year period? 


e Ms Rinoldis, however, only bought the car four years ago, at its depreciated value at that 
time. 


i What has been Ms Rinoldis’ average loss in dollars over the four years she has owned 
the car? 


ii What was the average loss in dollars over the first three years of the car's life? 


9 I take a sealed glass container and remove 60% of the air. Then I remove 60% of the 
remaining air. I do this six times altogether. What percentage of the original air is left in the 
container? 


10 Тһе number of trees on Green Plateau fell by 596 every year for 10 years. Then the numbers 
rose by 5% every year for 20 years. What was the total percentage gain or loss of trees 
over the 30-year period? 


11 a Find the total percentage decrease in an investment with a value that decreased at: 
i 15% paa. for two years 
ii 10% p.a. for three years 
iii 6% p.a. for five years 
iv 5% p.a. for six years 
v 3% раа. for 10 years 
vi 2% p.a. for 15 years 


b What do you observe about these results? 


12 A special depreciation ruling was obtained from the Taxation Office on a particular piece 
of scientific apparatus. For the first four years, it depreciates at 32% p.a., and for the second 
four years, it depreciates at 22% p.a. Find the total percentage decrease in value. 


13 Itake 500 mL of a liquid and dilute it with 100 mL of water. Then I take 500 mL of the 
mixture and again dilute it with 100 mL of water. I repeat this process 20 times in all. What 
percentage of the original liquid remains in the mixture at the end? 


34 
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Review exercise 


1 Find the simple interest payable in each case. 
а $10 000 borrowed for six years at 9% p.a. 
b $3000 borrowed for 15 years at 6% p.a. 
с $1500 borrowed for 40 years at 2.5% р.а. 
2 What principal will earn $1000 simple interest at: 
a 4% p.a. over five years? 
b 10% p.a. over three years? 
с 6% p.a. over eight years? 
d 2.5% p.a. over 10 years? 
3 At what rate of simple interest will: 
a $10 000 grow to $14 000 over a five-year period? 
b $8000 grow to $10 000 over a two-year period? 
с $1500 grow (о $2000 over a three-year period? 


4 Ifawoman borrows $750 to buy a television and agrees to pay back $870 in one year’s 
time, what annual rate of simple interest is she being charged? 


5 An investor bought an antique table for $6000. He paid 5% as a deposit and borrowed 
the remainder from a bank for two years at 18% p.a. simple interest, payable monthly. 
How much interest does he have to pay each month? 

6 Find the new value if: 

a 60 is increased by 1096 
b 50 is increased by 15096 
c 80 is decreased by 2096 
d 200 is increased by 125% 
e 400 is decreased by 2.596 
f 312 15 decreased by 51% 
7 A clothing store offers а 15% discount on all its summer stock. How much will I need 


to pay in total if I buy a shirt with a marked price of $35, a pair of shorts with a marked 
price of $25, and a cotton sweater with a marked price of $50? 


8 А general store in a country town adds 8% to the recommended retail price of all its 
stock due to transport costs. What will be the total charge if I buy a torch with a retail 
price of $9.50, a tin of coffee with a retail price of $11.30, and a hat with a retail price of 
$42.00? 
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REVIEW EXERCISE 


9 a What is the final value if: 
і 90 is increased by 10%? 
ii 120 is decreased by 20%? 
iii 96 is increased by 4%? 
iv 108 is decreased by 8%? 
b Look carefully at the results of part a i-iv. Do they surprise you? 
10 A computer store states that it will reduce the price of a computer by 10% each day until 
it is sold. The original price of the computer is $2500. 
a What is the sale price after the first reduction? 
b What is the sale price after the second reduction? 
с What is the sale price after the third reduction? 
d What single percentage decrease has the same effect as the three 10% reductions? 
11 А manufacturer of suits can produce a suit at a cost of $250. When he sells it to a 


clothing store owner, he makes a 20% profit on the suit. To cover costs, the store owner 
increases the cost of the suit a further 30%. 


a For what price does the store owner sell the suit? 
b What is the total percentage increase in the cost of the suit? 


12 The population of a country increased by 3%, 2.6% and 1.8% in three successive years. 
What was the total percentage increase in the country’s population over the three-year 
period? 

13 Find the balance if: 

a $2000 is invested for 10 years at 896 p.a. compounded annually 
b $5000 is invested for six years at 1% per month compound interest 
c $500 is invested for 40 years at 396 per six-month period compound interest 

14 A piece of machinery has an initial value of $25 000. Due to usage and age, its value 
depreciated by 896 each year. Find the value of the piece of machinery after: 

a three years b five years c 10 years d 7 years 

15 А new caris valued at $26 000. It is estimated to depreciate by 12% each year. 

a Find its depreciated value after five years. 
b Find its depreciated value after 10 years. 
c Find how many years it takes for its depreciated value to fall below $11 000. 


16 Jo bought a four-year old car for $20 880.25 at its correct depreciated value. If the car 
has a depreciation rate of 1596 p.a., then find the value of the car when it was brand new. 
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Challenge exercise 


1 Waleed owns a portfolio of shares that he purchased for $38 000. For the first four years, 
the portfolio appreciated in value at an average of 8% each year, but for the next four 
years, it depreciated in value at an average of 8% each year. Calculate: 


a the value of the portfolio, correct to the nearest dollar, at the end of these eight years 


b the equivalent simple interest rate of change in value per year, correct to two decimal 
places, over these eight years. 


2 Two banks offer the following investment packages. 
Bank A: 6.5% p.a. compounded annually, fixed for six years 
Bank B: 5.3% p.a. compounded annually, fixed for eight years 
a Which bank’s package will yield the greater interest? 


b If a customer invests $10 000 in Bank A, how much would she have to invest with 
Bank B to produce the same amount produced by Bank A at the end of the investment 
period? 


3 The Happy Pumpkin fruit shop sells grapes at a price 10% cheaper than the Akrivo Stafili 
fruit shop and 1096 more expensive than the Costa fruit shop. 


A customer buys $50 worth of grapes from the Happy Pumpkin fruit shop. He obtains n 
kilograms of grapes for his $50. 


a What is the cost, in terms of n, of 1 kg of grapes from the Happy Pumpkin 
fruit shop? 

b If he buys 5 kilograms of grapes from (һе Akrivo Stafili fruit shop апа 5 kilograms of 
grapes from the Costa fruit shop, how much does he pay? 

c If he buys : kilograms of grapes from the Akrivo Stafili fruit shop and T kilograms 
of grapes from the Costa fruit shop, how much does he pay? 

d If he buys = kilograms of grapes from the Akrivo Stafili fruit shop and 2 kilograms 


of grapes from the Costa fruit shop, how much does he pay? 


4 The population of a town decreases by 11% during 2012. What percentage increase is 
necessary during 2013 for the population to be restored to its population immediately 
before 2012? 
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CHALLENGE EXERCISE 


5 The length of a rectangle is increased by 12% and the width is decreased by 10%. What is 
the percentage change in the area? 


6 А тап earns a salary of $2440 for working a 44-hour week. His weekly salary is increased 
by 12.5% and his hours are reduced by 10%. Find the percentage increase in his new hourly 
salary. 


7 Ina particular country in 2011, 12% of the population was unemployed and 88% was 
employed. In 2012, 10% of the unemployed people became employed and 10% of those 
employed became unemployed. What percentage of the population was employed at the end 
of 2012? 


8 Andrea buys a house and she spends an extra 10% of what she paid for the house on 
repairs. She takes out a loan and pays 5% p.a. compound interest on the total amount spent 
(including repairs). Three years later she sells the house for $565 100 and she gains 20% on 
the whole investment purchase price. How much did she pay for the house? 


9 Anthony invests $P for 2 years at r% p.a. compound interest. At the end of the 2 years, 


Anthony receives his original $P and " in interest. Find r, correct to two decimal places. 
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Number and Algebra 








In this chapter, we revise our work on surds, which are a special class of 
irrational numbers that you studied іп /CE-EM Mathematics Year 9. 


Surds, such as 429, arise when we use Pythagoras’ theorem. 


129 E 
rj 

2 
52 + 2? = 29 


The values of the trigonometric ratios of some common angles аге surds. 


B 


For example, cos 30° = EX 


Surds also arise when solving quadratic equations and can often be treated as if 
they are pronumerals. Skills in manipulating surds strengthen algebraic skills. 
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Irrational numbers 


When we apply Pythagoras’ theorem, we often obtain numbers such as 42. The numbers V2 and V3 
are examples of irrational numbers and so is 7, the number that arises from circles. Note that 42 
means the positive square root of 2. 


Recall that a rational number is a number that can be written as 5, where р is an integer апа 4 is a 
non-zero integer. 


A real number is a point on the number line. Every rational number is real but, as we have seen, not 
every real number is rational. A real number that is not rational is called irrational. 


-N3 42 т 
E | | 22 | nic 
4 3 2 1 0 1 2 3 4 








As we have mentioned, every real number is a point on the number line and, conversely, every point 
on the number line is real. 


Surds can always be approximated by decimals, but working with exact values enables us to see 
important relationships and gives insights that would be lost if we approximated everything. 


Surds 


We can take the n" root of any positive number a. The n root of a, written as Та, is the positive 
number whose n™ power is a. Thus, Ча = b is equivalent to the statement b” = а. 


If Ya is irrational, then it is called a surd. If /а is rational, then a is the п" power of a rational 


number. Hence, 4/3 : 3/5 апа 5/7 аге surds. On the other hand, 38 = 2 апа 4/81 = 3, so they are not 
surds. 


Approximations to surds can be found using a calculator. 


Example 1 


Use your calculator to arrange the surds J8 , V10, V2 and 3/60 in order of size on the 
number line. 


We use a calculator to find an approximation to each number, correct to two decimal places. 


02 10 = 3.16 211 3/60 = 3.91 





2 (8/0 36 
< | 2 | cus el > 
1 2 3 4 


40 
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2A IRRATIONAL NUMBERS AND SURDS 





Constructing some surds geometrically 


We can use Pythagoras’ theorem to construct lengths of 42, J3 
and so on. 


Using a ruler, draw a length of 1 unit. 


Using your ruler and compasses or set square, draw a right angle at 
the end of your interval and mark off 1 unit. 


Joining the endpoints, we have a length 4/2 units by Pythagoras’ 
theorem. 


If we now draw an interval of length 1 unit perpendicular to the 
hypotenuse, as shown in the diagram, and form another right-angled 
triangle, then the new hypotenuse is 4/3 units in length. We can 
continue this process, as shown, to construct the numbers J5, V6 
and so on. 





ә) Irrational numbers апа surds 





Every real number is a point on the number line and, conversely, every point on the 
number line is a real number. 


Every rational number is a real number. A real number that is not rational is called an 
irrational number. 


If a is a positive rational number and ¥/a is irrational, then “a is called а surd. 


Arithmetic with surds 
We will review the basic rules for working with square roots. 


When we write 24/3, we mean 2 x 4/3. As in algebra, we can omit the multiplication sign. 


If a and b are positive numbers, then: For example: 
(Va) =a (y =11 
Ja? =a 432 =3 
ынты ix? = Bx 7-21 


Ya += [2 5+ 5- Lun 


The first two of these rules remind us that, for positive numbers, squaring and taking a square root 
are inverse processes. For example: 


(V7) = 7and V7? =7 
Also, үл? = m and («ту = л. Note that 4/7 is not a surd. 
Take the surd 4/12. We can factor out the perfect square 4 from 12, and write: 


V12 = J4x3 
= 4/4 x 43 (Jab = Ja x Vb) 
= 243 





41 
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2A IRRATIONAL NUMBERS AND SURDS 





Hence, 412 and 24/3 are equal. We will regard 24/3 as a simpler form than 4/12, since the number 
under the square root sign is smaller. 


To simplify a surd (or a multiple of a surd), we write it so that the number under the square root sign 
has no factors that are perfect squares (apart from 1). For example: 


V12 = 243 
We shall also refer to any rational multiple of a surd as a surd. For example, 44/7 is a surd. 


In mathematics, we are often instructed to leave our answers in surd form. This means that we 
should not approximate the answer using a calculator, but leave the answer — in simplest form — 
expressed using square roots, cube roots etc. This is also called giving the exact value of the answer. 


We can use our knowledge of factorising whole numbers to simplify surds. 


Simplify: 

a 450 12 EI 

а 5 = J25 х./2 b 427 = 4/9 x43 
= 5/2 = 3/3 


We look for factors of the number under the square root sign that are perfect squares. Sometimes we 
may need to do this in stages. 


Example 3 


Simplify: 
а 4588 b 74243 c 64162 


а V588 = 4/4 x 147 b 74243 = 74/35 c 64/162 = 64/81x2 
- 2,447 = 7/44 x3 = 6/92 x 2 
= 24/49 x 3 =7 x943 = 5442 
DAS - 6345 
- 1443 
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2A IRRATIONAL NUMBERS AND SURDS 


In some problems, we need to reverse this process. 


Example 4 


Express each as the square root of a whole number. 


a 5/7 b 746 

а KTE ху b 7/6-.49х6 
-105х7 = ,/294 
= US 


Simplify each expression. 


а 45 x47 b 43x41 с V5 x 4/30 d 4/3 х 4/15 


ат b ЗК VIT 5/38 

€ 45 х 430 = J150 d V3 x v15 = J45 
= SEU = 195 
= 5/6 = 345 


Ехатр!е 6 


Simplify each expression. 


ЕЕ b xm 
0 470 170 
a V5 +3= fe РО и С 14 
zs T 
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ON 2A IRRATIONAL NUMBERS AND SURDS 
мана +ЖС——=є+ 


9) Algebra of surds 





e Ifa and b are positive numbers, then: 
(а) =a 
КЕЙ” 
Уа x УЬ = dab 


Jas = ff 


е Asurd is in its simplest form if the number under the square root sign has no factors that 
are perfect squares (apart from 1). 


• To simplify а ига, take out any square factors. 
For example, V50 = J25 x 2 = 542 





D ersen 


7777 1 Arrange the irrational numbers V3, /6, 3/30 апа 5/60 in order of size on the number line. 
ШТА 2 Simplify: 


Е а 48 b v12 с 432 d ./50 e 4/54 
f J108 g 498 h 4200 i /288 j 4147 
k V112 І J/175 m 4245 n 4294 o 4225 
р -/900 4 4450 г 4800 s 1000 t -/1728 

3 Simplify: 
а 2/75 b 4/125 с 6499 d 34/150 e 24720 
f 5/245 g 6432 h 7450 i 11/108 j 56-100 
k 7,/75 1 3V176 m 24/208 n 5/275 o 44/300 
77717) 4 Express each as the square root of a whole number. 

а 242 b 345 c 743 d 6.6 e 104/3 
f 4/10 g 11,/5 h 7450 i 643 j 3-20 


Example 5 | 5 Simplify: 
а V2 x V3 b V7 x Vil c V8 х V5 d V3 х J13 e V6 х V8 


Example 6 | 6 Simplify: 
JO bD D йй „Ж MÀ 
45 410 43 


16 


42 45 
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4 


E 











7 Simplify: 


а V2 x V7 b V2 x 8 с V3 x V6 а (42) x (v3) 
е Vi2+V2 t (5) - V5 g V5 x V5 h 8 + V2 

8 Complete: 
a 45 x... = 430 b 4/12 x... = 436 с 4/15 х... = 445 


а 710 - J20 = = 43 г 222 


9 а Find the area of a rectangle with ud 471 cm and width 4/3 cm. 
b Find the area of a triangle with base V6 cm and height 4/5 cm. 


E 


c Find the area of a square with side length 4/17 cm. 
d A square has area 11 cm?. What is the length of each side? 


e A square has area 63 cm?. What is the length of each side? 


10 Use Pythagoras’ theorem to find the value of x in exact form. 


a b c 
x 
1 | 8 Pd 
6 
1 




















43 
11 A square has side length 44/7 cm. Find: 
a the area of the square b the length of a diagonal 
12 A rectangle has length 7 cm and width 4/3 cm. Find: 
a the area of the rectangle b the length of a diagonal 


Addition апа subtraction 


of surds 





Consider the calculation 44/7 + 54/7 = 94/7. We can think of this as 4 lots of 4/7 plus 5 lots of 4/7 
equals 9 lots of 4/7. This is very similar to algebra, where we write 4x + 5x = 9x. We regard the 
numbers 44/7 and 54/7 as like surds since they are both multiples of 4/7. 
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2B ADDITION AND SUBTRACTION OF SURDS 





On the other hand, in algebra we cannot simplify 4x + 7y, because 4x and 7y are not like terms. 
Similarly, it is not possible to write 4/2 + 74/3 in a simpler way. The surds 44/2 and 74/3 are 
unlike surds, since one is a multiple of /2 while the other is a multiple of 4/3. 


We can only simplify the sum or difference of like surds. 


Simplify: 
209.2592 = A D AT чь ®уБ = 25 E 


РЕ es D 7 2305 255 чь Rmo mas 


When dealing with expressions involving surds, we should simplify the surds first and then look for 
like terms. 


Simplify: 
a V8 + 74/2 – 432 b 4274345 + J45 – 44/3 


a V8 + 742—432 = 242 +742 — 442 
= 5/2 


D 22258847 58-01 cce e 
= 645 - 43 


ә) Addition and subtraction of surds 






* Simplify each сига first, then look for like surds. 
e We can add and subtract like surds. 


уштен К 


1 Simplify: 
a 62:72 b 12453 413.3 e —642 + 942 


d 1345-1445 е - 1943 2143 —443 f 134/5 — 1645 + 2545 
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2 Simplify: 
a 542 + 645 + 74/2 — 44/3 
с 8/11 — 7410 + 5411 + 44/10 
e 94/15 – 45/7 - 34115 





3 Complete: 
а 542 +... = 11402 
с 64/5 ~... = 4/5 
е 743 +... = 243 


g 24/3 + 44/5 +... = 54/3 + 845 
i 9/10 — 443 +... = V10 - V3 


4 Simply 


а 412 + 427 

с 34/8 – 442 

е 34/32 – 4/27 + 54/18 
g 3445 + 420 + 745 
і J44 + 54176 + 24/99 


5 Simplify: 
a 4/72 — 450 
d J/12 + 443 – V75 
g 454 + 4/24 
j /2-432 + 4/72 
6 Simplify: 


a V12 + 348 — 24/27 + 432 

с 6412 + 94/40 — 2427 — 4/90 
7 Find the value of x if: 

a 4/63 – 428 = Vx 

b 4/80 – J45 = Vx 

с 454 - 2424 = —/х 


b 4/48 + 4/12 

e 432 - 4200 + 3450 
h 427 – 448 + 475 
к 3420 - 448 «745 


2B ADDITION AND SUBTRACTION OF SURDS хүс 


77-445 + 347 —645 


d V3 + 442 — 543 + 642 


Do" @ъ oc = 


=. 


b 
d 


8V5 + 54/8 + 3V5 = 6/8 


9453 +... = 1443 

142 -... 2 -442 

44/5 =... = 645 

TWII- 645 +... = 8VIT + 245 
645 4 343 4, 945 «542 


V8 + V18 
445 – 3420 

54147 tB — 4/12 
44/63 + 54/7 — 8428 
24/363 — 54/243 + 4192 


с x8 +/2+-Л18 

ғ 4/5 – 4420 – v45 

i 4/45 44/80 — V125 

1 54/18 — 3420 – 445 


4418 —2490 4345 £648 
44/27 — 34/18 + 24/108 — V200 


8 Foreach rectangle, find (in exact form) the perimeter and area, and the length of the 


diagonal. 











a 
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APTER 2. REVIEW OF SURDS 








Multiplication and division 
of surds 





When multiplying two surds, we multiply the numbers outside the square root sign together and, 
similarly, multiply the numbers under the square root sign. A similar procedure applies for division. 
These procedures are captured by the following general rules: 


adb x cdd = асы, 
where b and d are positive numbers. 
ed «edd = 4), 
c Vd 


where b and d are positive numbers and c z 0. 


As usual, we should always give the answer in simplest form. 


Find: 
275475392 Dus cm 


а 547x342 = 154/14 bom a37 DTI 
(Thisis 5 x J7 x 3x V2) d 
25И 


(15+3= 5 апа V77 + J7 = Vil) 


Example 10 





Find: 
а 5/6 x 7V10 p 18.10 2271 а 281 
3.5 
a 546 х7.10 = 35/60 b 18/0 67 
= 35/4 х15 345 
= 704/15 
e | = 247 x 247 d (243) 2243 x 248 x 243 
=á x7 Гү 
= = 24,3 
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2С MULTIPLICATION AND DIVISION OF SURDS М 


Тһе distributive law 





We can apply the distributive law to expressions involving surds, just as we do in algebra. 


Expand and simplify: 

а 2,/5(6 + 345) b -4J3(V6 – 243) 

a 2./5(6 + 3/5) = 1245 + 6425 b -443(/6-2,3)--4/8 +8 x3 
= 1245 +30 --1242 + 24 


In algebra, you learned how to expand brackets such as (а + Б) (с + d). These аге known as 
binomial products. You multiply each term in the second bracket by each term in the first, then add. 
This means you expand out a(c + d) + b(c + d) to obtain ac + ad + be + bd. We use this idea 
again when multiplying out binomial products involving surds. (Remember to be very careful with 


the signs.) 
Expand and simplify: 
a (243 - 1)(443 + 2) b (342 - 4/3)(5V3 - 42) 
с (v2 + 43)(N5 - V7) d (V2 + 43)(42 - V3) 
a (24/3 -1)(4V3 + 2) = 243 (443 2) - (4,3-2) 





= 849 + 443 - 443 - 2 
-24-2 
20 
(342 - 4J3)(5/3 - 2) = 342(543 — V2) - 443 (543 - V2) 
= 1546 — 34/4 – 205/9 + 4/6 
= 15/6 — 6 - 60 + 4 6 
= 19/6 — 66 
(42 + ¥3)(V5 - V7) = J2(45 - V7) + V3(V5 - V7) 
= J10 - 414 + V15 - 21 
(42 + ¥3)(V2 – V3) = V2(v2 - УЗ) + J3(2 - V3) 
=2- 6+ 46 – 3 


--1 








т 


ө 





с. 
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ON 2C MULTIPLICATION AND DIVISION OF SURDS 
AT A peee 000 


9) Multiplication and division of surds 








* For positive numbers b and d, ab x cVd = acvbd. 
For positive numbers b and d, a b +cVd = Эр where с ж О and d = О. 
С 


We can apply the distributive law to expressions involving surds. 


We can expand binomial products involving surds just as we do in algebra: 
(a+ Ь)(с+ d) = ale+d)+b(c+d)=act+ad+bce+bd. 


Always give the answer іп simplest form. 


D erase 








1 Simplify: 
a 4/5 x V3 b v5 x Vil c V8 x J14 
d V5 x J13 е J6 x J2 f V18 x V3 
2 Simplify: 
a 430 b Уб с [va 
46 43 47 
а 535 Қы ‚ Уй 
47 Vil 45 
ГІЗ 3 Simplify: 
a 442 x 345 b 743 x 1145 с 94/5 x 647 
d 842 x 443 e -643 x 542 ғ 7.2 x (-4411) 
g -3V7 х(-4./1) h -642 x (-3V7) i 11/7 х(-2./6) 
27717) 4 Simplify: 
1246 25415 
42 51045 
8/48 204/6 
* 1248 8.3 
-32-/45 (543 
16-15 2446 
5 Simplify: 
a V2 x V2 bait x v11 с 343 x43 
d 84/5 x J5 e 342 x 542 f 643 x 543 
в 4/7 x (27) h -243 x (-443) і 746 х(-3.6) 
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6 Complete: 
a 243 x... 26 
c 542 x... = 20 
е 247 х... = 42 
g 842 x... = 96 
i 245 x... = 100 
k 4/2 х... = 

7 Complete: 
а 945 х... = 274/15 
с 1546 _ Б 

2-55 


g 442 x (...) + 84/6 = 20V6 
i 1248 +342 = 74/2 





Ке. 


а 24350442 + 8-/6 
с 1646 — 24/3 x 542 
e 3/6 х 545 – 8415 x 442 








e 25 + 5/2 
' 5420 , 342 
' толо 2 
"E 9 Simplify: 

a (242) b (243) 
e (3V7) t (2/1) 

10 Simplify: 
a (v2) b (v2) 
e (2) f (2) 
i (242) i (52) 
ш(5,5) п (247) 
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2C MULTIPLICATION AND DIVISION OF SURDS М 


b 442 х... = 

d 243 х... = 18 
f 245 х... = 60 
h 343 x ... = 108 
j 3/8 x... = 96 


1 4/5 х... = 1000 


b 642 x... = -184/10 





d т, 
гэг Bv 
h 345 x (...) - 2410 = 16410 
j сы. OS 
b 743 x 545 + 8415 


d 18/10 — 345 x 4/2 

f 8420 x 342 — 545 x 54/8 
164/15 

Вар - 84/5 
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ON 2C MULTIPLICATION AND DIVISION OF SURDS 
ic 0 000 20 c 0220 


ED: 


13 


14 


15 


16 


17 
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Expand and simplify: 

а 4/2 (43 + V5) b /7(/5-.6) с V5(V7 - 42) 

d 3V2(2V5 — 343) е 4,/3(5.2 + 6/5) f 443(J2 - 1) 

g 3V5(2v3 + V5) h 2/6(343 + 242) i 4V10(3V5 - 442) 
j 243(448 - 46) 2. 1 3.6(4,3-./6) 
т4,/5(2./20 - 3.8) n 3/7(5/35 – 2421) o 3J11(2422 - 4433) 


Expand and simplify: 

a (5 + 28 + v7) 

e (45 2) - v7) в 
е (3V2 + 443)(242 - V3) f 
в (4/5 + 1)(2V5 - 3) h 
| 
| 


поа 

2. У) 

| 845) 
жо ы v6) 
і ( 

| (3V7 


i (3/2 + V7)(4V2 - 5J7) 
к (242 - V7)(5v2 - 24/7) 


24/7 + 45)(43 - 245) 


347 - 8)(/3 — 345) 


x = 248 and у = 346, find: 

a xy b 5. с х2 + у> а 2 = 
2 x y 

е x? f oy 87 һох^—у° 
X 

If x = 24 43 and y = 2— 45, find: 

a xy bx+2y c 3x+2y ах-у 

e x-2y f xy g v3xy h xy 

Find the area and perimeter of a rectangle with: 


a length 24/3 and width 44/2 

b length 24/3 and width 44/3 

c length 7 245 and width 7 — 24/5 
d length 1 + 4/5 and width 2 + V5 


The hypotenuse of a right-angled triangle has length 8 + 4/3. Another side has 
length 44/3 + 2. 

Find: 

a the length of the third side 

b the perimeter of the triangle 

с the area of the triangle 

A square has side length 2 + 54/3. 

Find: 

a the perimeter of the square 


b the area of the square 
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Special products 


In algebra, you learned the following special identities. Recognising and applying these identities is 
important. 


(a+b)? = a? + 2ab + b? 
(а = Б)? = a? – 2ab + b? 
(a — Б)(а+ b) = а? – b? 


These identities аге also useful when dealing with surds, апа the following examples demonstrate 
this use. The last identity listed above is known as the difference of squares identity, and we will 
pay particular attention to this. 


Expand and simplify: 
а 07:48 b (52-.3) е (43. 546) 


a (Vr 45] -(/7) +2(47)(43) + (43), b (542 - v3)’ = (v2) - (v2) v3) + (V8) 


= ПЗ = 50 – 105/6 +3 
=10+ 2421 = 53 – 104/6 





e (43+ 5,6): = (УЗ) +2(v3)(5v6) + (5/6), 
= 3 +104/18 +150 
= 153 + 3042 


You should always express your answer іп simplest form. 


Notice what happens when we use the difference of squares identity. 


Example 14 





Expand and simplify: 
a (Jil - J5)(Vi1 + V5) b (243 + J4)(243 - V4) 


а (1-51 +5) = (Vi) (55 b Queso = 4) = QNS] - (n 
211-5 - 12-16 
= 6 --4 


When we apply the difference of squares identity, the answer is ап integer. 
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ON 2D SPECIAL PRODUCTS 
I СЕЕ Ес Ж“ 9 ж Шоу ү ү 


9») Special products 





We can apply the identities 
(a+b)? = а? + 2ab + b? 
(a — b = a? — 2ab + b? 
(a — b)(a + b) = a? – b? 


to calculations involving surds. 


Куштер 


1 Simplify: 





a (V5 + V2) b (V3 TJ 
с (V2 - v3) а(/7-.6) 
е (243 +1) t (32-2) 
в (243 +2) h (442 - 3/3) 
i (245 +337) 1 (8/2 - 4v5) 
k (4-342) І (2-545) 
"(1-4) 5-54) 
2 Simplify: 
a (4 - 3)(4+ V3) b (V7 + 2)(/7 - 2) с (V5 + J3)(N5 – V3) 
d (v6 — V5)(J6 + V5) e (243 +1)(2V3 - 1) г (542 + 4)(3V2 - 4) 











== 





(v6 
g (32 + 2./3)(3V2 – 24/3) h (3/6 + 2/5 (3/6 = 245) i (242 + V7)(2V2 - 47) 
68-®бу8+®б) к(1-251241:8) iS Ge] 
3 Find the area of a square with side length: 


j 2 2 
а 2+./3 b2-43 c 524243 d5-243 


2. 2 


4 х= 2+ 45 and y = 45 – 2, find: 
a xy bxt+y с х2 + у> а x? – y? 


5 а Find the area of the triangle. 
b Find the length of the hypotenuse. 5\3 


БҮЗ 
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Ба. 


6 Ifx=5+2V3 and y = 2 + 54/3, find: 
ах+у bx-y € xy а х2 + у> е х2 – у? 


7 Тһе two shorter sides of a right-angled triangle have length 7 + 25/3 and 7 – 24/3. 
Find: 
a the length of the hypotenuse of the triangle 


b the perimeter of the triangle 


c the area of the triangle 





Rationalising denominators 


522 3 : . . : 
Іп the expression T + = the first term has a square root in the denominator. This makes it 
difficult to tell if the surds are like surds or not. 


Fractions involving surds are usually easier to deal with when the surd is in the numerator and there 
is a whole number in the denominator. 


To express a fraction in such a way is called rationalising the denominator. 


When we multiply the numerator and denominator of a fraction by the same number, we form an 
equivalent fraction. The same happens with a quotient involving surds. 


Example 15 


Rationalise the denominator of: 














12121 “Ул? ке 
Уз B V3 ЖЫ 258005 446 4/6 ^ J6 
_ v3 _ 45 _ 4418 – J6 
OD т 24 
245 _ 44/9 x 2 - 46 

En Б 24 
1242 - {6 
222024 
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ON 2E RATIONALISING DENOMINATORS 
c ы UD 
Ехатріе 16 





2) 9 
Simplify == + — 
ршу a aD 
2 X43 243 43 257108 
—=+-—=——+-— mc EE 
So o 1 24 23 
_ 4/3 + 343 
6 
743 
6 
Binomial denominators 
1 
Іп the expression 7-7 it is more difficult to remove the surds from the denominator. 
In the following example, we explain how this can be done by using the difference of squares 
identity. 
In the section on special products, we saw that: 
2 2 
(V7 = V5)(V7 + V5) = (V7) - (v5) 
=7-5 
= 2. which is rational. 
So: 
an a 47 + 4/5 
47-45 47-45 47 +45 
7+5 
a= 
_ v7 € NS 
2 
Using the difference of two squares identity in this way is an important and initially surprising 
technique. 


Example 17 


Rationalise the denominators of the following, simplifying where possible. 


245 Y 43 + 42 
2 БЕ? 32108 
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2E RATIONALISING DENOMINATORS М 























E 215 » PNS , 255 +2 b 1222 М 12-02 X 342 = 23 
245-2 2/5-2 245 +2 22:21 21022220 
_ 20 € A45 (V3 + J2)(342 - 243) 
20-4 CU ko 
20-445 21221220 
16 Е 6 
_ 4(5 + V5) "6 
16 6 
25-,5 
2224 


> Rationalising denominators 





* To rationalise the denominator of El multiply top and bottom by V3. 


* To rationalise a denominator with two terms, we use the difference of squares identity. 


- |n an expression such as 2 multiply top and bottom by 5- V3. 
54 43 


2 
- |n an expression such as жээ multiply top and bottom by 7 + 3V2. 


е Rationalising a denominator allows us to identify like and unlike surds. 


1 Rationalise the denominator and simplify: 








ac b 2 с CA 
43 42 47 
3 3 V5 
d e Wi f 5 
476 ТЕЛ Ta 
43 3/2 34/6 
] 245 к 3У5 1 9553 
315 4.3 243 
3-942 2524453 45-253 
542 34/2 442 
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ы 2E RATIONALISING DENOMINATORS 
c4: 005 00000 


2 Rationalise the denominator and simplify: 
































cri MONS 252,1 а3У2__3_ 
72,3 47 V5 40872,5 V7 22 
44-2 ЖЕЗ 44-5 "TES 
47 45 43. МІ 243 V7 Зз п 
3 Rationalise the denominator and simplify: 
"Эсэн бы 18А "ES AM d. ёз 2 
45-2 74 46 V6+2 2-43 43 - 42 
t4 g МЗ _ hoy 2 joe 
45-42 45--7 43-47 45-43 47-43 
p 42 p 283 m v5 a 283 2-42 
24/2 --/3 V3 +242 3/2 - J10 342 -1 243 +3 
р 5273 а 28355 : 245 +1 Р 342 + 4/5 : 342 - 45 
342 - 43 Бс 245 -1 442 – 45 342 + J5 
4 Rationalise the denominator and simplify: 
1 243 -1 3 1 
а T b + 
43-42 243-2 245 +1 45-42 
: X2 , 42 Roo 3 204 
12024 2/5-43 248-45 
ТЕК. — IE p 203 82-48 
28 +? 248-42 4-444 
5 х= 243and y = ES find, in simplest form: 
43 
axty bx-y с xy a e x+y 


6 А rectangle has area 10. The length of the rectangle is V2 — 1. Find the width of the 
rectangle in simplest form. 


7 Пх-.3-1ала у= 43-8 2, find, іп simplest form: 


ats Бы. € x 
x v x y 


d y? 


2 
8 Giventhat x — Бг find the value of each expression, giving answers in simplest form 


with a rational denominator. 








a х? pl cL dat е x? +> E FRA 
X x? X x x2 
9 Repeat question 8 for: 
x= Уз ii x = 243 
45-41 5 - 246 
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Review exercise 


1 Simplify: 

a 242 +3V2 – V2 

с 43 - 242 + 243 + 4/2 
2 Simplify: 

a 342 + 242 
3 Simplify: 

a 243 x 54/6 
4 Simplify: 

a 472 b -/45 с 4/24 

g 3,8 h 4/12 i 9450 
5 Write each as a single surd. 

a 5453 b 4,7 

e 8/6 гол 
6 Simplify: 

a 432 + 5/50 

с 943 – 2427 

e 4420 +3480 — 3/45 


LEE AT 


b 3/5 x 2410 





7 Simplify: 
a 432 - 448 + 2450 – 34/2 
с 742 + 448 — 3454 + 5424 
8 Simplify: 
a 243 (3 + V3) 
с 4J3(243 - 4T) 
e 37 (4 - 7) 


9 Expand and simplify: 








b 4/6 — 36 86 
а 211200 





с 428 - 647 а 475 + 643 
с 442 x 3V5 d 746 x 447 


а 427 e 480 г Ji 


j 34108 k 10/32 

c 1/2 d 5,5 
g 4.43 h 4411 
b 420 + 4/75 


d 3463 + 5428 
f 754 45.216 25/24 





Di 5.30 — 350348 2 6 
d 5428 — V147 + 24/63 — 5448 


b 5J2(342 - 2) 
d 5./5(6— 2/5) 
f 343(543 - 442) 














a (242 +1)(3V2 - 2) b (543 - 2)(243 - 1) с (47 -V5)(/7 + V5) 
(245 – J3)(245 + v3) е (72 -443)(742 - 443). f (V5+ BY 

g (2,3-2) h (2,3-.2) і (243 - J2)(24 + 42) 

j (Va + Vb)(Ja - Jb) к| 2: | (5-3) 
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РЛЕР 2 REVIEW TORS 061055 





REVIEW EXERCISE 


10 Rationalise each denominator and simplify where possible. 




















a 2 b 2 с Pur d кё 
43 2-/3 342 742 
e 5У2 p 28 : 647 p 22.7 
3.6 442 746 126 
11 Rationalise each denominator and simplify where possible. 
үсе NE peus 
45-47 2,5-3 
2 шоо 
3--4/5 3-4/5 
12 Rationalise each denominator. 
a НЕ b l 
2 4342 
1 1 
€ —— 4----- 
43--72 43-42 
13 Find integers p апа q such that v5 = p+qv5 
12-2 | 
14 Simplify: 
m 3 " 2 
45-2 45-2 
2 1 





b 
6-343 243 43 





1 
JS Ii = and у= Que 3. find, in simplest form: 
2-.8 y р 
ату bx-y С xy d 
y 
16 Ifx 22443 and y = 4 — 3, find, in simplest form: 
a х+у b x-y c х2-у? а x?- y? 
Я хо) х y 


17 А square has sides of length 2 + J3. Find: 
a the perimeter 


b the area 


18 А rectangle has area 20. The width is 2 + 4/3. Find the length of the rectangle in 
simplest form. 
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REVIEW EXERCISE 





19 Find the value of x in each diagram. 



























































a b 
2-3 х 43 
X 
2-43 
243 
с а Du 
247 М ша 
4-5 
3410 
е f 
^ 9% Агеа-20 
Area = 10 
V6 + 2V2 
з + УЗ 
20 Тһе number ф = is known as the golden ratio. 
a Find: 
1 
і ф2 ii Т ш 1-- iv d? у T 
b Show that: 
1 
i ф2=ф+1 i 9%-ф2-ф ш ар 
21 А square has area 50. Find its perimeter. 
22 Simplify: 
2 2 2 2 
а + b = 
=» 43-2 -43-2 
2 2 2 2 
с ——— X ——— d ——— + ——— 
(3-2 43«42 43-2. 43«42 


23 А rectangle has area 30 cm? and length V5 cm. Find its perimeter. 


24 For x = 3-245 and y = 3— 245, find: 
a х+у 
b xy 
1.1 


с--- 
х y 
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Challenge exercise 


1а Show that (Vx + Jy) = х + у +2 xy. 
b Use this result to find: 


1 116:2,55 
й 416-2-/55 
ін J11 + 24/30 


ON 


2 Simplify: 
a (Va b c a (Va * b — a) 
b (2vi +x? +1)(2Vi +x? -1) 
с (Vi x +vi—x)(vi+x Мх) 


d а= Б 
Ма — 4b 
e (Va b a—b) 


3 Solve these equations for x. (Make sure you check your solutions.) 

















a бх —- Vx = 12 в-/х-4Х-5-1 
e JI 5122-11-71 d 24x - JAx-11 21 
6/х-11 2141 5 
ес Se Г/9-25-42Х------ 
34x Vx +6 1/9 + On 


2 
1 
4 Expand [Ж -1+-—) ; 


122: : : 
5 Express 47 with a rational denominator. 


45 
1 f : : 
6 Express ————— ———— — with a rational denominator. 
1+ 43 + 45 + 4/15 


Hint: Factorise the denominator. 


7 Express with a rational denominator. 


І 
42 + УЗ e S 


a? + ab + b? 
а+ dab +b 


9 а Show that (9% - 9 2 and [Ads - 4/5. 


b Describe all mixed numbers that have this property. 


8 Simplify 
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CHALLENGE EXERCISE 





10 А square box of side 7 cm is leaning against a vertical wall, as shown below. Find the 
height of point C above the floor. 





A 5 ст 
PEDES тэг ТЭРЭЭ ЖЕ 
1-43 43-45 35 +47 MHI 
Simplify 2 + У2 Уз - М? 

з м сш 


13 [x] is defined as the largest integer, n, such that n € x. 
For example, [1.78] = 1 and [2.31] = 2. 


11 Simplify 





12 


Calculate: 
агер 99210 
РІСТЕР ТІГІ 1 200) 


14 Inthe diagram below, squares AHFD апа HBCF are drawn with common side FH. 
Diagonal AC is drawn and Е is a point on AC such that AE = 1. Gis a point on AC so that 
FG is parallel to DE. 














D 1 F 1 C 
G 
1 1 
7 Е 
А 1 H 1 В 
Find: 
ai АС 
ii EC 
iii EG 
iv GC 


b Show that EG? + EG = 1. 
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Number and Algebra 








Algebra is used in almost all areas of mathematics. It is also used by engineers, 
architects, applied scientists and economists to solve practical problems. In 

this chapter, we review the techniques of linear equations, linear inequalities, 
quadratic equations and algebraic fractions introduced in previous years. These 
techniques will be needed in the following chapters of ICE-EM Mathematics 
Year 10. Іп particular, algebra will play a central role in the study of coordinate 
geometry, and of exponentials and logarithms. 
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Expanding brackets and 


collecting like terms 





Like terms 


We recall that terms such as 2a?b and 6a?b are called like terms and terms such as 2a?b and бар? 
are called unlike terms. Only like terms can be added or subtracted to give a single term. This 
enables algebraic expressions to be simplified by collecting like terms. 


Simplify: 
a 9а + 4b – За + 5b b 2аЬ+ 3b? — 5ab — 4b? c 2m?n — mn? + Зт2п + 2mn 


a 9a+ 4b —3a + 5b = ба + 9b 
b 2ab + 3b? – 5ab - 4b? = —3ab - b? 


c 2m?n — mn? + 3m?n + 2mn = 5m?n — mn? + 2mn 


Expanding brackets 
Recall that the distributive law states: 


a(b + c) = ab + ac 


Going from the left to the right of this identity is called ‘expanding brackets’. For example: 


2x(x — 5) = 2x? — 10x 


Example 2 
Expand the brackets. 
a 4(2x + 3) b -2(х-4) c р(р+п) а —3a(2a + 4) 


4(2х + 3) = 8x + 12 
—2(x — 4) = -2x + 8 
р(р+п)= р? + pn 
-3а(2а + 4) = -ба? – 12а 


a a co & 
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3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS 


Example 3 


Expand and simplify each expression. 
а 5а(а+1) + ба р 6200 +5) — 3а с 4b(2b-1)+7 


a 5а(а +1) + ба = 5а? + 5a + ба b 6d(d + 5) – За = 6d? + 30d — 3d 
= 5а? + 11а = 6d? + 274 
с 4b(2b-1)+7 = 82 – 4b +7 


Ехатріе 4 


Expand and simplify each expression. 
а cs) (2) рег 
@ IE r -20-2) а 3@a+ 3b) + 2Ga— 20) 


асга р c 22-2 
= 5b+16 =x-8 


с Ха-1-2а-4) -5а-5-2а-8 d 3(2а+3Ь)+ 2(3а — 2b) = 6a + 9b + ба — 4b 
= За + 13 = 12a + 5b 


Binomial products 
In general: 
(a+bXc+d)=alc+d)+b(c+d) 
= qc * ad + bc + bd 


Expand and collect like terms. 
a (х+3)(х+2) b (х— 2)(х + 5) с (х- Ax - 3) d (2у + 1)(3у - 4) 


а (х + 3)(х + 2) = x(x + 2) + 3(х + 2) b (x — 2)(х + 5) = x(x + 5) – 2(х + 5) 
= 427 346 = oe rc 
=x°+5x+6 = х2 + 3х 10 


(continued over page) 
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3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS М 





cxx ouis ciu) d (2у + D(3y - 4) = 2y(3y — 4) + 1(3y – 4) 
ЗЭ g 2 = бу? – 8у +3y- 4 
= 1 -6бу -5у-4 


Note: With practice, you should be able to expand and collect like terms mentally. This will 
enable you to write just the final answer. 


Expanding squares 


The expansion of an expression such as (x + 3)2, (x — 5)? or (2x — 7)? has a special form. 
For example: 


(x43) = (х + 3)(х + 3) (2х — 7)? = (2x — 7)Ох — 7) 
=x? +3x+3x+9 = 4x? — 14x – 14x + 49 
= х2 +6х+9 = Ax? — 28x + 49 
In general: Similarly: 
(a+b)? = a(a + b) + b(a 4 b) (a — b}? = a(a — b) — b(a — b) 
= a? + ab + ba + b? = a? – ab - ba + b? 
= a? + 2ab + b? = a? — 2ab + b? 
In words: 


To expand a square of the form (a + b), take the sum of the squares of the terms and add 
twice the product of the terms. 


Example 6 


Expand: 
а (x+5) buc © (23-51 d (5x – 3у)2 
а (15-1 52552 D G= 20010 
= x? +10x +25 = х2 – 14х + 49 
с (2х —5)* = (2x)? – 2 х10х + 52 а (5x – 3у)2 = (5x)? – 2 x 15ху + (Зу)? 
=A, 200025 = 25x? – 30ху + 9y? 


Once again, with а little practice, the middle step can be left out. 
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ON 3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS 


Expanding the difference of two squares 


We now look at another special type of expansion: one that produces the difference of two squares. 


(2х + 32x — 3) = 2x(2x — 3) + 32x – 3) 
= 4x? -6x 6x - 9 
= 4x? — 9, which we can write as 
= (2х)* — 3? 
Notice these points: 
* The product (2x + 3)(2x — 3) is of the form “sum of two terms x difference of those terms’. 


* The answer is of the form ‘first term squared — second term squared’. 


In general: 


(a+ b)(a — b) = a(a — b) + b(a — b) 
= а? —ab+ba-—b? 


= а? —Ь? 


This identity is called the difference of two squares. 


Example 7 


Expand: 
a (5x — 7)(5x + 7) b (4+ 3х)(4 – Зх) 
а Ст Ox + Е ол) ү” b @+43x)4 — 3x) = 4? — (3х)? 


= 25x? — 49 = 16 – 9x? 


© Quadratic identities review 





e (a+b)Xc+d)= ac * ad + bc + bd 

e (a+b)? = а? + 2ab + b? 

e (a—b)? = а? — 2ab + b? 

e (a+ b)(a — b) = a? — b? 

The last identity listed is known as the difference of two squares. 


ICE-EM MATHEMATICS YEAR 
ICE-EM Mathematics 103ed ISBN 978-1- 108. 40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS М 
ӨТ? 


1 Simplify each expression by collecting like terms. 


a 3x+5x b 6x — 4x с 2x - 8x 
d 6a+ 3b – 2a + 4b е 55 — 7t — 6s + Ot f 2x - Ay *6y - 5x 
g 6a — 3b + Ab — 2a h 2a — 6a t 7b — 11b i 5х+7у- 2х - Пу 
2 Simplify each expression by collecting like terms. 
а Sab — 2ab b 7х2у + Зх2у – 4х2у 
с 6cd? - 2са? + 8cd? d 3st? — 4527 + 5521 + 6st? 
е 9mn — 8m?n — Tmn + 12m?n f 5x?y – 11ху + 7x?y +11ху 
3 Expand each expression. 
а 3(a+ 2) b 7(b + 3) с 2(2а – 5) 
d 12(2p +9) e -3(4р--9) f -5(4т +5) 
в —2(За—1) h —6(4Ь—7) i -5(2Ь- 7) 
‚1 1 1 
1 225) k 7 1 aoe 
m -2004 -6) п ie +3) о 4 E J 
4 Expand: 
a a(a 4 4) b c(c – 5) с 2g(3g – 5) d 4h(5h — 7) 
e 3j(Aj +7) f —k(5k — 4) g —((34—1) h 3c(2a + b) 
i 5d(2d – 4e) j 5m(2m — 4n) k 5x(2xy +3) l 3р(2 – 5рд) 


5 А student expanded brackets and obtained ће following answers. Іп each question, identify 
and correct the student’s mistake and write the correct expansion. 


а 4(a+b) =4a+b b 5(а+1) =5a+6 
с 8(р-7)-8р-56 а-Хр-5)--3р-І15 
e а(а+ Б) = 2а+аБ f 2т(3т + 5) = 6m + 10m 
g —6(x – 5) = бх + 30 h 3a(4a – 7) = 12а? - 7 
і 4a(3a + 5) = 7a? + 20a j 3х(2х – 7y) = 6x? – 21у 
6 Expand and collect like terms. 
а 8(a+2)+7 b 3(4 + 5) – 12 с 2(е – 5) + 15 
d 5(0+ 2) + 8g е 6(і-5)- 31 f 2a(4a + 3) + 7a 
g 5b(2b — 3)+ 6b h 3b(3b — 5) - 7b? i :5(2-4р)-20р 
. 2 x 3 3 
1 rA ы k Er mL. І 2 d ыы 
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ON 3A EXPANDING BRACKETS AND COLLECTING LIKE TERMS 


7 Expand and collect like terms. 
a 2(y- I) +3(у +4) 
с 28b - 2) + 5(2b - 1) 
е 23y - 4) – 32y - 1) 
8 2р(р+1) + 5(р+1) 
i Зу(у—4)+ у(у— 4) 
=> 8 Expand and collect like terms. 
а (x + 7)(x + 3) 
с (a+ 3(a +9) 
е (х— 3)(х 2) 
g (х- 7)(х +6) 
i (х+3)(х—8) 
К (3x + 2)(5х + 4) 
m (4x — 3)(5х + 1) 
о (2p * 5)(3р - 2) 
q (5x-2)(3x - 8) 
9 Expand and collect like terms. 
a (2a+ Б)(а + 3b) 
с (6p – 54)(р +q) 
e (3x – у)Ох-5у) 
g (2р – qY3q * 4p) 
і (2p +5q)3q - 2p) 
10 Expand: 
a (x41? 
а (2x + 3у)2 
g (2а – ЗЬ)? 


b (3х +2)? 
е (х—7)? 
11 Expand and simplify: 
a (x +3)(x – 3) 
с (2а – 3)(2а + 3) 
e (7 – 3у)(7 + Зу) 
g (3x — 2y)Gx + 2y) 
і (77 – 2t)(7r + 21) 
12 Expand and simplify: 
а (x – 8)(х +8) 
d (3 = 2003422) 
g (а+ ЗЬ)? 


b (2a+1)? 
е (34+ 2а)? 
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h (3a – 4b)? 


h (а+3Ь)(а — 3b) 


b 5(a — 2) + 2(a — 1) 
d 3(a + 5) - 2(a + 7) 
f х(х-2)-5(х-2) 
h 3z(z +4) – zz + 2) 
j 4z(4z - 2) - zz + 2) 


b (a + 5)(а +8) 

d (x —5)(x -1) 

f (a-—7)(a-4) 

h (x +1)(« - 3) 

j (2x +3)3x + 4) 
І 2x- 1)(3х +5) 
n (2а-5Ха-3) 
р Gx - 24x + 7) 
г (2х-5/3х - 1) 


b (3m+n)(2m — Зп) 
d (3x – 2a)(x + 5a) 
f (бс — d)(c- 6d) 

h (2а + D)(3b — a) 


с (За+4Ь)? 
Г (х= уу 
i (2х – 3y)? 


b (a — 7Xa +7) 

d (5 - х)(5 x) 

f (2т + р)(2т — p) 
h (8m — 5n)(8m + 5n) 


с (2а + 1)(2а – 1) 


f (3 – 2х)? 
i (а= 3р)? 


Solving linear equations 
and inequalities 





The following are examples of linear equations. In each case, the highest power of x is 1. 
2x 43-27, 4(x1) = 2(: 3) and ze 
2 


The equation x? + x = 6 is not a linear equation because it contains a term in x?. 


Consider these examples. 


Ехатріе 8 


Solve each equation. 


ы” E PS 
2х-3 = 0 b 4(2х- 3) = 6 — + – = - а 2(x -2) 2 3(x +4 
a 2x (2x —3) ES s (x — 2) = 3(x + 4) 
2221 b 4(2x —3) =6 сг 
12 3 6 
2 2422 
X ёх—12=6 pU 
3 бю = П 
x= > x = (6 
2 18 
= == 


8 (Multiply both sides by 12, 
Ды 2 which is the lowest common 
4 


d Xx — 2) = 3(x + 4) denominator of the fractions.) 


2x -4 = Зх +12 
4 = х +12 
-16 = х 
Therefore, x = - 16. 


Linear inequalities 


The symbols < and > The symbols < and = 
* The symbol « means 418 less than’. * The symbol € means ‘is less than or equal to’. 
* The symbol > means 418 greater than’. * The symbol > means ‘is greater than or equal to’. 


The statement ‘4 < 6’ means that either 4 < 6 or 4 = 6 is true. It is correct because 4 < 6. It does 
not matter that the second part of the statement, “4 = 6’, is false. 


It is also correct to say that “3 > 3’, because 3 = 3. Once again, it does not matter that the part of the 
statement that says “3 > 3’ is false. 

Solving inequalities 

We will make use of the following properties to solve linear inequalities. 


* If we add or subtract the same number to both sides of an inequality, then the resulting inequality 
is true. 


11 
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EN 3B SOLVING LINEAR EQUATIONS AND INEQUALITIES 


* [f we multiply or divide both sides of an inequality by a positive number, then the resulting 
inequality is true. 

* [f we multiply or divide both sides of an inequality by a negative number, then we must reverse 
the inequality sign to make the resulting inequality true. 


Example 9 


Solve each inequality and graph each solution on a number line. 














a 3050 DEERAS 
c 7x-2<3x+4 d 23х-4)-50х-3)>0 
а ыс 
B es (Add 5 to both sides of the inequality.) 
pee (Divide both sides by 3.) 
2 
ЕЕЕ) 
| | | | | (02211 
4 3j 2 1 0 1 12 2 
b 3-8x215 
= 2212 (Subtract 3 from both sides of the inequality.) 
x = (Divide both sides by —8 and reverse the inequality.) 
3 qo 
= 2 | | НЫТ | 
4 3 2-3-1 0 
саг 
4х-254 (Subtract 3x from both sides.) 
4x <6 (Add 2 to both sides.) 
27: (Divide both sides by 4.) 


2 





а 2(3х – 4) – 5(2х+3) > 0 
ЭГ!) (Expand the brackets.) 
—4x - 23 > (Collect like terms.) 
-4х > 23 (Add 23 to both sides.) 


V 
© 





хос -52 (Divide both sides by -4 and reverse the inequality sign.) 
я 
ЕЕ ЕТЕ РЕЕСТР ТЫК 0 
-54 


Note: Infinitely many numbers satisfy a linear inequality. These sets of solutions are indicated 
on the above number lines. 


ICE-EM MATHEMATICS YEAR 
ICE-EM Mathematics 103ed ISBN 978-1- 108. 40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





3B SOLVING LINEAR EQUATIONS AND INEQUALITIES хүс 


Word problems 





The techniques covered in this chapter can be used to solve problems involving practical situations. 
The key step is the choice of pronumeral. 


Example 10 


Fran has earned marks of 76, 84, 92 and 96 on maths tests so far. What must her next mark 
be for her average to be 86? 


Let x be Fran’s mark in the fifth test. 


п ёте Om ea 2 IO 





The 86 
5 
x + 348 _ 86 
© 
х + 348 = 430 
х -82 


Hence, Fran’s mark in (һе fifth test must be 82. 


Example 11 


The length of a room is 3 metres more than its width. The perimeter of the room is 
30 metres. Find the length and width of the room. 


Let x m be the width of the room. Then the length of the room is (x + 3) m. 


x+3 

















The perimeter =x + x (12) + (x + 3) 


= 4x +6 
Thus, 4x + 6 = 30 
Ду e 211 
xe 


Hence, the width is 6 m and the length is 9 m. 


13 
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D 3B SOLVING LINEAR EQUATIONS AND INEQUALITIES 


ФАЗСОГ-ЕТ: 
8a, b, c 


а 3а+2 = 8 b 52-2 = 13 
с 4x-7=11 а 2у+3 = –7 
е 3(х — 4) =6 f 5(у – 2) = 12 
g 2+3=5 һ5-2-3 
3821 (2.5 3 
2 2 3 6 2 
2 Solve: 
а 2х-3-4х-3 b 5х+1=2х+7 с 7x 342 4x — 5 
d 3x -7=5x-3 e 3(4 -—5) = 2(4-x) f 73-a)-5Qa-1) 
g 5(2у+1) = Xy -3) h 6(5-3х)-50х- 5) 
3 Solve each inequality and graph each solution on a number line. 
a 2x >6 b 3x 56 с -5x > 20 8-2 «4 
е 3x+427 f 2x-7<9 g 6-2x«5 h7-3x25 
4 Solve: 
a3x+4>x-7 b 5Х-6<3х-8 
с бхҒғ7<7х-6 d 3x+5>4x-6 
e 5(х- 2) – 2(3х +1) > 0 f 5(2x – 3) < A(x + 3) 
g 3(х+4) – 4(х+2) > 0 h 2(3х – 7) - 5(2х+3) < 0 
і 2(x—4) 2 3(х +4) j 63-х) +20+х) > 0 


5 Katsu has earned marks of 88, 94, 92 and 98 оп maths tests so far. What must his next 
mark be in order for his average mark to be 80? 


6 The length of a large rectangular room is to be 3 m more than twice its width. If the 
perimeter is to be 36 m, find the length and width of the room. 


7 One number is 9 less than twice another, and their sum is 42. Find the two numbers. 


8 $540 is divided among three people А, В and С, so that A gets three times as much as С, 
and B gets twice as much as C. How much does C get? 


9 A student runs three times as fast as she walks. She walked for 3 hours and ran for 2 hours 
and altogether travelled 36 km. What was her speed of walking? 


| . 1 
10 А man bought a house and had some renovations done. The renovations cost = of the price 


of the house. He paid $980 000 for the house and the renovations. What was the price of the 
house? 
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More difficult linear 


equations and inequalities 





Problem-solving often involves introducing algebra, translating the problem into an equation and 
then solving the equation. An important first step is to introduce an appropriate pronumeral for one 
of the unknown (and often directly required) quantities. 


Example 12 


Gareth and Dwayne drive at constant speeds towards each other on a straight road from two 
towns, A and B, 100 km apart. Gareth drives 10 km/h faster than Dwayne. They meet after 
1 hour. At what speeds are Gareth and Dwayne driving? 


Let V km/h be the speed of Dwayne. Then (V + 10) km/h is the speed of Gareth. 


100 km 
Ae e B 


Dwayne — — — «— ————- Gareth 





After one hour, Dwayne has gone V km from A and Gareth has gone (V + 10) km from В. 


V+V+10 = 100 
2V = 90 
У = 45 
Hence, Dwayne is driving at 45 km/h and Gareth is driving at 55 km/h. 


Example 13 


A chemist has 119 millilitres of 10% acid solution by volume. How much pure acid must be 
added to obtain a 15% acid solution? Check your answer. 


Let x millilitres be the volume of acid to be added to obtain a 15% acid solution. 
Original volume of pure acid = 10% of 119 
= 11.9 millilitres 
In the new solution, the volume of acid = (x + 11.9) millilitres. 
The new volume of solution = (119 + x) millilitres. 
In the new solution, the volume of acid = 0.15(119 + x) millilitres. 


(continued over page) 
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2. 3C MORE DIFFICULT LINEAR EQUATIONS AND INEQUALITIES 


Зо її Ээ 015119:5 6) 
x *119 = 0.15 x 119 + 0.15x 
(озы = NS ДІС О 
0.85х - 5.95 
x=7 

Thus, 7 millilitres of pure acid must be added to obtain the 15% solution. 
Check: Volume of new solution 119 + 7 = 126 millilitres 
Volume of acid = 7 + 11.9 = 18.9 millilitres 


18. 
Proportion of acid = ie 0.15 
126 


Example 14 


Two companies, Ornate Wares and Extravagant Products, employ sales staff. 

Ornate pays its employees a 15% commission on all sales while Extravagant pays its 
employees $200 a week and a 10% commission. For what amount of sales in one week will 
Ornate pay more than Extravagant? 


Let $x be the amount of sales in one week. 
Ornate pays 15% of $x = $0.15x. 
Extravagant pays 10% of $x + $200 = $0.1x + 200. 
If Ornate pays more than Extravagant: 
ІЗ of x > 10% of x + 200 

Osx > 0.1х + 200 

0.05x > 200 

200 


0.05 
x > 4000 
Hence, Ornate will pay more than Extravagant when sales for one week exceed $4000. 


Exercise ae 


=> 1 Giorgio and Fred ride their bicycles towards each other from points 12 km apart. Giorgio 
rides 2 km/h faster than Fred, and they meet in 1 hour. How fast did each of them ride? 


=) 2 How many litres of pure (100%) acid must be added to 4 L of a solution that is 88% acid by 
volume in order to obtain a 92% solution? 
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ЗС MORE DIFFICULT LINEAR EQUATIONS AND INEQUALITIES М 


3 А collection of 27 coins consists of 20-cent and $2 coins, and has a value of $23.40. Find 
the number of coins of each denomination. 





4 Anna sells home-delivery products for two different companies. The first company pays 
her 10% commission, and the second company pays her 6% commission. Next month, she 
wants to earn $600. If she plans on monthly sales of $7600 in total from both companies, 
what amount must she sell for the company that pays 10% commission? 


5 A factory has two smokestacks. The rate of particle pollution produced is 12 kg/h for the 
first smokestack and 32 kg/h for the second. The manufacturing process requires that the first 


smokestack operates 2 hours longer than 14 times as long as (һе second. A local pollution 


control board has ordered that the factory produce no more than 374 kg of particle pollution 
per day. What is the maximum number of hours per day that each smokestack can operate? 


6 Achemist has 500 mL of a salt solution that contains 2% salt, in units of g/ cm?. How much 
water must be added to reduce the concentration to 0.5%? 


7 А driver travels from town A to town B at a constant speed, and then from town B to town 
C at a different constant speed. He takes 4 hours to go from A to B, and the same time to go 
from B to C, even though the distance from B to C is 30 km greater. If his overall average 
speed is 80 km/h, find the distances between the three towns. 


8 The owner of a 20-room motel must take $660 000 a year to cover costs and earn а 
reasonable profit. 


a If the average occupancy level is 7096 and the same daily rate is charged for all occupied 
rooms, what should this rate be (correct to the nearest dollar)? 


b On average, two or more people are in 7596 of the occupied rooms. If the owner decides 
to charge $30 more than the single occupancy rate if two or more people occupy a room, 
what should the two rates be? Give your answer correct to the nearest dollar. 


9 Suppose that you work for $25.50 per hour. Of the total you earn, you save 25%. How many 
hours must you work in a week to save at least $163? 


10 Two companies, A and B, each offer you a sales position. Both jobs are essentially 
the same, but A pays a straight 896 commission while B pays $51 per week plus 596 
commission. For what amount of weekly sales will A pay more money? 


11 Atacertain school, the mark out of 100 for the Term 1 exam and twice the mark out of 100 
for the Term 3 exam are added together. The students must obtain at least 150 marks to 
achieve a satisfactory grade. A student obtains x marks in the Term 1 exam. 


a Write an appropriate inequality to show the mark, y, that the student must obtain in the 
Term 3 exam in order to pass. 


b Solve this inequality for: 
1 o x35 
ii x = 49 


ШІ 
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Formulas 





A formula relates different quantities. For instance, the formula ү = тг? relates the radius ғ and the 
height л of a cylinder with the volume V of the cylinder. 


The pronumeral on the left-hand side is called the subject of the formula. In the formula above, the 
subject is V. We say that the subject has been expressed in terms of the other pronumerals ғ and Л. 
T is a number, not a pronumeral. 


Pronumerals in a formula are often called variables. 


When the variables other than the subject are given particular values, the value of the subject can be 
determined by substitution. 


Example 15 


The volume of metal in a tube is given by the formula V = né[r? — (r — t)?], where £ is the 
length of the tube, r is the radius of the outside surface and 115 the thickness of the material. 


Find V when: 
а ло 5апа = (5 БЕ eU. rp e 2 el = (2 
| solution 
a VaI =e Se] b When? = 100, r = 2andt = 02 
When / = 40, r = 5 and t = 0.5, Van 1004 —(2—02)7] 
Y = m x AB = (© 01 | = m x 100(4 — 3.24) 
= 40n(25 — 20.25) = T X 100 x 0.76 
= 40л x 4.75 = 760 
= 1907 


Sometimes we need to calculate the value of a variable that is not the subject of the formula. In 
this situation, we have a choice of methods. 


Method 1 


Substitute the values for the known variables, then solve the resulting equation for the unknown 
variable. 


Method 2 
Rearrange the formula to make the required variable the subject, then substitute. 


In each case, an equation has to be solved. In Method 1, the equation involves numbers, while 
in Method 2, the equation involves pronumerals. 


78 
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Example 16 


Іп the formula a = ізі, find V when л = 4 and a = 5. 





Method 1 


Substitute Л = 4 and a = 5 into the formula. 


ee 
4 


2 
D | =) (Square both sides of the equation.) 


222 

4 

100 = 3V 
_ 100 

3 
Method 2 


Rearrange the formula first, then substitute. 


[зу 
а= ,|— 
h 





2-3 
h 
ah= 3V 
3 
When a = 5 andh=4, 
52204 
у= 
3 
_ 100 
3 


Method 2 is preferable, especially if substitutions of several different sets of values are to be 
carried out. 


19 
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3D FORMULAS 
он) |... 
Ехатріе 17 


In the formula ut = 25 — vt, find t when u = 12, v = 18 and s = 25. 


Rearrange the formula first. 
ut = 2s — vt 

ut + vt = 2s 

t(u+v)=2s (Take out the common factor t.) 
2s 
uty 
When и = 12, v = 18 and s = 25, 
25503 
20-18 








W | tA 


Ехатріе 18 


Make t the subject of the formula Pare 1 


r S t 








TT 

2822 

FE d. 

27500 

[| _ = А 

lutum (Use a common denominator.) 

t = Е = т (Take the reciprocal of both sides.) 


уште» 


1 Find the value of U if = OJ + W, апа О = 8, J = 15 and W = 7. 


2 Find the value of sits = [#+ |, and u = 3.5, v = 6.1 andr = 9 


R 
3 Find the value of h, correct to one decimal place, if h = — and g = 9.8, R = 2.5,s = 3 
y 
and у- 7.4. 


4 Given that v = и + at, find t, given that v = 16, и = 10 anda = 5. 
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3D FORMULAS М 


5 


6 


Example 15 ў 7 


9 


2-1 


=D ! 


ED 


CHAP 
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L 
Given that t = 27 =, find L, given that t = лапа g = 9.8. 
8 


Тһе perimeter Р of a semicircle of radius r is given by the formula P = mr + 2r. Find r, 
correct to two decimal places, if P = 15. 


The area A of the annulus formed by two concentric circles of radii R and r is given by 
the formula A = m(R* — r?), where А > r. Use this formula to find the area, correct to the 
nearest cm?, of the annulus formed by two concentric circles of radii: 


a 12 cm and 6 cm b 8.2 cm and 5.7 cm c 49 cm and 35 cm 


The sum 5 of the consecutive whole numbers from 1 to n inclusive is given by the formula 
п(п +1 
$ = m Find the sum of the integers from: 
a | to 30 b 1 to 50 
Ww — 
r$ 


с 110120 d 51to 120 





Find the value of w if Ts v,andv = 7.25, u = 3.1, r = 1.2 and g = 9.8. 


The time T (in seconds) taken for one complete swing of a pendulum is given by 
L : 

Т =2т | —, where g = 9.8 апа L is the length of the pendulum in metres. Find, correct 
8 

to the nearest centimetre, the length of a pendulum that takes 2 seconds to complete one 


swing. 


The volume, V стз, of a cylinder is given by V = rh, where ғ cm is the radius and л cm 
is the height. Find the radius, correct to the nearest millimetre, of a cylinder with a volume 
of 100 cm? and a height of 8 cm. 


Make the variable in the brackets the subject of the formula. In this question all variables 
only take positive values. 











а х+у={ (у) b A= ms (r) 
1 
€ ax 5 yt (y) d = ту? (у) 
е 24x = т (х) f k= V4mt (m) 
1-1 
g ар=Ь?—Ьр (р) һ 2 (1) 
і c? = а? +b? (а) ј у= ши! (ғ) 
r 
- L 
k у= 2-9 (4) е fE (1) 
r 9 
һ-(К 1 1 
m f = 2n (к) Lm = (a) 
8 а В с т 
1 1 
о (А- В) +С? = А? (A) p -41-4) (5) 
ros 
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Factorising a difference of 
two squares 





You will recall the important identity (а + b)(a — b) = a? — b?. This is called the difference of two 
squares. We can now use this identity the other way around to factorise an expression that is the 
difference of two squares. 

That is: 


a? — b? = (a— Ьа + b) 


Recall that in any factorisation the first step is to take out any common factor. 


Example 19 


Factorise: 
a x?-9 b 25-5? с 332-27 d -16 + 9x? 
КЕГІ БЕНЕН 

агт. Б 25=у2 =5? у? 

= (х + 3)(х – 3) = 6+ yG—y) 
c There is acommon factor of 3. ас = (Gx) С 

За? – 27 = Жа? - 9) = (3x — 4)(3x + 4) 
= 3(а? — 32) 


= 3(a + 3)(а – 3) 


In some circumstances it is useful to factorise using surds. 


In general, expressions of the form x? — b (where b > 0) can be factorised as: 
х? —b = x? - (vb) 
м кэй 


Ехатр!е 20 


Factorise: 
82-2 b x?-12 
a x? 2 = x? - (42) b х2 —12 = x? - (VÝ 
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3E FACTORISING A DIFFERENCE OF TWO SQUARES хүс 


Having considered some standard examples of factorisation using 8108, we will now look at 
some slightly harder examples. 


Example 21 





Factorise: 

a (x+1)?-3 
Dru 
c 18-3? 


а (х+12-3 -(х412-1(/3) 
= (x +1+ ¥3)(x+1- v3) 


b (x- 2)? -5 =(x- 2) - (V5) 
= (x -2+ V5)(x- 2- v5) 


саг. .| (Take outa common factor.) 


= 3((v6 7 - =?) 


a b?—4 b 9-a? с 9x? —16 d 25a? -1 

e 16у2 — 64 f а2 – 4b? g 9x? – у? h 8x?-2 

i 12-3y? j 5m? - 20n? k 27r? - 312 1 1-9а422 
2 Factorise: 

a х2-3 bx2-7 c x? — 13 d x2-6 


3 Factorise each expression, writing all surds in simplest form. 


a x^-—20 b x^-—18 c x2-27 d х2-24 
e x? — 40 f x^-28 g x? —125 h x? — 200 
11 

ix- pr ka= 1 x?-— 
25 4 9 16 
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S2 QE 


4 Factorise each expression using surds. 


1 
а (х-2)2-2 b (x-1)? -3 c (х- 5)2 – 5 а 
5 7 
е (x-1)?-12 f (x+3)?-8 в (5+3) - 5 hx-2*-; 
2 
i (2x+1)* -27 j Ох-3)-3 k (x-1? -$ І (62+ 2)2 – 
5 Factorise each expression using surds. 
а 2x? – 14 b3x?-6 с 5x? – 15 d 4x? — 28 
e 3x? – 36 f 2x? – 36 g 2(x +1)? – 10 Ь 3(х + 2)? – 
i 3(x - 27 - 24 j 2(x * 1? - 24 k -2(x + 3)2 +4 1 -4(x — 2)2 + 20 
6 a Factorise a — b using surds. b Hence, simplif. 
g ршу = = нэн 





Мопіс доаагаїісѕ апа етооиріпе 


Monic quadratics 
When we expand (х + р)(х + 4), we obtain: 
(x + px +q) = x(x +4) + р(х +q) 
шор + xq + px + pq 
= х? +(p+q)x pq 
The coefficient of x is the sum of p and 4, and the constant term is the product of p and 4. 


A monic quadratic is a quadratic in which x? has coefficient 1. To factorise a monic quadratic, 
look for two numbers that add to give the coefficient of x, and that multiply together to give the 
constant term. 


Example 22 


Factorise: 
аг D ОШ ШІ с 3х2-3х-36 


а We are looking for two numbers with product —18 and sum —3. The numbers —6 and 3 
satisfy both conditions, so: 


б =з (0 


b The numbers —6 and -5 һауе a sum of —11 and a product of 30, so: 
ӘЛСІН 30 = 6) — 5) 


(continued over page) 


ICE-EM MATHEMATICS YEAR 
ICE-EM Mathematics 103ed ISBN 978-1- 108. 40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





3F MONIC QUADRATICS AND GROUPING хүс 





с 3х2-3х-36 is not a monic quadratic expression, but the quadratic obtained by taking 
out a factor of 3 is monic. 


First, take out the common factor. 
3x2 — Зх — 36 = 3(х2 – x — 12) 


= 3(x — 4)(х + 3) 
because —4 and 3 have sum —1 and product —12. 


Grouping 


We now discuss how to factorise certain expressions involving four terms. The four terms are 
grouped into two pairs of two, and each pair is factorised separately. The resulting expression is then 


factorised. 
a Factorise 3ax — а + 12x — 4. b Factorise ab — 6 + 2a — ЗЬ. 


a Зах — а + 12x — 4 = a(3x – 1) + 4x - 1) 


= (3x – 1)(а + 4) (Take out the common factor (3x — 1).) 
b ар- 6+ 2а —3b = ab + 2a — (3b + 6) (Change the order to obtain two pairs, 
= a(b + 2) — 3(b + 2) each with a common factor.) 
= (р + 2)(а – 3) 


Alternatively, ab — 6 + 2a — 3b = ab — 3b + 2a —6 
= Жш = 3) qe 
= (a—3)(0 + 2) 


D tasea 


D 1 rois 


a х2-9х-8 b x? +8x +12 c x? +6x+8 
d x? + 12x +36 e x? c 6x £9 f x? +11x +24 
g х2+х-6 h x? + х – 30 i х2 +3х – 40 
j х2 +4х – 60 k x? 7х +12 | x? -10x + 25 
m x? — 18x + 32 n x? -2x – 35 o x? - Ax - 21 
р 3х2 – 18x + 15 q 2x? + 10x — 48 г 4x? – 8х – 96 
s 5x? + 50x – 120 t 3x? - 6x - 9 u 2x? + 6x – 56 
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22. 
2 Factorise: 


a mx+2m+3x+6 b x? – 3х – 4х +12 
с ab- 7а -9b +63 d 2x? -2x + 5x – 5 
e 3ab + ба + 5b +10 f 6x? – Axy + 3xy – 2y? 
g 2ab – 12а — 5b + 30 h x? – 4х + 2х2 – 8 
i 12x - 8ху — 15 + 10у j 10x? + 15ху – 4xy - 6y? 

3 Factorise: 
а x? - 4х - TI р 22 – 25 c 2x? – 6x 
d 20a? – 5a? e ху + 2х + 3у+6 f х2-ху-ху-у? 
g х2 + 14x + 40 h x? – 14x + 49 i x?-11 
j x-6? -18 k 81- (a – 2) 1 x? -15x +26 
m 9 +z? + 6z n 15-2x- x? o 2x? — 14x + 24 
p 3x? - 27x + 24 q 100 — 25x? г 64р? - 81g? 
8 хулхи y? ус t 6a? — 9a —2ab + ЗЬ 





Ме е ТЕТ ГЕ е 


Factorising the general quadratic ах? + bx + с 


There are many methods for factorising non-monic quadratics. We present only one method here. 
Consider the quadratic expression 4x? + 5x — 6. To factorise this quadratic: 


Step 1 Multiply the coefficient of x? by the constant term. 
4x(-6)2- 
Step 2 Find two numbers with product —24 and that sum to give the coefficient of x, which is 5. The 
numbers are 8 and —3, because: 
8x(-3) = -24апа8--(-3)-5 
Step 3 Split the middle term. 5x is the sum of 8x and —3x. 
5x = 8x — 3x 
Step 4 Use grouping to complete the factorisation. 
4x? + 5x — 6 = 4x? + 8x - 3x - 6 
= 4x(x + 2) – 3(x + 2) 
= (х + 2)(4x —3) 


Quadratics whose factors involve only integers can be factorised using this method. 
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3G NON-MONIC QUADRATICS М 


> Factorising non-monic quadratics 





To factorise a quadratic of the form ax? + bx + с: 
е find two numbers, « апа В, whose sum is b and whose product is ас 


e write the middle term as ax + Bx 


* complete the factorisation using grouping. 


Ехатріе 24 


Factorise 2x? + 9x +4. 


Multiply 2 by 4 to obtain 8. Find two numbers with product 8 апа sum 9. 
The numbers are 8 and 1. 


2x? +9x+4 = 2х2 +8х+х +4 (Split 9x = 8x + x) 
= 2x(x + 4) + (х +4) 
= (2x + Dx + 4) 
Alternatively, if we write 9x = x + 8x, then: 
2x? +9х +4 = 2x? +x4+8x44 
= x(2x + 1) + 42x +1) 
= (2x + I(x + 4) 


Factorise: 
a 6x? —19x +10 р стз 


а 6х 10 = 60, (15) x (C4) = 60 and (15) + (-4) = -19 
6x? — 19x + 10 = 6x? – 15x – Ax +10 
= 3x(2x — 5) — 2(2x — 5) 
= (3x – 2)(2х – 5) 
b 6x(-3) 2-18, (9) x 2 = -18 and (-9) +2 = –7 
6х2 — 7x —3 = 6x? – 9х + 2x - 3 
= 3x(2x — 3) + 12x – 3) 
= (3x + 1)(2х – 3) 
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ON 3G NON-MONIC QUADRATICS 
жа земав 


ө веезо 


1 


Example 2 
24,25 


Factorise: 


а 2х2 +2х+х+1 
с 6х2 – Зх - Ax +2 


e 20x? – 15x — 16x +12 


Factorise: 
а 2x? 7x46 
d 3x? e 11x 6 


b 5х2—5х—2х+2 
d 852-4х-46х-3 


f 


b 2x? +11x+5 
е 3х2 + 10x +3 


12x? + 24х – 36x – 72 


е 


2x? +9x+9 


f 3x? +14x+8 


g 2х2-х-10 h 2x? -13x -7 i 3х2-х-10 

j 5х2-7х-6 k 3x? +26x-9 | 7х2-3х-10 

m 5х2 — 4x — 12 n 3х2-4х-4 о 4x? +1lx-3 
3 Factorise: 

а 6x-x-2 8x? -2x - 3 

с 6x2-5x-6 15x? - 16x +4 


е 9х2 - 12x +4 
g 10x? – 9х – 9 


4x? +12x+9 
12x? +19x 18 


= rea с 


i 10х2—19х+6 j 12x? - 17x +6 
k 12x? – 13x + 3 ] 15x? – 31x +10 
m 20x? — 58x + 20 n 24x? - 6x - 9 
о 12x? — 26x +12 p 12x? + 34х + 24 
q 40x? – 10x - 15 г 16x? — 68x + 42 


4 Factorise: 


a 6x? + 7x € 2 b 6x? - 11x +3 
c 6x? + 19x +15 d 9x? – 18x +8 
е а2-а-56 f 4-5x- 6x? 

g 9-8х-х2 h 24x? - 4х - 8 
i 3a? + 56 — 31а j 100 – 5x? 

k (2х – 1} – 15 1 90 – 2(а – 3» 


5 Factorise: 

а x? – y? – 3(х - у) x? — y? – 5(x + y) 
c x? -2x c1-3(x – 1) 
e а2-4?-а-25 
g a? - Ad? — a — 2d 
і 4x? +4х+1+ 30x +1) 


х2 + 2х + 1+ 5(х +1) 

9x? – 4y? – 3x – 2y 

x? + 3x — 9(x + 3) 

7(x = 11) + x? — 22x +121 


= © @ъ c 


=. 
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An introduction to 





algebraic fractions 


Algebraic fractions occur in many parts of mathematics. For example, you have seen them arise in 
rate problems. In this section we simplify, add and subtract algebraic fractions and solve equations 
involving algebraic fractions. 


Simplifying algebraic fractions 
There are two steps to simplifying an algebraic fraction. 
* First, factor the numerator and denominator. 


* Second, cancel any fractions common to the numerator and denominator. 
a—b a-b -(Ь-а) 
- —], because = Я 
-а b-a b-a 








In some examples, you need to use the fact that 


Example 26 











Simplify: 
24x p 2244 c х2-4 (х — 3)(х + 4) 
36 x+2 x+2 (x + 4)(3 — x) 
эше 
24x _ 2x p 2554 20542) 
36 3 х+2 x+2 
2 
1110-2017 (х — 3)(х+4) (х-3/х-4) 
CI “ш (ОКШО л юш» 
-х-2 =={ 


Adding and subtracting algebraic fractions 


To add and subtract algebraic fractions, we use a common denominator, just as we do in arithmetic. 
In this section we only add and subtract algebraic fractions with numerical denominators. 


Example 27 


Express each with a common denominator. 











кезе: pz 
By 3 
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ON 3H AN INTRODUCTION TO ALGEBRAIC FRACTIONS 

















a ar = 
ONE? 6 6 
2% 
6 
х-3 2x-4 3(x-3) 2x-4 
с + = яр 
2 6 6 6 
135—9 2x—4 
6 
_ 5x13 
6 


SU ш, Бр 7) 20-4) 





2 ЕЕ 6 
| 0x -21— 4x 4 8 
М 6 
24-13 
NES 








Solving equations involving algebraic fractions 


To solve an equation involving algebraic fractions, multiply through by the lowest common 
denominator of all the fractions. This removes all the fractions in one step. 


Example 28 





Solve: 

Е 
405 

b 351 25-1 
7 6 


о ess 





4-5 
Multiply through by 20 
— — = 20х52 
5x+ 8x = 1040 
13x = 040 
Ж кй 








7 6 
Multiply through by 42 
42(3x +1) 42(2x - 1) 
тоо 
6(3x + 1) -72x -1)=42x6 
18x -6—14x +7 = 42x6 


= 49) <6 





4x +13 = 252 
4x = 239 
239 
x = —— 
4 


Note: With practice, the first step above can be performed mentally. 
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Example 26 1 




































































Simplify: 
a 55 y Hg Ox -3 
10 44 Зх +1 
J x? — 36 А 4x? – 81 (x — 5)(х + 4) 
x46 2x -9 (x 4X5 — x) 
(2x – 5)(х + 4) (2x — 5)(х + 4) (2x — 5)(2x + 4) 
(x — 4)(5 – 2x) x*-—16 2(x + 4)(2x — 5) 
2 Express each with a common denominator. 
X. # 2% X 3x x 
а--- b —-- — + — 
5 4 5 3 10 4 
2а 3а x+2 х-1 x+3 x-l 
d —+— e f = 
5 4 5 4 4 3 
«+3 z+2 һ 26 1 c-2 (2943 5-2 
7 5 3 5 4 6 
poer ы к 2—^*ү1—2^ 15Х%2 3-4х 
14 21 2 6 5 6 
3 Solve 
x xX x x 2x x 13 
а----3 ----1 с------- 
6 3 4 8 3 5 5 
3л das 55 52011 Box. 
2 gi 3 4 6 5 10 
x-2 x-5 1 х-2 х 3 x-1 3x-7 13 
— = h = 1 + = 
5 3 15 2 3 2 9 4 18 
2763. көл 1 к1-Х-2 2-3 1-3Х%7 х%4 
6 2 3 2 X 10 2 4 





Further algebraic fractions 


The methods used in this section were introduced in the previous section, but here they are applied to 
algebraic fractions whose numerators and denominators are quadratics. 


Simplifying, multiplying and dividing algebraic fractions 
As before, there are two steps. 
e First, factor each numerator and denominator completely. 


e Second, complete the calculation by cancelling fractions. 
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ON 31 FURTHER ALGEBRAIC FRACTIONS 
МАС зі FURTHER ALGEBRAIC FRACTIONS 2002, 
Example 29 


Simplify: 
x? +4x-21 
x? – 49 
2x?- x-6 


к == 


х2-4х-21 (47)(х-3) 
x2-49 (х+7)(х-7) 


х-3 
x—7 


252-х-6 (2х-3)(х--2) 
р х2-х-2 (х—2)(х +1) 











S s 
Х +1 
Ехатріе 30 
Simplify: 
Qn? +x —21 х2 +3x 
2011: eS 
22 59-5 оа 
pos nus 


252 +a-21 х? 43x (Qe G3) . X (x3) 
G. X Qx+T) G3) G3) 


Эз чь Tze хе – 
= jl 


b 2x! -9х-5 х? +9x +20 24749-50 ж” чь у 
ps х 19:02 


2-05 | pee ab Ge 
_QOx-NGHS х5) 
T Sy Gs “G+ 4) G5) 
_ wx) 
© (x 5Yx + 4) 











Note: In b the calculation is only valid when x + —5, x # 5 andx #—4 
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Adding and subtracting algebraic fractions 


31 FURTHER ALGEBRAIC FRACTIONS М 


То add and subtract algebraic fractions, first find a common denominator. You may need to simplify 


the answer you obtain. 


When the denominators are algebraic expressions, factor them completely before finding the 


common denominator. 


Example 31 























Simplify: 
2 1 
ХЕЗ x+4 
b aoe Say = Ay? 2xy 
x? -16y? 2x? + 8xy 
" 2 1 2x *4)-(x*3) 
x+3 x+4 (x + 3)(x + 4) 
= 2c ts a= 3 
© (a +3) +4) 
3 х+5 
Е Саус а) 
x? + 5ху - Ay? 2ху _ x? + 5ху - Ay? у 
x? – 16у? 252 + 8xy | x? – 16у? x + 4y 
_ x? + Sxy - Ay? y (The lowest common 





x+4y multiple of denominators 
45) is (x — 4у)(х + 4y).) 


(x – 4у)(х + 4y) 
х? + 5ху – 4y? – у(х – 
(x — 4у)(х + 4y) 

OX? + 5ху - Ay? – xy + Ay? 
С (х-4уХа + 4y) 
Ш х? + 4ху 

(х- 4y)(x + 4y) 

x(x + 4y) 


© (х— 4уу(х + Ay) 
2 











х-4у 
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ON ЗІ FURTHER ALGEBRAIC FRACTIONS 
а имени с н 


Solving equations involving algebraic fractions 











x+4 x-4 10 
B т: 














И vA NU 7 
үбү 
ж-<4 x4 
(Multiply through by 3(x — 4)(х + 4).) 
3(x? + 8x + 16) + 3(x? — 8x + 16) = 10(x? — 16) 
3x? + 24х + 48 + 3x? — 24x + 48 = 10x? — 160 
6x? + 96 = 10x? — 160 
2506-0112 
СЕ 
72-61 
x=8 or x=-8 
b eS _ = 4 
25% 3 
m Э) = ын 2 (Multiply through by 6x.) 


3(x — 5) 2 2x(x — 4) 
3x — 15 = 2x? - 8x 
0 = 2x? = 11х +15 
0 = 2x? – 6x – 5х + 15 
0 = 2x(x — 3) – 5(х – 3) 
0 = (x — 3)(2х — 5) 
22-0 06 24-5 —=—0 


э = Or се 


“| CA 
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C5 Exercise 31 


1 Express each fraction in its simplest form. 













































































2 2 
а4 + ав b= + xy 
ab x? — xy 
220,2 2_ 
č a b а? 1 
(а + Б)? b? —b 
2 2 2_ 2 
М X y f 3x 3xy 
(x-y)? x? + xy 
x? + 6х + 8 а -а-6 
8—5 h ————— 
X =4 2a+6 
x? —8x +15 „ х°+х—2 
і ------- j ———— 
x? + 2х – 35 х^—1 
2x? —7x+3 1 3x? + 5xy - 2y? 
(2x -6» 4x? + 7xy - 2y? 
2 Simplify: 
2 2. 
2x х 29 tx bl 5a*6 а-2 
2х + у 6x? a a? — 2a 
x? = 3x 2x? -3x-2 х2-4х-4 9х2-6х-1 
х а —— x ———_ 
2x? +7х+3 х2-5х-6 6x 2 3x? —12 
a? =] a? 4x-12 9x? 
e x f 
a a? -2a41 3x 6x — 18 
x?-x 3x 4х-12 6x-18 
g + h + 
3x-3 3х-2 3x 9x? 
ue ms" Алс арус. Бар 
3x-3 х2-х 1 х? – у? х2 + 2ху + y? 
3 Express each with а common denominator. 
x 3 2x-3 х-2 
a - Ь = 
х-2 х-2 3x-9 2х-6 
4 12 x+3 х-2 
+ d = 
x+3 х2-9 x+2 х-3 
1 1 х 2 
е - Ї 
х2-4 х2-2х-8 x?-—-4x43 x^-x-6 
"E "c E 
x-1 х?+2х-3 х-2 2x7 =x=6 
а-2 а-1 





а2-3а%4 а2-а-2 
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ON ЗІ FURTHER ALGEBRAIC FRACTIONS 
с имени MN 


4 Simplify: 
1 2200-х) x-15 
x+3 2-х х2-9 
6 3 3 
с - + 
ü^-l а+1 a-l 
1 1 
É Lx айл 22011137 
х= —9x -*20 х= – 11х + 30 
4 4 
"iej Jaga шын 
5 Simplify: 
2x2? +17x +21 
a 
3x? + 26x + 35 
x? — 5x 
е7 
х = 4х – 5 
16х2 – 9а? х-2 
Qro ——  % 
x*—4 4x —3a 
6 Solve the equations. 
"m n Ээ m 
6 3 
2x 3. 6+3х 101 
5 4 20 
: х+5 101. ЖЕЗ 
6 9 4 


10 
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b 2 ” 3 | 2(7 + 2x) 
xt7 7-х x? — 49 
Е 22222 
44 x atx а x 
x a 2ax 
f 1 3 
ox'-xel 6x ^-—-x-2 
h 5 - 6 7 
a-9 а-3 а-3 
p 3223 23x +14 
3x? + 41x + 26 
422 -121 а+11 
a? —4 M а+2 
654-Мх-15 | x? - 12x - 45 
х2-4х-45 х2-6х-27 
px-3 хы, 
4 3 
4 $—5, 5-9 5 -0 
7 3 21 
f 4х%2) 6x-7 |, 
3 7 


а Express 2 + E as a single fraction. 


x 5x 


b Solve the equation — + rm = 1. 
x 


x 





1 1 
Solve the equation — + — + 2-1 - ШЕ by first multiplying both sides of the 
2x 4x 12 24 
equation by 24x. 
2 ? 10 
Solve the equation ВЕЕ s 5 by first multiplying both sides of the 
Xl КІ —x*-1 


equation by x? — 1. 


Solve each equation. 




















" X—3 412 
x—4 х+8 
552 x4+2_, 
х-3 x-6 
1 2 1 
e = + = 0 
х+1 x+2 x+4 
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b x 2 zi 
x-3 x-5 
3x42. 2x4. 
x-1 x+2 
3 2 

f X X 
х=1 2x-1 
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Simplify each expression by collecting like terms. 


а 4x + 9x 

b 5р?д - 9pq + 11р? 

c ab — 2ab? — 6ab + ab? 

d 8х3у – 2x?y + 12х?у — 8x?y 


Expand each expression. 


Review exercise 


a —2(a+ 4) b —3(b + 6) —4(3b — 5) 

d —5(4b - 7) e (2p + 6) -106р - 20) 
Expand: 

a d(d —9) b e(3e +1) HE seo) 

d -2m(5m — 4) e —3n(5n + 7) 2p(3q — 5r) 

g —3x(2x + 5y) h -22(32- 4y) 2a(3 + 4ab) 


Expand and collect like terms. 
а 20с7=9 


d 2a(3a + 2b) – 6a? 
СУВУ Э оу = д) 


j (6x 5)(х + 2) 


Solve each equation. 


b 4(44+ 1) + 3h 
5 Эх 
e —(x-4) + — 
2 4 


h 2р(3р+1) – 4(2р+1) 


k (7x – D(x – 5) 


4(1 – 34) + 159 
5(b — 2) — 4(b + 3) 
(m + 4)(m — 5) 


(т + 3n)(2m + n) 


a Ix AS b 3x = 25- 2x 7x = 18 2s 
E 
dic om ul E 28 ЗЕКЕ rti 
3 2) 
7/5% 38 30 
Mx а ш русс. 3(2x – 1) + 3x = 15 


Solve each inequality. Graph each solution оп a number line. 


Хх +1 








а х+1>5 b 2х-1<6 5 »-4 
d -2x+1<6 е4-7х>6 EE 
2х-1.х41 5х +6 22101 





3 4 


П === оу 
3 
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REVIEW EXERCISE 





7 


10 


11 


12 


13 


14 


15 


The total resistance R of two resistors with resistances 7 and n, joined in parallel, is 


given by the formula + = B i 2 
R ñ n 
a Find Кї л = 4andn = 3. 


b Find if R = 2 and r, = 6. 
Suppose that P = 4(a + b). 

a Find P when a = 6and b = 7. 

b Make a the subject of the formula. 
c Find a when P = 20 апар = 6. 


Make the variable in brackets the subject of the formula. АП variables take 
positive values. 


а A-mr?-mnh (В) 
р A=mrvh? +r? (h) 


с 78 zm? — и?) (и) 


шашинг ш, 
с 
Factorise: 
а 49 – 2? b 9 - 4a? с 25 – 64x? d a?b? – 4c*d? 
е 92-1 f 36р? – 49g? g 1- 1002? h 121a? — 81b? 
Factorise using surds: 
a x?- 11 b x?-15 c x? - 28 d x?-32 
Factorise using surds: 
а (x+4)* -2 b (x-3?-5 с Qx +1)? - 20 а (3 – 2x)? -10 
Factorise: 
a (a+ b -c? b (a—b)? -c? с (x + yy - 422 
Factorise: 
M LON = ONS b ab +5b-2a-10 
с oy O S а= 2m Ы 
Factorise: 
a х2-3х-2 b с2 + 12с +11 c x? - 4х - 5 
d y? 49y — 10 e z? — 6z - 16 1 024-98-20 
g p? -llp-26 h k? - 11k -42 i х2-4х-60 
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REVIEW EXERCISE 


16 Factorise: 
a 2х^+10х— 132 


d 3x? — 9x — 30 


17 Factorise: 
292: 1102 


b cS — 231 
e 3x? — 33x + 90 


b 6s? — 11st — 1072 


с 3x? - 18x - 21 
f 6x? + 6х – 12 


со уо 






































42321110 ёс 12 12-4 
g 3х7-8х-3 h бх2-11х-10 і 3x^-x-2 
18 Solve: 

2xc- 2 ч 22-22 es 

3 2 5 3 

буй = 3) x 3х-5 

= 2х+4 а------24 

c И 4.2 

297 ote oe Кл a x+4 x-4 

docu = f =1 

208 4 5 6 14 8 

х-2 x*l1 х43 no rcc re 

6 7 5 8 20 2 


19 Simplify: 








a 
Жел zl 3 
зт 4 1 
+ 
хогоо. 
8 5) 3 





с 
Х2-5х%6 x?-3x*2 х2-4х-3 
20 a Find a number such that if 5, 15 and 35 are added separately to it, the product of the 


first and third results is equal to the square of the second. 


b A cellar contains only bottles of port, claret, sherry and brandy. Of these, p of the 


bottles are port and : are claret. The cellar also contains 15 dozen bottles of sherry and 


30 bottles of brandy. How many bottles of port and claret does it contain? 






CHAPTER 3 ALGEBRA REVIEW 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 








Challenge exercise 


Factorise: 
а (3x + Ty)? - (2x – 3yY 
b (5x + DY — (3x — у)? 


Factorise: 

a а? – 2ax + х? – Ab? 
р 9a? — c? + 2cx — x? 

c 2bd — а? — c? + b? + d? + 2ac 


d y? + 2by + b? – a? – бах – 9х? 


Expand: 
a (а+Ь+с)? 
b (7a? — 3х)(49а* + 21а?х + 9x?) 


Factorise: 
a 28x*y + 64x?y — 60x?y 
b хор" ШЕ 8у2р? "m ДҮП ES 321248 





T 2 5 
Solve the equation 1 4) = 6) + —. 
Lc mM Fc Er 
a The width of a room is two-thirds its length. If the width were 3 m more and the 
length 3 m less, the room would be square. Find the length and width of the room. 
b The length of a room exceeds its width by 3 m. If the length increased by 3 m and the 


width diminished by 2 m, the area would be unaltered. Find the length and width of 
the room. 


A train that travels a km at a constant speed in b hours is p times as fast as a bus. If the 
bus takes т hours to cover the distance between two places, how many kilometres apart 
are the two places? 


Jonathan is c km due west of Anna when they start simultaneously walking in an 
easterly direction. Jonathan walks at a constant rate of p km/h and Anna walks at a 
constant rate of q km/h. How far will Jonathan have walked when he overtakes Anna? 
(Assume that p > 4.) 
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CHAPTER 


Number and Algebra 





Coordinate geometry takes the surprising approach of using algebra to solve 
geometric problems. 


This chapter continues the development of coordinate geometry begun in 
ICE-EM Mathematics Year 9. 


Each point in the plane is represented by an ordered pair (x, y) and each line is 
the set of points that satisfies a linear equation ax + by + c = 0. 


The gradient of a line allows us to answer most questions about parallelism 
and perpendicularity. In principle, every geometric problem can be solved using 
coordinate geometry. 
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Distance between two points 


and midpoint of an interval 





Distance formula 


Consider the points A(4, 1) and B(2, 5) in the number plane. The length »^ во, 5) 
of the interval AB сап be found using Pythagoras’ theorem. This is called 
the distance between the points A and B. 


Form the right-angled triangle ABX , as shown, where X is the point 
(2, 1). Then: 


ВХ =5-1 and AX =4-2 
-4 aS 











By Pythagoras’ theorem: 
AB? = AX? + BX? 
= 2? +42 
= 20 
AB = 420 
= 24/5 


The length of interval АВ is 24/5. 


The general case 


We can use the above idea to obtain a formula for the distance y Q(x, у) 
between any two points. Suppose that P(x;, y,) апа О(х›, y2) are 


two points, as shown opposite. | с егін 





Form the right-angled triangle РОХ, where X is the point д. хаахад п 
(х2, у). Then: (ку) 2. Хау) 


РХ-х,-х| and ОХ = у – у > 





By Pythagoras’ theorem: 
PQ = PX? + ОХ? 
= (x2 = x1)? + (у — у)? 


You will notice that ош diagram assumes that x. — x, and y — yı are positive. If either or both are 
negative, it is not necessary to change the formula, as we are squaring. In other words: 
РО? = (square of the difference of x-values) + (square of the difference of y-values) 
Therefore: 
PQ = doa — x + (у = 


In practice, we sometimes work out the square of PQ and then take the square root. 
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4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF АМ INTERVAL М 
Ехатріе 1 


Use the distance formula to find the distance between each pair of points. 
а AQ, 3) and В(5, 7) 

b Ad, 2) and B(-1, -3) 

с А(2, 4) and В(5, 4) 

а A(-2, 3) and В(-4,-3) 





a АВ? = (5-2 + (7 – 3)? b AB? = (C1- 1? + (-3-2Y 
= = (-2)2 + (-5)? 
= 25 = 4 + 25 
22 201 
AB = 429 
c АВ? = (5 – 2)2 + (4 – 4)? ас үг 
= 32 + 02 = (—2)? + (—6)? 
=9 = 4-36 
АВ = 3 = 40 
АВ = 440 
= 2,10 
Midpoint formula 





We can find a formula for the midpoint of any interval. Let 
Р(х, уу) and Q(x5, y2) be two points and let M(x, y) be the 
midpoint of the interval PQ. 


Q(X, >») 


The triangles PMS апа МОТ are congruent triangles 
(AAS), so PS = MT and MS = 07. 


Hence, the x-coordinate of M is the average of хү and хо, 


+ 

Therefore, x = _ 

The y-coordinate of M is the average of y; and у». 3 
+ 

Therefore, y = x um 





+ + 
The coordinates of М are (5 5 22 А n : Y2 ) 


ШЕ 
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ы 4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF AN INTERVAL 


Find the coordinates of the midpoint, M, of interval AB, where A and B have coordinates 
(-2, 6) and (3, -7), respectively. 


—2 + 1 5 б+(—7 1 
x-coordinate of М = 5 2 = 5 y-coordinate of M — == = 55 





Тһе coordinates of М аге (5. -3) 
DE 


> Distance between two points and midpoint of an interval 





Consider two points, Р(х, ул) and Q(x2, у»). 
е The distance between the points Р and О is given by the expression 


PQ? = (x4 — х1)? + (у — XX. 
That is, РО = (xp — x1)? + (уә = у)?. 








* The midpoint М of the interval РО has coordinates (= Y Es 5 y2 | 


1 Find the distance between the labelled points in each diagram. 

















а yA b y^ c y^ 
(2, 4) (2,3) 
(-1,2) 
(3,2) 
(3,1) — шини” 
0 x 0 Е 
(2, -4) 





2 Find the distance between points A апа В. 


a А(1,2), В(0,0) b А(-1,6), B(4,8) 
с A(-2,8), B(6,4) d А(-2,-6), B(3,2) 
e А(-3,4), В(4,3) f А(-3, -4), В(3,4) 
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4A DISTANCE BETWEEN TWO POINTS AND MIDPOINT OF AN INTERVAL хүс 
3 Find the midpoint of the interval АВ. 





а А(-1,2), B(3,6) b A(2,8), В(-1,2) 
с A(2,4), B(6,8) d А(-2,-6), В(-4,-8) 
е А(-1,5), В(2,7) Ғ А(-12,16), В(2,8) 


4 a Find the midpoint М of the interval AB where the coordinates of A аге (6,2) and the 
coordinates of B are (6, 8). 


b Let C be the point (10, 5). Find the distance between: 
i AandC ii AandB 
c Describe triangle ABC. 
5 а The distance between two points А(2,и) and B(—3, 4) is 5. Find the value of и. 


b The distance between two points Р(4,-2) and О(у,-5) is 1/34. Find the possible values 
for v. Draw a diagram to illustrate the result. 


с The distance between two points A(3, — 2) and B(w, 4) is 10. Find the possible values 
for w. Draw a diagram to illustrate the result. 


6 The triangle ABC has vertices A(0, 0), B(3, 0) and C(3, 4). 
a Find the distance between A and C. 
b Find the midpoint M of AC. 
c Find the length of: 
i AM ii BM iii CM 


7 a М(4,2)18 the midpoint of the interval AC, where C has coordinates (12, 3). Find the 
coordinates of A. 


b М(10,-2) is the midpoint of the interval AC, where A has coordinates (—2, 6). Find the 
coordinates of C. 


8 Show that APQR is a right-angled triangle where the coordinates of P, Q and R are 
(3,3), (3, - 1) and (6, 3), respectively. 


9 Show that the triangle with vertices X(—3, 1), Y (0, 2) and 2(-2, 4) is isosceles. 
10 Show that the points A(—1, — 3), В(4, 0), C(5, 7) and D(0, 2) are the vertices of a rhombus. 


11 A,B,C and D are the points (0, —5), (—4, —1), (4,3) and (-8, —9), respectively. Show that 
AB and CD bisect each other. 


12 The points A(—5, 0), В(-3,-4), C (2, 1) and D(0, 5) are the vertices of a quadrilateral. Show 
that ABCD is a parallelogram. 
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Gradient 


Gradient of an interval 





The gradient of an interval AB is defined as PE , where the rise is d BO, 6) 


тип 


the change in the y-values as you move from A to В and the run is the 


change in the x-values as you move from A to B. 


For the points A(2, 1) and В(5,6): 


gradient of interval AB = 2 


i | rise 








Notice that as you move from A to B along the interval, the y-value increases as the value increases. 


This means the gradient is positive. 


In the diagram to the right: 
gradient of interval AB = хаг 
тип 
Ле? 
6-2 
0 
ou 
2 


thre jn „ 


MERE: т 


rise --6 








The rise from A to B is negative and the run from А to B is positive, so the gradient is negative. 


In general, provided x; ж Хү 


gradient of interval AB = Е 
run 
aot 7M 


X5 — X1 
9-0. Уру? 


Since = » it does not matter which point we take 
Х2-Х Х-Х 





as the first and which point we take as the second. 


-EM MATHEMATICS YE 


y B (x5, y3) 


| У27 У 
(rise) 
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4B GRADIENT М 


If the rise is zero, the interval is horizontal, as shown by the y B 
interval PQ at the right. The gradient of the interval is zero. 








If the run is zero, the interval is vertical, as shown by the P Q 
interval AB at the right. The interval does not have a gradient. 
A 
> 
0 x 
Gradient of PQ is zero. 


Gradient of AB is not defined. 
Gradient of a line 


The gradient of a line is defined to be the gradient of any 
interval within the line. 


Any two intervals on a line have the same gradient. We can 
prove this as follows. 


Triangle ABX is similar to triangle РОУ, as the corresponding angles 
are equal by parallel lines. Therefore: 
OY ВХ 
PY AX 








(Ratio of sides in similar triangles.) 


That is, the intervals have the same gradient. Therefore, the definition of the gradient of a line 








makes sense. 

Find the gradient AB. 

а А(3,-2), В(2,-6) b А(-1,-3), В(-2,6). 
| 

а Gradient = ш) b Gradient = о 

-3 -1- (-2) 
6+2 -9 
=l DE 


Parallel lines 


If two non-vertical lines are parallel, then they have the same gradient. Conversely, if two lines have 
the same gradient, then they are parallel. 


We can prove this as follows. 


In the diagram on the right, two lines are drawn and the 
right-angled triangles POX and ABY are drawn, 
with ОХ = BY. 





107 





CHAPTER 4 LINES AND LINEAR EQUATIONS 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 







m. 4B GRADIENT 
т MEM 


If the lines are parallel, then ZPQX - ZABY (corresponding angles). 
AY PX 


The two triangles are congruent by the AAS test. Hence, PX = AY, so u Qx' 
The gradients are equal. 

Conversely, if the gradients are equal, then PX - AY. 

The triangles are congruent by the SAS test. 

Hence, the corresponding angles РОХ and ABY are equal and the lines are parallel. 


Note: This proof does not work for lines that are parallel to one of the axes. 


Example 4 


Show that the line passing through the points A(6, 4) and B(7,11) is parallel to the line 
passing through Р(0, 0) and ОС, 7). 


Gradient of AB — е Gradient of РО = =й 
7-6 1-0 

7 ik 

21 B 

= 7] = 7/ 


The two lines have the same gradient, so they are parallel. 


Perpendicular lines 


Two lines are perpendicular if the product of their gradients is —1 (or if one is vertical and the other 
horizontal). Conversely, if two lines are perpendicular (but are not parallel with the axes), then the 
product of their gradients is —1. 


Here is a proof of this remarkable result. 


Draw two lines passing through the origin, with one of the lines 
having positive gradient and the other negative gradient. 


Form right-angled triangles OPQ and OAB, with OQ = OB. 


Gradient of the line OA = ав 
ВО 





Gradient of the line ОР = --- 


AB 
Product of gradients — E х — 
РО ВО 


В 
= ——-x-— (since ОВ = ОО) 
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4B GRADIENT хүс 


If the lines are perpendicular, then ZPOQ = “АОВ. 


Therefore, triangles OPQ and OAB are congruent (AAS), so 
PQ = AB and the product of the gradients is —1. 


Conversely, if the product of the gradients is -1, then AB = PQ 





AB 
since, by the above, the product of the gradients = — —. 


PQ 
This implies that the triangles OBA and OQP are congruent (SAS). 
Therefore, ZPOQ = ZAOB and so ZAOP = 90° – а + а = 90°. 


We have now proved the result for lines through the origin. However, this will suffice for any pair of 
lines in the plane (not parallel with the axes). 


Show that the line through the points A(6, 0) and B(0, 12) is perpendicular to the line through 
P(8, 10) and O(4, 8). 








Gradient of AB = 12-1 Gradient of РО = LOSS 
0=6 8-4 

4 

E 

2 


1 
(Gradient of AB) x (Gradient of РО) = —2 х 5 


--1 


Hence, the lines are perpendicular. 


Ө Gradient of non-vertical lines 







e The gradient of an interval, AB, connecting the two points А(хл, уу) and B(x2, y2) 
X2 — X 
* The gradient of a line is defined as the gradient of any interval within the line. 


* Two lines are parallel if they have the same gradient. Conversely, if two lines are parallel, 
then they have the same gradient. 


* Two lines are perpendicular if the product of their gradients is —1 (or if one is vertical and 
the other horizontal). Conversely, if two lines are perpendicular, then the product of their 
gradients is —1. 
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е Exercise 4B 


1 Find the gradient of each interval. 


a A(6,3), B(2, 0) b А(-2,6), В(0, 10) с A(-1,10), В(6,-4) 
а А(2,3), В(-4,5) е А(6,7), В(-2,-3) Ғ А(10,0), В(0,10) 
g А(10,0), В(0,-10) h A(4, 3), В(6,3) i А(4,-3), В(-5,10) 


2 Show that the line passing through А(1, 6) and B(2, 7) is parallel to the line passing 
through X(-1, 6) and Y (2,9). 


3 The line passing through the points (1, 4) and (3, a) has gradient 2. Find the value of a. 
4 The line passing through the points (—4, 6) and (b, 2) has gradient >. Find the value of b. 

















5 Complete: 
Coordinates of A Coordinates of B Gradient of AB 
a (2551) (27815) 
b (-1, 3) (0, -1) 
с (-1, 2) 
а (-4, 10) 
е 
f 











6 Show that the line passing through the points A(5, 60) and B(—1, 12) is perpendicular to the 
line passing through P(7, 10) and Q(23, 8). 


7 Find the gradient of a line perpendicular E a line with gradient: 





6 b -> 2 d -z -1 
а 2 "3 5 s 
8 ABCD is a rectangle. 
P B (3, 6) 
a Find the gradient of interval AB. 
b Find the gradient of interval CD. A\(2, 4) C 
c Find the gradient of interval AD. 0 >, 


9 a Plot the four points A(0, 0), B(3, 0), C(5, 2) and D(2, 2). 
b Use gradients to show that ABCD is a parallelogram. 
c Find the midpoint of DB and explain why it is the same as the midpoint of AC. 
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NEN S 


10 Тһе vertices of a quadrilateral ABCD are the points (-4,-2), (3, 9), (8, 1) and (2, 23), 
respectively. E, F, G and H are the midpoints of AB, BC, CD and DA, respectively. 
Show that EFGH is a parallelogram. 


11 A(3,6)and B(4, 7) are two adjacent vertices of a square ABCD. 





a Find the length of each side of the square. 
b Find the gradient of AB. 
c Find the gradient of CD. 
12 In each part, find the gradients of intervals AB and BC, and state whether A, B and C lie 


on the same line (are collinear) or not. 
а А(3,6), B(-1, 4), C(4,11) 
b A(3,8), B(2, 5), C(1,2) 
€ A(4,11), B(-1, 4), С(2, 5) 
d А(4, 5), В(-1,-6), C(3, 7) 
13 ABCD is a parallelogram. 





7 В(5, 10) 
а Find the gradient of interval AB. 
b Find the gradient of interval CD. 
c Find the coordinates of D. 
d Find the coordinates of the midpoints of AC and BD. cao 1) 
0 х 
р 


Gradient-intercept form and the 





general form of the equation of a line 


Gradient-intercept form 


In earlier work, we have seen that the equation y = mx + b represents a line with gradient m and 
y-intercept b. This is called the gradient-intercept form of the equation of a line. Conversely, every 
non-vertical line has an equation of the form y = mx + b. 


To illustrate this, consider the line with gradient 3 and y-intercept 2. 
That is, m= 3 and b = 2. 


Let A(x, y) be any point on this line. 


Gradient of interval AB = = 
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4C GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE 


We know the gradient of the line is 3. Therefore: 


yes _ 

X 

y-2-23x 
PIN 


Hence, the equation of the line is y = 3x + 2. 


The equation relates the x- and y-coordinates of any point on the line. 


In general lines with gradient m and y-intercept b have equation y = mx + b. Conversely the points 
whose coordinates satisfy th equation y = mx + b always lie on a line with gradient m and 
y-intercept b. 


Example 6 


a The gradient of a line is —6 and the y-intercept is 2. Find the equation of the line. 
b The equation of a line is y = —7х + 3. State the gradient and y-intercept. 


a The equation of the line is y = —6x + 2. 
b The gradient is —7 and the y-intercept is 3. 


Horizontal lines 


All points on a horizontal line have the same y-coordinate, but the 
x-coordinate can take any value. Thus, the equation of the horizontal 
line through the point (0, 5) is y = 5. The equation of the horizontal 
line through the point (2, 5) is also y = 5. 





In general, the equation of the horizontal line through P(a, b) is y = b. 


A horizontal line has gradient 0 because all y-values аге the same. 





Vertical lines 





All points on a vertical line have the same x-coordinate, but the Ч 16.2) 
y-coordinate сап take апу value. Thus, the equation of the vertical 
line through the point (6, 0) is x = 6. |6. 0) 

: А 5 : 0 x 
In general, the equation of the vertical line through P(a, b) is x = a 
or x — a = 0. Note that because this line does not have a gradient, it 
cannot be written in the form y = mx + b. *(6, -3) 
The form of the equation for a vertical or a horizontal line sometimes жб 
seems strange. It becomes clearer if we realise that the equation 





x = a is shorthand for the statement {(x, y) : x = a}. This is read 
as the ‘set of points (x, y) such that x = a’. Similarly, the equation 
у = b is shorthand for the statement {(x, y) : y = b}. This is read as 
the ‘set of points (x, y) such that y = b’. 
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4С GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE М 


Тһе general form of an equation of a line 





The equation у = 2x — 3 can be written as -2x + y+ 3 = 0. 


The equation 2x — 3y = 6 can be written as 2x — 3y — 6 and the equation x = 6 can be written as 
х-6-0. 


The general form for the equation of a line is ax + by + с = 0, where а, b апа с are constants, and 
either а # 0 or b # 0. The equation of every line can be written in general form. 


Example 7 


Write each equation in general form. 


2 4 2 
а у---х-4 b у---х-- 
j 3" 7 s 3 
a 2 2 р 4 2 
---Х ш--Х-4- 
сал: su 
oy 2-12 15у = —12x + 10 
2011-1221) 12x + 15у - 102 0 


The general form is not unique. For example, the line 2x + 3y — 12 = 0 is the same as the line 
20x + 30у - 120 = 0. 


Ехатріе 8 


Write the equation of each line in gradient-intercept form, and state its gradient and 
y-intercept. 


a 2x+y+6=0 b 3x-2y+7=0 
a 2x+y+6=0 b 3x-2y+7=0 
у--2Х-6 ax +7 = 2y 
gradient = —2 Y oe d 7 
y-intercept is -6 2 2 
DUE 
à 7 2 
7 
у-ш{егсерї 18 2 


113 







CHAPTER 4 LINES AND LINEAR EQUATIONS 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


ON 4C GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE 


Sketching a line given its equation 
A line can be sketched if the coordinates of two points are known. 


For lines that are not parallel to one of the axes and do not pass through the origin, a useful 
procedure to sketch the line is to find the intercepts with the axes. Find the x-intercept by 
substituting y = 0, and find the y-intercept by substituting x = 0. 


A non-vertical line passing through the origin has an equation of the form y — mx. A second point 
on the line can be determined from the equation by substituting a non-zero value of x into the 
equation. This is recommended because it identifies the steepness of the line. 











Example 9 
Sketch the graph of: 
a у-2х-4 b y=-3x+8 
с 2x+3y+12=0 d 3х-2у-10 
e х-4 f y=-3x 
а у= 2х+4 PA 
When x = 0, y = 4 (0, 4) 
When у = 0, 2x +4 =0 
-4 
x = — 
2 (-2, 0) 
=, 0 X 
b y=-3x+8 
When x = 0, у = 8 y 
When у = 0, -3x + 8 = 0 (0, 8) 
m = -8 
DNE 
= 8 
3 (5.0) 
2 >, 
х= 25 0 


с 2x+3y+12=0 
When x = 0,3y +12 =0 








Зу = -12 
D 
When у = 0, 2х +12 = 0 
2x = —12 
x=-6 


(continued over page) 
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4C GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE 

















d 3x+2y=10 YN 
When x = 0, 2y = 10 (0, 5) 
уез 
When y = 0, 3x = 10 
10 
Zr қысы 10 
47 (20 
0 E 
е х=4 f y=-3x 
y y 
(54123) 
0 la x 0 1 





Given one coordinate of a point оп a line, the equation of a line сап be used to find the other 
coordinate. 


Example 10 


The following points lie on the line with equation 5x — 4y = 20. Find the value of each 
pronumeral. 


а (0,а) b (5,0) с (42-0) а (7,10) 


а 5х0 -– 4а = 20 
а = —5 


b 5b-4x0 = 20 


өр 10200) 
bs al 
с 5d-4x(-6) = 20 d 5/-4х10-20 
51222101 5f = 60 
54 --4 2 
Цоо 
5 
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ә) Gradient-intercept form and the general form of the equation of a line 


4C GRADIENT-INTERCEPT FORM AND THE GENERAL FORM OF THE EQUATION OF A LINE 


gradient and Ь is the y-intercept. 





* The gradient-intercept form of the equation of a line is y = mx + b, where m is the 


* The general form of the equation of a line is ax + by + c = О, where а, b and c are 
constants, and a z O or b z O. 


уште 


=D 


штэ. 


== : 


Example “ 
7 


116 





Write the gradient and y-intercept of each line. 


2 4 2 
ay=4x+2 Шаа. с y=-7x +10 doux 3 
Write the equation of the line with the given gradient and y-intercept. 
a gradient — 8, y-intercept is 3 b gradient — 11, y-intercept is 5 
c gradient — —6, y-intercept is —7 d gradient — -5, y-intercept B 
Sketch the graph of each line. 
ay=1 by=2 су--2 ау--3 
ех-2 fx=4 gx=-l hx=-3 
i y+3=0 jy-1=0 kx+3=0 l x-1=0 
m Which of these lines have a gradient and what is it? 
Express each equation in general form. 
ay=-2x+6 by=-Sx4ll су--іх-2 dy=$x+ 
«== me^ у= х2 ПЕТЕ СУ h Зх = 27-3 
Express each equation in gradient-intercept form. 
а 3x-2y=6 b 5x+2y+10=0 Зу-2х-12-0 
46у-х-18-0 е 15y -2x +18 = 0 2х - Зу + 12 = 0 
g 5х + 4y + 20 = 10 h бх – 4у – 24 = 0 і Зх – 5у + 15 = 0 


Find the gradient апа y-intercept in each case. 


а2у-3х-12 b 4x+y+24=0 
44х-7у-56-0 e 11х+4у = 44 
g 3х-7у-42-0 h 2x-7y=14 


Find the x- and y-intercepts in each case. 
а у= 2х – 10 b у= 3х +11 
а 5х – 4у + 80 = 0 е Зх – 7у – 42 = 0 


ЕМ МАТНЕМАТІСЅ YEAR 


с 3x+8y+48=0 
f 10х-5у--20 
i -10х-2у--40 


3x + 8y = 48 
5х – 2у+11 = 0 
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NEN S 


8 Sketch the graph of each line by first finding the x- and y-intercepts. 





ау--2х-12 b 3y = —2x + 24 с бх – Зу = 18 
а у= х +18 е у= 2х -– 11 f Зх – 7у = 20 
g 4х – 7у = 28 h 7x -2y = 11 i 8х – 4у + 20 = 0 
9 а Give the equation of the line parallel to the y-axis and passing through the 
point (1,5). 
b Give the equation of the line parallel to the x-axis and passing through the 
point (—2, 5). 
с Give the equation of the line parallel to the y-axis and passing through the 
point (—4, —7). 
10 Sketch the graph of: 
ax=3 b y= 2x су--2х ау-4 еу--4х сл. 
11 Тһе following points Пе on the line with equation 3x — 12у = 30. Find the value of each 
pronumeral. 
a (0, a) b (5,0) с (1,6) d (d, —6) e (4,е) f (7,10) 
1 
12 Тһе following points Пе on the line with equation y = “3° - 4. Find the value of each 
pronumeral. 
a (0, a) b (5,0) с (Lc) d (4,-6) e (4,е) f (7,10) 


13 Aline has equation y = —4x + c. The point (6,10) is on the line. Find the value of c. 

14 Aline has equation 2x — by + 7 = 0. The point (6, —5) is on the line. Find the value of Р. 
15 Aline has equation ax — 3y + 15 = 0 and gradient 4. Find the value of a. 

16 Aline has equation 3x — by + 10 = 0 and gradient -, . Find the value of b. 


Point-gradient form of an 


equation of a line 





Equation of a line given the gradient and yh 
a point on the line 






Suppose that we know the gradient m of a line and a point 

A(x;, yj) on the line. Let P(x, y) be any point on the line. Then: 
y= 3 

Х- х 


YN 
(rise) 


m= 


and so: 





у-у = m(x -= xi) 
This equation is called the point-gradient form of the line. (run) 
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ON 4D POINT-GRADIENT FORM OF AN EQUATION OF A LINE 
=y 
Example 11 


Find the equation of the line that is parallel to the line with equation y = —2х + 6 and: 
a passes through the point A(1, 10) 
b passes through the point В(-1,0) 


The gradient of the line y = —2x + 6 is —2. 


а Therefore the line through the point АС, 10) parallel to у = —2x + 6 has equation: 
у—10 = -2(x - 1) 
y= O S 2112 
y =з 2 чь [7 O 2 ае y= |7 — 0 


b The line through the point B(—1, 0) parallel to y = —2x + 6 has equation: 


pop 
y = 2 pv ty S O) 


Give the equation of the line in gradient-intercept form or general form — whichever you prefer. 


Example 12 


Find the equation of the line / that is perpendicular to the line with equation 


2) 
у= Ae - 3 and passes through the point Р(1, 6). 


2 d 
The gradient of y — 27 ES x 


2 х (- =| = —], so the gradient of / is ES 
3 p 2 


Since it passes through the point (1, 6), the equation of the line is: 


3 
—62--(v-1 
y 55 ) 


2у— 12 = -3(x – 1) 
2. 


3 15 
Si t 2y = lS 0) бугу = a 
x Y y 27 2 
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4D POINT-GRADIENT FORM ОҒ АМ EQUATION OF A LINE М 


Equation of a line given two points 





In Section 4B, we saw that the gradient m of a line passing through two points, A(x;, yı) and 

у» У 

x2 д | 

We сап now find the equation of a line, given the coordinates of two points on the line, as follows: 


B(x, y2), is given by m = 


* Find the gradient of the line. 


* Use the point-gradient form with either one of the points. 


Example 13 


Find the equation of the line passing through (2, 6) and (-3, 7). 
: = 
Gradient of line = ЕТЕ: 


1 : 
The point-gradient form with m = == and (x1, у) = (2, 6) gives: 


íl 
Wesel pu 22 
5у-30--(х-2) (Multiply both sides by 5.) 
BLU Uu 
Hence, x + Sy — 32 = 0 is the general form of the line. 
Check that both points lie on the line. 


Note: the same equation can be established using (x1, y1) = (3, 7) 


> Тһе point-gradient form 







e The equation of a line, given the gradient m and one point A(x,, y1) on the line, is: 
y-y = m(x — x) 

* To find the equation of a line, given two points A(x,, y1) and B(x2, y2) use the 
point-gradient formula: 

Yo | 

X2 М 


y — уу = m(x — x4), where the gradient m = 
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ON 4D POINT-GRADIENT FORM OF AN EQUATION OF A LINE 
e Exercise 4D 


1 a Find the equation of the line with gradient 6 that passes through the point (5, 6). 
b Find the equation of the line with gradient "i that passes through the point (2, 6). 
c Find the equation of the line with gradient 5 that passes through the point (-І, 8). 
d Find the equation of the line parallel to the line y = —3x + 8 and passing through the 
point (1, 8). 
e Find the equation of the line with gradient 0 that passes through the point (—3, 6). 
f Find the equation of the line parallel to the line x - —4 and passing through the point (—7, 1 1). 


2 a Find the equation of the line perpendicular to the line y = —3x + 6 and passing through 
the point (—2, 8). 


b Find the equation of the line perpendicular to the line х + 2у = 6 and passing through 
the point (1, 2). 


c Find the equation of the line perpendicular to the line 2x — y = 6 and passing through 
the point (6, —3). 


3 a Find the midpoint of the interval AB, where the coordinates of A and B аге (2, —1) and 
(3, 6), respectively. 
b Find the gradient of the line that passes through points A and B. 
c Find the equation of the line AB. 
d Find the equation of the perpendicular bisector of the interval AB. 
4 a Find the equation of the line with gradient —4 that passes through the point (0, —6). 
b Find the equation of the line with gradient —4 that passes through the point (3, 8). 
c Find the equation of the line that passes through the points (—4, 8) and (—6, —2). 


d Find the equation of the line that is parallel to the line y = —2x + 3 and passes through 
the point with coordinates (—1, —10). 


5 Find the equation of the line that passes through the two given points in each case. 
а (0, —4) and (4, 0) b (-3, 0) and (0, —9) с (2, 4) and (-6,12) 
d (6,3) and (7,3) e (1, 4) and (1,8) f (0, —3) and (4,6) 
6 Show that the points A(1, 1), B(3,11) and С(-2,-14) all Пе on the same line (are collinear) 


and find the equation of this line. Do this by finding the equation of AB and checking that 
point C lies on the line. 


7 ABCD is a parallelogram with vertices A(4, 4), B(2, 6) and УЛ дэн 
C(8, 9). Find: 
a the equation of the line BC b the equation of the line АВ. B(2,6 i 
c the equation of the line AD d the gradient of the line CD A(4, 4) 
e the distance AB f the distance CD - > 
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8 A(LD, В(1,6), C(6, 6) and D(6, 1) are the vertices of a square ABCD. 





a Find the midpoint of: 
i AC ii BD 
b Find the gradient of AC and BD, and hence show that AC is perpendicular to BD. 


Review of simultaneous 
linear equations 





In this section, we revise the standard methods for solving simultaneous linear equations. The 
solutions are the coordinates of the point of intersection of the two lines given by the linear equation. 


Solving a pair of simultaneous equations means finding the values of x and y that satisfy both equations. 


Example 14 


Find the coordinates of the point of intersection of the lines y = x — 1 and y = 2x — 3 and 
sketch the lines on the one set of axes. 


At the point (x, y) of intersection of the graphs, the y-coordinates of both graphs are the same. 
Therefore, x - 1 = 2x - 3 
йа. 7 ка Ж 
x=2 


Substituting into either equation gives y = 1. 





The coordinates of the point of intersection are (2, 1). 


The solution of the simultaneous equations y = x — 1 and 
у= 2x—3 is x = 2 and y=1. 








Note that the process outlined above can be done without the graph. 


Lines that are parallel and lines that coincide 


Simultaneous linear equations do not always have a unique yA 
solution. There are two geometric situations in which lines 
do not intersect at a single point. 





2х + Зу = 12 







Parallel lines 


The equations 2x + 3y = 12 and 2x + 3y = 6 represent 
parallel lines. There are no solutions to this pair of 
simultaneous equations since the lines do not meet. 
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m 4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS 


Lines that coincide 


Sometimes we have two equations that represent the same line. 19 
The equations —4x — бу = —20 and 2х + Зу = 10 represent the 
same line. This сап be checked by showing that the lines have the 
same intercepts. We say that there are infinitely many solutions to 
this pair of equations since every point on the line satisfies both 
equations. 







-4x - 6y = -20 
and 2x + 3y = 10 








Solution by substitution 


We recall that to solve a pair of simultaneous equations that involve pronumerals x and y, we can 
make either x or y the subject of one of the equations and substitute into the other equation. This 
method of solving a pair of simultaneous equations is called the substitution method. This method 
was used in Example 14. 


Example 15 


Solve this pair of equations for x and y. 
х-2у-3 (1) 
зу = ОУ = | (2) 


Substitute for x into equation (2), using equation (1): 


20у-3)-3у-7 


4у-6-3Зу=7 
y-6=7 
y= lg 
Using equation (1) gives: 
x=2x13-3 
2223 


Thus the solution is x = 23, у 13. 
That is, the corresponding lines meet at (23, 13). 


Note: You should always check your answers by substituting into both of the original equations. 


Solution by elimination 


The other standard method for solving simultaneous equations is called the elimination 
method. This method relies on combining the two equations so that one of the pronumerals 
is eliminated; that is, we add or subtract multiples of the two equations to eliminate one 
pronumeral. 
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4E REVIEW ОҒ SIMULTANEOUS LINEAR EQUATIONS М 
Ехатр!е 16 


Solve this pair of equations for x and у. 
3x + у = ІЗ (1) 
xem Q) 





Adding equations (1) and (2) gives: 
4x = 16 (3) 
x=4 
Substituting into equation (1) gives: 
1224 22-08 
y= [| 
Therefore, the solution is x = 4, y = 1. 


That is, the corresponding lines meet at (4, 1). 


Example 17 


Solve this pair of equations for x and y. 
2х + Зу = 14 (1) 
2х-у= 6 (2) 


Subtracting the two equations will eliminate х and produce a single equation involving only у. 
ОЕ О УЕ 8 

у= 2 
Substituting у = 2 into equation (1) gives: 


2x+6=14 
25y == 
22-12 


Hence, the solution is x = 4, у= 2. 


That is, the corresponding lines meet at (4, 2). 


Sometimes it is necessary to multiply both sides of an equation by a factor to enable a 
pronumeral to be eliminated. Remember that the new equation formed is equivalent to the 
first. This is shown in the following example. 
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ON 4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS 
200" 
Ехатріе 18 


Solve this pair of equations for x and у. 
coy a (1) 
4x+y=21 (2) 


We make the coefficients of y the same by multiplying equation (2) by 3. Then we have: 
x-3y=2 (1) 

(27227 1214 3y =] 63 (3) 

Now y can be eliminated by adding the two equations. 

(+46) 13x = 65 


x=5 
Substituting into equation (1) gives: 
5-3у-2 
=y = eS 
y= | 


Hence, the solution is x = 5, у = 1 and the corresponding lines meet at (5, 1). 


In the next example, it is necessary to find two new equivalent equations in order to eliminate a 
pronumeral. 


Example 19 


Solve this pair of equations for x and y. 
ax Foy —i 0) 
Sede у = (2) 


We choose to eliminate x, so we proceed as follows. 
(OS lyas у) 
(2) x 3: 15x+9y=21 (4) 


(3) — (4): 16у- -16 
у= = 
Substituting into equation (1) gives: 
22-92-11 
3х-6 
Хх-2 


The solution is x = 2, у = —1 and the corresponding lines meet at (2, — 1). 
Check that (2, —1) satisfies both equations (1) and (2). 
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4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS М 


ә) Review of simultaneous linear equations 





* A pair of simultaneous equations has either one, zero or infinitely many solutions. 
These cases occur, respectively, when the two lines meet at a point, are parallel or 
coincide. 


* A pair of simultaneous equations can be solved using either the substitution method or 
the elimination method. 


- In the substitution method, make x or y the subject of one equation and substitute 
into the other equation. 


- |n the elimination method, add or subtract suitable multiples of the two equations to 
eliminate one pronumeral. 


укен 


1 For each pair of equations, sketch the graphs and find the coordinates of the point of 





intersection. 

а ye3x41 b y=3-2x су-2х-1 
y=2x+2 y=x-3 у-5х-3 

тэ 2 For each pair of equations, solve using the substitution method. 

а у= Зх b х= 2у с у= 2х +1 
2x -3y = 9 3х +2у = 6 х- Зу = 4 

d х=1- Зу e у= 1- 2х f FENFUS 
4x – Зу = 12 у= 5х+2 3 

7x -5y = 10 
3 Foreach pair of equations, solve using the elimination method. 

a x-y=3 b3x+y=5 сх+у=1 
2 yao 5х- у= 3 2х+у= 4 

а 2х + Зу = 4 е 2х- Зу = 4 3x+2y=5 
5х +Зу=1 22 yet 3x + 5y = 26 

g2x+y=4 h 4х- у= 5 і х-2у-2 
Зх + 2у = 7 Зх + 4у = -1 Зх + 5у = 3 

j 2x-3y=7 К 5x + 4y = 20 7х— 5у 215 
3x+2y=4 2x+5y = 10 3x – 4у = 13 

m2x-3y=-9 n2x+3y=2 2х + 5у = —35 
3Х-2у--1 3х+7у=-—7 Зх – 2у = 8 
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4 Solve each pair of equations. 


ау-5х-1 В7х-9у- 63 с 4х-7у-24-0 
2х – Ту = 35 5х + 8у = 40 бх + 9у – 17 = 0 
1 2 
ах-3-4у е7х-11у- 48 Dose реа 
Ту-3х-21 5x — бу = 27 2 3 
—х+—у=7 
3 4 
2 : 
ке к=з h у=3х—2 i х47у-0 
2 2x+3y=4 3x — 4y = 24 
у= -=х+3 
7 
: 1 
j 3х-7у-42-0 Кх-Зу-5 алгаа! 
2Х-3у-18-0 2х—3Зу = 21 3 
pecie 


5 The line y = 2x intersects the line y = x + 6 at the point A. Find the equation of the line 
that passes through A and has gradient 3. 


6 Theline y = 2x — 4 intersects the line y = —3x + 6 at the point В. Find the equation of the 
line that passes through B and is: 
a parallel to the x-axis b parallel to the y- axis 

7 The line у = x intersects the line y = 2x +1 atthe point А, and intersects the line 


y = —3x + 12 at the point В. The line y = 2x + 1 meets the line y = —3x + 12 at the 
point C. Find the coordinates of the vertices of triangle ABC. 


8 The line that passes through the points A(0, 2) and B(1, 4) meets the line that passes through 
the points C(1, 8) and D(—1, 10) at the point Е. Find the equations of the lines AB and CD 
and hence find the coordinates of E. 


9 ABCD isarhombus. 





y 
B(4, 8) C (9, 8) 
A (1,4) D (6, 4) 
> 
0 x 


a Find the equation of: 
i AC ii BD 
b Use the results of part a to find the coordinates of the point of intersection of AC and BD. 


с Show that the point of intersection is the midpoint of both AC and BD and that AC is 
perpendicular to BD. 
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4E REVIEW OF SIMULTANEOUS LINEAR EQUATIONS 





A(0, 4), B(4, 0) and C(O, —4) are the vertices of triangle ABC. yh 














А(0, 4) 
a Find the equation of the perpendicular bisector of interval: 
В(4,0 
і АВ ii BC 0 ^ 
b Find the coordinates of the intersection of the two perpendicular 
bisectors found in part a. C(O, -4) 
The line with equation y = mx + 3 intersects the line with equation 
3x + 4y + 12 = 0 at the point (i -2) Find the value of т. 
4 
The diagram opposite shows a parallelogram ABCD УЛ С(12, 12) 
in which А is the point with coordinates (8, 3), В is 
the point with coordinates (2,7) and C is the point 5 
with coordinates (12,12). X is a point on BC such В(2|7) 
that АХ is perpendicular to BC. Find: 
a the equation of the line AD A(8,3) 
> 
b the equation of the line AX 0 Ж 


с the coordinates of X 
d the distance AX 
e the distance BC 


f the area of the parallelogram 
Find a and b if ax — 10y = 8 and 6x + by = 12 represent the same line. 


Show that the straight lines 2x — 3y = 7, Зх — 4y = 13 and 8x – 11у = 33 meet 
at a point. 


Find the equation of the straight line that passes through the origin and the point of 
intersection of the lines: 


ax-y-4=0Oand7x+ y+20=0 b pred and boe 


The line ax — by + 3 = 015 parallel to the line 3x + 2y — 4 = 0 and passes through the 
point (1, —2). Find а and b. 


Given three points, A(0, 5), B(8, 7) and C(4, 1), calculate the coordinates of the point of 
intersection of the perpendicular bisectors of the lines AB and ВС. 


In the quadrilateral ABCD, the points A, В and D are at (3,3), (0, 1) and (6, 2), respectively. 
The line BD bisects the line AC at right-angles at the point M. 

a Find the equation of BD and of AC. 

b Calculate the coordinates of M. 

c Calculate the length AM. 

d Find the area of quadrilateral ABCD. 
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Solving word problems using 
simultaneous equations 





In this section, we look at how simultaneous equations can be used to solve problems expressed in words. 
When solving a problem expressed in words: 

* introduce pronumerals 

* translate all the relevant facts into equations 

* solve the equations and check your solutions 


* write a conclusion in words. 


Example 20 


The attendance at an evening performance of a local theatre production was 420 people and 
the box office receipts were $3840. Admission costs were $13 for each adult and $4 for each 
child. How many of each type of ticket were sold? 


Let c be the number of child tickets sold, and let a be the number of adult tickets sold. 
c t a = 420 (1) 
4c + 13a = 3840 (2) 
(1) x4: 4с+ 4а = 1680 (3) 


(221 = (3): 9а = 2160 
а = 240 
Substituting in equation (1) gives: 
с + 240 = 420 
c = 180 


Hence, 240 adult tickets and 180 child tickets were sold. 


The above question could also be solved by using one variable. For example, if we let x be the 
number of children, then the number of adults is 420 — x. 


ө Exercise АҒ 


Solve each of these problems by introducing two pronumerals and forming а pair of 
simultaneous equations. 


1 The sum of two numbers is 112 and their difference is 22. Find the two numbers. 


2 Ina game of netball, the winning team won by 9 goals. In total, 83 goals were scored in 
the game. How many goals did each team score? 


3 A father is 28 years older than his daughter. In six years’ time, he will be three times 
her age. Find their present ages. 
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4F SOLVING WORD PROBLEMS USING SIMULTANEOUS EQUATIONS М 


ТЭ 4 A stallholder at a local market sells articles at either $2 or $5 each. On a particular 





market day, he sold 101 articles and took $331 in revenue. How many articles were sold 
at each price? 


5 Four times Brian's age exceeds Andrew's age by 20 years and one-third of Andrew's age is 
less than Brian's age by two years. Find their ages. 


6 A ball of string of length 150 m is cut into 8 pieces of one length and 5 pieces of another 
length. The total length of three of the first 8 pieces exceeds that of two of the second 
5 pieces by 2 m. Find the length of the pieces. 


7 A manufacturer of lawn fertiliser produces bags of fertiliser in two sizes, standard and 
jumbo. To transport bags to retail outlets, he uses a van with a carrying capacity of one 
tonne. He discovers that he can transport either 110 standard bags and 60 jumbo bags 
or 50 standard bags and 100 jumbo bags at any one time. Find the weight of each 
type of bag. 


8 Теп thousand tickets were sold for a concert. Some tickets sold for $80 each and the 
remainder sold for $60 each. If the total receipts were $640 000, how many tickets of each 
price were sold? 


9 The cooling system of Ennio's car contains 7.5 L of coolant, which is 33:% antifreeze. 
How much of this solution must be drained from the system and replaced with 100% 
antifreeze so that the solution in the cooling system will contain 50% antifreeze? 


10 А motorist travelled a total distance of 432 km апа had an average speed of 80 km/h on 
highways and an average speed of 32 km/h while passing through towns. If the journey 
took 6 hours, find how long the motorist spent travelling on highways. 


11 Acar leaves Melbourne at 8 a.m., travelling at a constant speed of 80 km/h. It is followed 
at 10 a.m. by another car travelling on the same road at a constant speed of 110 km/h. 
At what time will the second car overtake the first? 


12 One alloy of iron contains 52% iron and another contains 36% iron. How many tonnes of 
each alloy should be used to make 200 tonnes of 40% iron alloy? 


13 Two aeroplanes pass each other in flight while travelling in opposite directions. Each 
aeroplane continues on its flight for 45 minutes, after which time the aeroplanes are 840 km 


apart. The speed of the first aeroplane is — of the speed of the other aeroplane. Calculate 
the average speed of each aeroplane. 


14 Six model horses and 7 model cows can be bought for $250. Thirteen model cows and 
11 model horses can be bought for $460. What is the cost of each model animal? 


15 If 1 is added to the numerator of a fraction 3 it simplifies to = If 1 is subtracted from the 
denominator, it simplifies to 5 Find the fraction ; 

16 Ahiker walks a certain distance. If he had gone 1 km/h faster, he would have walked the 
distance in = of the time. If he had walked 1 km/h slower, he would have taken 25 hours 


longer to travel the distance. Find the distance. 
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Review exercise 


1 Find the distance between the points A and В. 


a A(1,6), В(3,-2) b А(1,5), В(7,5) с А(—1,6), В(—1,—6) 
аг е А(2,7), В(—3,10) f A(-1,6), В(7,10) 
2 Find the midpoint of the interval AB. 
а А(1,6), B(2, —4) b A(2,3), В(-4,6) с А(П1,—10), В(—2,10) 
а А(—1,—3), В (10,13) е А(—2,6), В(—1,7) f А(3,-4), В(6,—2) 
3 Find the gradient of the line that passes through each pair of points. 
a (1, 2) and (5, 18) b (2, 3) and (4, 9) с (—2, 1) and (1,10) 
d (1, —2) and (3, 0) e (—3, —4) and (0, —2) f (-1,-2) and (1, —7) 
g (0, —6) and (—2, 0) h (3,5) and (7, 5) 1 (6,—3) and (2, 23) 
4 The line passing through the points (—1, 6) and (4, Б) has gradient —2. Find the 
value of b. 
5 Write down the gradient and y-intercept for each equation. 
а у-2х-4 by-2x-4 с у= 2+1 
d у= 2х +5 e y=-x+6 por 
g y=4-3x h Зх+у= 4 і 2x -3y - 6 
j 3x+4y=12 Koc | y= 3 
m y = —4x n —3x+2y= 0 о 2y = -3x +6 
6 Sketch the graph of each equation by finding the x- апа y-intercepts. 
а х+у=4 у 21120 c 3x+4y=12 
d 2x-y=4 e 3x-2y=6 f Żx-y=12 
7 Sketch the graph of each equation. 
а y=2x-3 b y=3x-2 c 2x- у = 
d 2x - 5y = 10 © xa че [| Її x=3y—2 
g y-4-x h y=1-3x "oma 
j x2-1 k у-3= 0 1 у--2 
m y = 2(х+1) ПЕЕ Е 
3 2 
p Ž-y=1 q.i гоух-2у=3 


8 а Find the equation of the line with gradient —6 that passes through the point (1, 5). 


b Find the equation of the line that is perpendicular to the line with equation 
3x + 2y = 8, and that passes through the point (—1, 4). 
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REVIEW EXERCISE 


9 Find the equation of the line that passes through the points: 
а (5, 6) and (—4, 10) b (3, 4) and (—2, 8) с (-2,6) and (1,10) 


10 Solve each pair of simultaneous equations. 
2271 


ao. oy — 15 р === 
Е DN 
= ЕЕЕ 
11 Solve each pair of simultaneous equations. 
авг b y=2-3x су-5-х 
y=x-4 y= 145% y=10- 2x 
d 3x-y=2 (уг f 82 Т 
+3 4 : : 2 
yar әш == 
л m = 
a 2 


12 Тһе vertices of ААВС аге A(3, 4), В(8,10), С(5,—1). 
a Find the equation of the perpendicular bisector of: 
і AB ii BC 
b Find the coordinates of the point of intersection of the two perpendicular bisectors. 


13 The equation of the perpendicular bisector of АВ is 3y = 2x — 1. The coordinates of 
А are (1,4). Find the coordinates of В. 


14 Show that the points (2, 0), (5, 3), (3, 6) and (0, 3) are the vertices of a parallelogram. Find 
the equation of each of its sides. 


15 Show that the points (1, 4), (—4, —1) and (2, 3) are the vertices of a right-angled triangle. 

16 a Prove that the points (3, —2), (7, 6), (—1, 2) апа (—5, —6) are the vertices of a rhombus. 
b Find the length of each of the diagonals of the rhombus. 

17 Find the two numbers whose sum is 138 and whose difference 15 88. 


18 Six stools and four chairs cost $580 but five stools and two chairs cost $350. Find the 
cost of each chair and each stool. 


19 Three points have coordinates A(1, 2), B(3, 10) and C( p, 8). Find the values of p if: 














a A, B and C are collinear b AC is perpendicular to AB 
20 Find the perimeter of the rectangle shown below. 
x+yt+2 
2y 52:72 
АУА» 


21 Prove that the lines 2у- x = 2, y+ x = 7 and у = 2x — 5 are concurrent. (That is, they 
intersect at only one point.) 
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Challenge exercise 


1 Tom begins in Mildura and travels a distance of 300 km to Broken Hill at a constant 
speed of 80 km/h. Steve, beginning at the same time, travels at a constant speed of 
100 km/h from Mildura to Broken Hill with a 30-minute rest after travelling 150 km. 


a Let d be the distance (in km) from Mildura, and 1 the time (in hours) after Tom and 
Steve leave Mildura. On a single set of axes, draw graphs to illustrate the journeys of 
Tom and Steve (d against f). 


b From the graphs, find: 
i when and where Tom overtakes Steve 
ii when and where Steve overtakes Tom 


iii the distance Tom still has to travel to Broken Hill at the time Steve arrives 
at Broken Hill 


2 For the interval AB, the coordinates of A and B аге (хі, уу) and (x2, y2), respectively. 


a If M is a point on AB such that AM : MB = 3: 1, find the coordinates of M. 
b If N is a point on AB such that АЛ: NB = 3: 2, find the coordinates of N. 


3 The point P divides the interval AB in y^ 
the ratio m : n. That is AP : PB = т: n. Р (x, y) 
Find the coordinates of P. 


B (x5, y3) 


A Ga, y4) 





4 О(0, 0), B(0, р) and C(c, 0) are the vertices of a 
right-angled triangle, with the right angle at O. 


a Find the coordinates of the midpoint M of BC. 





b Find the distances: 
i OM п MB ш MC 





5 OABC is a parallelogram. y 






A (a, b) B (a c, b) 


a Find the equations of: 





i OB ii AC 
b Find the coordinates of the midpoints of: О * 
i OB ii AC 


Note that the diagonals of the parallelogram bisect each other. 
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CHALLENGE EXERCISE 





6 OABC is a rhombus, with vertices O(0, 0), A(a, Б), 
B(a + c, b) and C(c, О). 
y^ 


A (a, b) 
B (a+c, b) 








О pe C (c, 0) С 
а Find ће gradients of the lines: 
і ОВ ii АС 
b Show that (gradient of OB) x (gradient of AC) = 
c Find the length of OA. 


d Use the fact that OA = OC to show that c? = a? + b?, and hence that OB 18 
perpendicular to AC. 





7 AE, BF and CD are the medians of AABC. YA 
They are concurrent at the point X. 
We also have: 


B (x5, y3) 














BU 
CX - 210) 
AX = 2XE О Е 


Show that X has coordinates: 


1 1 
Ё2 + Xp + x3), 391 + у + y») 


8 The line / has equation ax + by + c = 0. УЛ 
Show that ОМ = ———. 
2112 








чү 


О 





9 А(2, 6), В(8, 11) and C(4, 4) are the vertices of AABC. 
Line BC intersects the x-axis at P. 
Line CA intersects the x-axis at О. 


Line AB intersects the x-axis at R. 
P СО AR 
x x = 
QA RB 





Show that E 
JA 
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CHALLENGE EXERCISE 

















10 We shall prove that the altitudes of a triangle y^ 
are concurrent. A (0, p) 
For triangle ABC, we choose a set of axes " 
with the origin О on BC so that BOA isaright-angle. — д Cai e : CLO) 
` — 
Let OA = p, OB = m and OC = 4, О x 





so that the coordinates of A, B and C 
are (0, р), (=, 0) апа Се 0). 


а Find the gradient of lines AB апа CA. 


b Find the equation of the line that is perpendicular to AB and passes through C (the 
altitude from C to AB). 


c Find the equation of the line that is perpendicular to AC and passes through B (the 
altitude from В to АС). 


2 : : 
4 Show that the three altitudes of the triangle intersect at [o "| That is, the altitudes 
are concurrent. Ч 


11 а Show that the area of a triangle ABC with vertices A(x, y1), 





Р | 
B(x5, y2) and C(x3, уз) is к + X3ys + X3yi — Хоу — Xay2 — X13). 
b Show that the area of a quadrilateral whose vertices taken in order are A(x, y1), 


B(x5, уз), С(хз, уз) and D(x4, ул) is 





1 
Еа + хоуз + X3y4 + X4y1 — Ху - Х3У2 - X4ya - Х1У4), 


where the sign is chosen to provide a positive answer. 


12 Two lines have equations a,x + biy + сү = 0 and а›х + у + c2 = 0. 
a Show that the lines are parallel if a,b. = azb). 


b Show that the lines are perpendicular if aja; + р = 0. 


13 a Show that the line passing through the point (хі, yı) and parallel to the line 
а-а VENIS 


b Show that the line passing through the point (хі, yı) and perpendicular to the line 
ах + by +c = 0 is bx — ay = bx, — ау. 
14 Show that the three lines: 
аух 7-0 
ах + by +c = 
ах + by + сз = 0 


are concurrent if а (Росз - b3c5) + а (bc, - Бсз) + az (bica — ос) = 0 
The converse is always true. 
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Number and Algebra 








Quadratic equations turn up frequently in mathematics, and being able to 
solve them is a fundamental skill. 


The ancient Babylonians were solving quadratic equations more than 
5000 years ago! 


In this chapter, we will revise and extend the basic methods of solving 
equations based on factorising, and then explore how to solve quadratic 
equations when the factorising method does not work. Techniques include 
completing the square and determining a general formula for the solution of 
quadratic equations. 
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Solution of quadratic equations 





Equations that can be written in the form ax? + bx + c = 0, where a + 0, are quadratic equations. 
In ICE-EM Mathematics Year 9, we learned some of the methods of solving quadratic equations. 


The method you learned used the following idea. If the product of two numbers is zero, then at least 
one of the numbers is zero. 


In symbols, if mn = 0, then either m = 0 or n = О (or both). 


To solve a quadratic equation ax? + bx + с = 0, you should first attempt to factorise the quadratic 
expression on the left to express it as a product of two factors and then use the above idea. 


Example 1 


Solve each equation. 
a х°—-6х=0 b x*-5x+6=0 


a x?-6x=0 
x(x—6)20 
Непсе, х= 0 or х-6-0 


50 i m4 or 37 = (6 


b x?-5x+6=0 (Look for two numbers with a product 
that is 6 and that sum to —5.) 
(x — 2)(x – 3) = 0 
Hence, х-2-0 ог x-3=0 


So х= Or 7 = 3) 


We can check by substitution that the two numbers obtained are solutions to the original equation. 
For example, in Example 1b: 


Ifx = 2: Ех = 3: 

LHS = x? - 5x +6 LHS = x? - 5x +6 
= 2?-5x2+6 = 32 -5х3+6 
= 0 = 0 
= RHS = ЕН5 
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5A SOLUTION OF QUADRATIC EQUATIONS М 


агч b x7 +16=0 


а There are two ways we could do this. The simpler way is to write: 
ж” =16 
x=4 or x=-4 
Alternatively, we could factorise using the difference of two squares identity. 
х2 =16=0 
(x – 4)(х + 4) = 0 


х-4=0 o х+4=0 
268321 OF пе d 
b We write the equation as x? - —16. There is no solution, since the square of any real 


number is positive or zero. This equation has no solution. 
Note: x? + 16 cannot be factorised. 


Always remember to move all of the terms onto the left-hand side of the equation when you want to 
solve a quadratic equation by factorising. 


Solve: 
аг 11: b х2-7х-6 
а 222517 b = 7x —6 
201 x?-'Ix*620 
20(201-:21 21-41) (x = 6)(х= 1) = 0 
x=0 or x-17=0 x-6=0 or x-1=0 
= ор == ІП %зе(0 бї % те! 


Note: A very common mistake is to ‘cancel out the x’ in the first line of part a above and obtain 
х = 17. You should never do this — you must always factorise. Otherwise, you will lose the 
solution x = 0. 
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ON 5A SOLUTION OF QUADRATIC EQUATIONS 
+ вашеш 


ә) Quadratic equations 





e |f тп = О, then m = O orn = О (or both). 


* To solve a quadratic equation using the factorising method, move all terms to the 
left-hand side, factorise and use the result stated above. 


e |f a pronumeral is a common factor, never divide by it — instead, always factorise. 


Factorising general quadratic expressions 


We will review a method of factorising general quadratic expressions when the coefficients do not 
have a common factor. There are a number of such methods, but we will only give one method here. 


To factorise, for example, 3x? + 11x + 6, we go through the following steps. 
First, we multiply the coefficient of x? by the constant term. 
3x6 18 


Next, we find two numbers with product 18 and sum 11, the coefficient of x. The numbers are 
9 and 2. Using these numbers: 


3x? + 11х + 6 = 3x? + 9х + 2x + 6 (Split the 11х term into 9x + 2x.) 
= 3x(x + 3) + 2(x + 3) (Factorise in pairs. ) 
= (x + 3)(3х + 2) (Take out the common factor, (x + 3).) 


It doesn't matter if we split 11x as 2x + 9x instead. 
Thus, 3x? + 11x + 6 = (x + 3)(3х + 2). 
This is the method presented in Section 3G of this book. 


Example 4 


Solve: 


а 3х2 +11х+6= 0 b 6х2 + 7х+2= 0 


а 3x? +11х+6= 0 
(х + 3)(3x +2) = 0 (Using the factorisation shown above.) 
x+3=0 or 3х42-0 


x=-3 or x 2- 
3 
b 6x? + 7x 4220 (Find two numbers that multiply to give 6 x 2 = 12 
and add to give 7. They are 4 and 3.) 
бх? + Ax + 3x 42220 (Split the middle term.) 
2х(3х + 2) + 13x + 2) = 0 (Factorise іп pairs.) 
(3x + 2)(2x +1) = 0 (Take out the common factor.) 
3x +2=0 or 2x+1=0 

p, || 

Х--- or Х--- 

3 2 
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5A SOLUTION OF QUADRATIC EQUATIONS М 


Note: It does not matter in which order we split the middle term. In (һе example on the previous 
page, we could write 4x + 3x or 3x + 4x, and factorise in pairs. Try it for yourself! 


Common factor 


If there is a factor common to all of the coefficients in the equation, we can divide both sides by this 
common factor. 


Solve: 


a 10x? – 40x — 210 = 0 b 24x? = 46x — 10 


a 10x? - 40x - 210 = 0 
х2-4х-21-0 (Divide both sides of the equation by 10.) 
(x — 7)(x + 3) = 0 
x-7=0 or x+3=0 


хк or x=-3 
b 24x? = 46x – 10 (Divide both sides of the equation by 2 
12x? – 23x +5 = 0 and rearrange.) 
12x? — 20x — 33 +5 —=0 (12 x 5 = 60. Find two numbers with a 
4x(3x — 5) – 18x - 5) = 0 product that is 60 and sum that is - 23. 
(3x – 5)(4x - 1 = 0 The numbers are —20 and —3.) 
3x-5=0 ог 4х-1-0 
5 Ї 
== E Or = л 


> Quadratic equations of the form ax? + bx + с = 0, whena #0 







• If the coefficients һауе a common factor, divide through by that factor. 


e To factorise a quadratic expression such as ax? + bx + c, find two numbers, œ and B, whose 
product is ac and whose sum is b. Write the middle term as ох + Bx and then factorise. 


* To solve a quadratic equation using the factorising method, write the equation in the 
form ax? + bx + с = О, then factorise the quadratic and write down the solutions. 
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5A SOLUTION OF QUADRATIC EQUATIONS 
= аеш 
о Exercise 5A 


1 Solve each equation. 


а х(х+3) = 0 b х(х-7)- 0 с 3х(х+ 5) = 0 
а (х- 30х +6) = 0 е (х + 7)(х +9) = 0 f (х-10Х(х-7)-0 
g 4x(5x + 4) = 0 h (4x + 3)(3х – 2) = 0 і (2х + 7)(х+4) = 0 
j (2x – 3)(3х +4) = 0 К 32x - (ix + 4) = 0 1 7(2 – Зху4 – Зх) = 
2 Solve each quadratic equation by factorising. 
а x?-5x 20 b х2-7х-0 c х2 + 8х = 0 
а х2 – 25х = 0 е x? = —18х б 2 = 5х 
3 Solve each quadratic equation by factorising. 
a х2 +9х+8 = 0 b x? + 8х +12 = 0 c x? + 125+ 27 = 0 
а х2 + 12х+ 36 = 0 е х2 6х+8 = 0 f х2 +х-6= 0 
g x? +х- 30 = 0 h x? + 3х 40 = 0 і х2-4х-60-0 
j х2-7х+6= 0 k x? 7х +12 = 0 1 х2-10х-25-0 
m х2 – 18х + 32 = 0 n x? – 45-21 = 0 о x? – 20х + 100 = 0 
4 Solve, if possible: 
а x? = ox b x? = 17x — 16 с3х-х2-2-0 
d х2-4-0 е 15 = 8х – x? f –100- x? = 0 
g x? = -3x h k? = 20 А і х249-0 
j 92-10 = -а? К 8у = у2 +7 l 42-1-0 
5 Solve each equation by first dividing both sides by а common factor. 
a 2х2 +6х+4= 0 b 3a? – 15а +18 = 0 с 4х2 + 8х – 140 = 0 
6 Solve: 
a 2х? +11х+12= 0 b 3х2 +13х+4 = 0 с 2х2 +7х+6 = 0 
а 2x* 3х-2 = 0 е 2:2 9х+9 = 0 f 3х2 – 10х+8 = 0 
g 10x? + 23x +12 = 0 h 6x? – 17х +12 = 0 і 8х2 = 6х +5 
j 12х2 = х+6 k 12х^=5х+2 І 6x? +11х = 10 
m 3x? = 19x + 14 n 5x? +17х+6= 0 о 12x? - 31x – 15 = 0 
р 15x? + 224х = 15 4 72x? – 145х + 72 = 0 г 6+ 5х – бх? = 0 
7 Solve each equation, remembering first to divide both sides by апу common factor. 
a 12x? – 22х+8 = 0 р 72x? – 78x – 15 = 0 с 12x? - 21x 49-0 
d 10x? + 5x – 30 = 0 е 72x? – 228x + 120 = 0 f 90x? = 75x + 60 
g 100x? – 290х + 100 = 0 h 160x? + 136х + 24 = 0 i 10x? – 25х+10 = 0 
j 28x? – 49x – 105 = 0 k 42m? – 2т- 4 = 0 | 8х2 + 46x - 702 0 
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Rearranging to standard torm 





In many mathematical problems and applications, equations arise that do not initially appear to be 
quadratic equations. We often need to rearrange these equations to the standard form for a quadratic 
equation. 


Some equations involve fractions in which the pronumeral may appear in the denominator. You will 
need to take care when solving these. We always assume that the pronumeral cannot take a value 
that makes the denominator equal to zero. It is a wise idea to check that your answers are the correct 
solutions to the initially given equation. 


Example 6 


Solve: 





ee Кое =. 
y^ ave x 


3 6 
a il р == 777 
x x 
x? + 5х 26 (Multiply both sides of the equation by x?.) 
x + s 50 
(x + б)(х — 1) = 0 
x=- ог sex 


We can check that these are the correct solutions by substitution. 





If x 2—6: lt? sz el 

EG 2 110: е. 
6 36 1 1 

a il - 6 
6 6 so LHS = RHS 
so LHS =RHS 
b 22 5x—4 
x 
x7 =5x—4 (Multiply both sides by x.) 
хаа (Rearrange.) 


(х – (х - 4) = 0 
x-1=0 огх-4-0 


sasl o y= 
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ON 5B REARRANGING TO STANDARD FORM 
ү С 0050 200000 


Another standard technique in algebra that is useful in the solution of equations is 
cross-multiplication. This is using the result: 


a с. . 
— = F is equivalent to ad = bc 








b 
Solve < = 2) 
a 

Ер 

3 22 
у= 2) = 5% 5 (Multiply by 3x.) 

б = es 

Х2-2х-15-0 (Rearrange.) 


(x + 3)(х – 5) = 0 
хыз Оо 572310) 


х=—3 or у= 


Example 8 


+1 
Бороо ce 
х-1 х+2 








an a = (x — 1)(х + 2) (Multiply by (x — 1)(х + 2).) 


е-е 
-1 х+2 
(x + 1)(х + 2) – 3(х — 1) = (x — D(x + 2) 


б чы рчы ог =7 





xc 
-х--7 
3051 


Check solution: 


= | amd RASSI 


е шг о? 
6 9 3 
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000202240220 
ушы» 




















1 Solve: 
1 
а x(x — 7) = 18 b x? = 4(х +8) с x? 26x12) 
а 5(x? + 5) = 6x? e 3x? = A(x? +4) f (х+1)(х — 1) = 2(х + 1)? 
g x(x—3) = 2х(х +1) h (х-4/(х-2)-3 i (9+х)(9—х)=17 
2 
j 2х-10х41-11 k 5x(2x – 3) + 7/2« - 3) 20 1 à-8-7- 
6,7,8 
ах+5=— LLENO e enc 
X x x 
NES е х+—=7 f жы eus 
x х х 
x+1 10 х-1 5 2 9 
= h =L ix+t—=-— 
3 X 4 x x 2 
j 2 _ x k 1 Е 1 22 1 4 Е 5 23 
2x-3 4x-6 х-1 х-43 35 х-1 x+2 х 





m хаган Gre iSO a 
X 





3 The rectangle on the right has area 50 cm?. 


a The width is x cm. Find the length of the 
rectangle in terms of x. 50 cm? x ст 


b The rectangle is extended by 5 cm to 
form a square. Form a quadratic equation and find x. 











Applications of quadratic 





equations 


When we apply mathematics to real-world problems, we often obtain equations to solve. In many 
cases, these equations are quadratic equations. It is extremely important to keep in mind that some 
of the solutions we obtain to the equations may not be solutions to the real-world problem. For 
example, a quadratic equation may yield negative or fractional solutions, which may not make sense 
as answers to the original problem. 
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БС APPLICATIONS OF QUADRATIC EQUATIONS 
МС 5с APPLICATIONS OF QUADRATIC EQUATIONS | |||, 
Example 9 


The formula for the number of diagonals of a polygon with n sides is D = 24 = о 


How many sides are there in a polygon with 35 diagonals? 


ms so 50n = 3) = 35 


п(п-3)-70 (Multiply both sides by 2.) 
n? -3n- 70 = 0 
(n — 10)(n +7) = 0 
п-10=0 or n+7=0 
n=10 or п--7 
The value n = —7 does not make sense in this problem. 


Hence, the polygon has 10 sides. 


Example 10 


A rectangle has one side 3 cm longer than the other. The rectangle has area 54 cm?. What is 
the length of the shorter side? 


Let x cm be the length of the shorter side. The other side has length (x 3) cm. 
Area = x(x + 3) = 54cm? 
x? + 3х – 54 = 0 
(x — 6)(х +9) = 0 
x-6=0 or х+9= 0 


i e ог x =—9 


Since length must be positive, the solution to the problem is x = 6. 


Hence, the shorter side has length 6 cm. 
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ФЕССОСЗДе 


Use quadratic equations to solve each problem. Clearly define апу pronumerals introduced into 
your solution. 


1 The formula for the number of diagonals of a polygon with n sides is D = jo - 3). 





How many sides does а polygon with 44 diagonals have? 


ТЭ 2 The length of a rectangle is 4 cm greater than its width. If its area is 96 стг, find the length 
of the rectangle. 


3 The sum S of the first n positive integers (that is, 1 + 2 + 3 +... + n) is given by 5 = 2" + 1). 
What value of п gives a sum of 136? 


4 А number is squared and then doubled. The result is 45 more than the original number. 
What 1s the original number? 


5 Тһе difference of two numbers is 16 and the sum of their squares is 130. Find the two 
numbers. 


6 А triangle has base length 4 cm greater than its height. If the area of the triangle is 48 ст”, 
find the height of the triangle. 


7 Apiece of sheet metal measuring 50 cm x 40 cm has squares cut out of each corner so that 
it can be bent and formed into an open box (with no lid) with a base area of 1344 cm?. Find 
the dimensions of the box. 


8 Find two numbers such that the sum of their squares is 74 and their sum is 12. 
9 А тап travels 108 km at a constant speed and finds that the journey would have taken 
41 hours less if һе had travelled at a speed 2 km/h faster. What was his speed? 
10 Тһе perimeter of a rectangle is 40 cm and its area is 84 cm?. 
a If the width of the rectangle is x cm, express the length of the rectangle in terms of x. 
b Find the length and width of the rectangle. 


11 Arectangular swimming pool 12 m by 8 m is surrounded by a concrete path of uniform 
width. If the area of the path is 224 m?, find the path's width. 


12 Inaright-angled triangle, one of the sides adjacent to the right angle is 4 cm longer than the 
other side. The area of the triangle is 48 cm?. Find the length of each of the three sides. 


13 А train travels 300 km at a constant speed. If the speed had been 5 km/h faster, the journey 
would have taken 2 hours less. Find the speed of the train. 


14 One of the parallel sides of a trapezium is 5 cm longer than the other, and its height is 
half the length of the shorter parallel side. If the area is 225 cm?, find the lengths of the 
parallel sides. 
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Perfect squares апа 
completing the square 





Perfect squares 
In most of the examples we have looked at so far, the quadratic equations had two solutions. 


If the quadratic expression is a perfect square, then there is only one solution to the equation. 


Example 11 


Solve: 
а x*-6x+9=0 b 9х2 – 12х+4= 0 
воші 
а x 6с:9-0 b 9x?—12x 44-0 (9x4 = 36. Factors 
с 9х2 —6x—6x+4=0 of 36 Шаївит{о—12 
(Guay = 3x(3x—2)-23x—-2)=0 are -6 and -6) 
x23 (3x -2)3x -2) = 0 
(spec P = 0 
2 
СЭ 


Note: perfect squares can also be factored ‘on inspection’ using the identities 
а? + 2ab + b? = (a + b)* and а? — 2ab + b? — (a — БУ, 


Completing the square 
What number must be added to x? + 6x to make a perfect square? 
It is 9, which is the square of half of the coefficient of x, because x? + бх + 9 = (x + 3)’. 


The process of completing the square is an important technique that has many important 
applications. This section is a basic introduction to this technique. 


The key step in a monic expression is to take half the coefficient of x and square it. 


Now consider the quadratic expression x? + 2x — 6. Focus on x? + 2x. 











(In the diagram, a 1 х 1 square must be added to ‘complete the square’ .) Ж 1 
We say that the related perfect square is x? + 2x + 1. 
x? +2x-6=x7+2x+1-1-6 — (Addand subtract 1.) x x? x 
= (х2 +2x+1)-7 
= (х+1)2 ~ 7 1 х 1| 











This process is called completing the square. 
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5D PERFECT SQUARES AND COMPLETING THE SQUARE М 
Ехатріе 12 


а What number must we add to x? — 12x to produce а perfect square? 
b What number must we add to x? + 3x to produce a perfect square? 


a Half the coefficient of x is — 6. Its square is 36, so x? — 12x + 36 = (x – 6)2. 
Hence, 36 must be added to produce a perfect square. 


b Half the coefficient of x is 5 Its square is 2. 
2 

So өза = [х+ 5] : 

4 2 


Hence, - must be added to produce a perfect square. 


ә) Perfect squares and completing the square 





е |f the quadratic expression is a perfect square, the corresponding quadratic equation has 
only one solution. 


* To complete the square for the expression x? + bx, take half the coefficient of x (that is, 2) 


2 
and add and subtract its square, (% . 


Example 13 


Complete the square. 
а х2 + бх +8 b х2 + 3х – 5 


а х2 +6x+8 = (х2 + 6х+9) – 9 +8 
= (х3) 1 


b 1 +3х-5=[|[х°+3х+” |-®-5 
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ON БО PERFECT SQUARES AND COMPLETING THE SQUARE 


Completing the square for non-monic expressions 


When the co-efficient of x? is not 1, then this value needs to be factored out of the quadratic 
expression before the process of completing the square can be applied. The final step is to multiply 
both the perfect square and the constant term by this factored out value. 


Example 14 


Complete the square. 


a —x?-2x45 b 3x? + 12x - 1 c 2x2 - 5x41 
а -х2-2х-5 b 3х2 +12х-1 
Е {ыл вэ 
--(х2-2х-5) 2422-1221 
"ээ 3 
1 
= —[(х - 1)? — 6] = [ре +4x+4)-4-2| 
--(х-1)2 +6 | 
= зе PIP = =| 
3 
= 3(x + 2)? — 13 


с 22151 


| I E 5). 25 J 
= L oe op un == 4р = 
2 Л6/ I6 2 





ese 


а x742x+41=0 b x? +4х+4= 0 с x? 48x +16 = 0 
1 
d x? – 10х + 25 = 0 ex ла. [à -3:+2=0 
4 4 
g x -—x+—=0 lxi eksi i 9x? -6x+1=0 
5 25 2 16 
j 25x? +10х+1= 0 К 25x? -20x - 4-0 1 49x? + 28х+4= 0 
т 49х2 – 70х + 25 = 0 n 9х2 + 30x + 25 = 0 
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NEN S 


2 Which of these expressions is: 





a the result of a perfect square expansion? 


b a difference of squares expansion? 


1 x7 +8x+16 ii х2-16 iii 2x7 +3х+1 
iv 9-y? v 25-10x4 x? vi х2 +4х+1 
үй 4x? — 25 үйі х2-9 іх 4х2-12х-9 
x 64 – 49а? хі 52-65-48 xii 36a? — 495: 
2277) 3 What must be added to each expression to make it a perfect square? 
a x? + Ax b x? + 8x c x? – 10x 
d x? – 12x e x? + 20x f х2 + 3х 
gx? +х h x? – 7х i x? -11х 
В ә] 4 Complete the square: 
a x? +6x+10 b x? + 8х – 5 c x? + 12x - 10 
d x? - 10x * 6 e x?-6x-8 f х2-20х-5 
g x? +3х- 2 һх?+х+1 i х2-5х-6 
j x?-x-10 k x? -3x - 7 1 x?-1Ix 4*1 
5 Complete the square: 
a 3x? + бх +12 b 5х2 + 30x + 10 с 3x? – 12x +15 
d х2 – 2х +4 e –х2 + 8x – 10 f 4-6x- x? 
g 3x? - 6x -1 h 2x? – 12x + 33 i 4x? — 48x +99 
j 2х2 +3х +2 k 4x? - x - 4 І 332- 8x 49 
m 5?- x«1 п2х2-5х-7 04-х-3х 


Solving quadratic equations by 


completing the square 





In all our examples so far, the quadratic expression factorised nicely and gave us integer or rational 
solutions. This is not always the case. For example, x? — 7 = 0 has solutions х = 47 and x = —\/7, 


> Quadratic equations with integer coefficients 





Quadratic equations with integer coefficients can have: 
е integer or rational solutions, for example, x? — 1 = 0 
* solutions involving surds, for example, x? — 7 = 0 

* no solution, for example, x? + 1 = 0. 


The method of completing the square enables us to deal with all quadratic equations. 
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ON БЕ SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE 


Historically, quadratic equations were solved by completing the square. This method always 

works, even when we cannot easily factorise the quadratic expression. A typical example is 
2 

ХЭЭ23-342-0: 


Here are the steps for solving the quadratic x? + 2x — 9 = 0. 
We first complete the square on the left-hand side. Half the coefficient of x is 1; its square is 1. 
(x? +2x+1)-1-9=0 (Add and subtract the square of half 
the coefficient of x.) 
(x +1)? -10 =0 


(x +1)? = 10 
x+1= v10 or х+1= —/Л0 
Finally, x = –1 + J10 or x=-1- 10 


These two numbers are the solutions to the original equation. Note that checking by substitution is 
hard. It is more efficient to check each step in the calculation. 


Ехатріе 15 


Solve x? - 6x – 2 = 0. 


Method 1 
х2-6х-2-0 
(Х2-6х-9)-9-2-0 (Complete the square.) 
(21 
х-3-411 сїї 
Непсе,х-3-4411 ог х = 3 — 5/11. 
Method 2 
х2-6х-2-0 
хо био? 
х2-6х-9-2-9 
(х — 3)? = 11 
x-3=J11 or х-3--/1 
Hence, x = 3 + 3/11 or х-3--Л1. 


Method 1 and Method 2 аге essentially the same. Adding апа subtracting a number оп one side of 
an equation has the same effect as adding that number to both sides of the equation. When solving 
quadratic equations, we will generally use Method 2. 
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БЕ SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE М 
Ехатріе 16 


Solve: 
а х2 +8х+6=0  г 


a х +8x+6=0 
x? 48x 2 -6 
x? +8x+16=-6+16 


(x +4)* = 10 
х + 4 = v10 or х+4= – 410 
Непсе, х--4-410 ог х--4- 410. 
Ine xa сг 
gc m 
4 4 
x? – 7х + = 3+ 2 (Complete the square.) 
| | 61 
х--| =— 
2 4 
7-6 JT 
Х----- or Х------ 
2 2 2 2 
7 * \/б1 ш 
л ог uu 5 


Ехатріе 17 


Solve 3x? + 5x -1 = 0. 





3x? +5x-1=0 
ax* 5x = 1 
х? + = : (Divide ай terms by the coefficient of x?.) 
27 2012023 l 25 
x =—+ 
227 726: 22-20 
| | 37 
хы-| = — 
6 36 
ОЕ 437 22:14 
х+ = —— о х+—=——— — = — 
6 6 6 36 6 
-5-./37 -5- 4/37 
x= 6 ог у = е 
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m. 5E SOLVING QUADRATIC EQUATIONS BY COMPLETING THE SQUARE 


There are quadratic equations that cannot be solved. Consider, for example, 
х= 6х + 12 = 0. 


x? – бх +12 = 0 
x? = 6х+9-9 +12 = 0 


(х — 3)2 +3 = 0 
(x – 3)? =-3 
Since (x — 3)? > 0 for all values of x, there is no solution to the equation (x — 3)? = —3. 


ә) Solution of quadratic equations by completing the square 





e To solve a quadratic equation of the form ax? + bx + с = 0 by completing the square, we: 
- move the constant, c, to the right-hand side 
divide all terms by the coefficient of x?, a 3 
- add the square of half the coefficient of х, 2) , to both sides of the equation 
- solve for x. 


e Fractions and square roots often occur in this procedure. 


* We can also show that a quadratic equation has no solution using this procedure. 


уштен NN 


1 Solve: 
ах2-5-0 bx?-11-20 с2х2-6-0 
d 4x? -8=0 е 50- 5х2 =0 Ғ40-8х2-0 
2 Solve each equation by completing the square. 
а x? + 2х-1= 0 b x? +4х+1= 0 c x? – 12х + 23 = 0 
а х2 +6х+7= 0 е x? –- 8х -1= 0 f х2 +8х-4= 0 
g x? +10х+1= 0 h x? + 125-5 = 0 і x? – 10х- 50 = 0 
j х2 +205 +5 = 0 k x? – 100x – 80 = 0 1 x? – 50х+10 = 0 
3 Solve each equation by completing the square. 
а х2 +х-1= 0 b x? – 3х+1= 0 c x?- 5х-1= 0 
d x? +3х-2 = 0 е х2 + 5х-4= 0 f х2 3х-5 = 0 
g х2 – 7х-100 = 0 h x? 35-6 = 0 i х2-9х-5 = 0 
j х2-х-5= 0 k x? -3x+1=0 1 х2-5х+3 = 0 
4 Solve each equation by completing the square. 
a 3x? – 12х+3 = 0 b 3х2 + 6х – 12 = 0 с-х2-2х-4-0 
4-х2-8х-10-0 е-х-бх-12-0 f 3x? +24x-12=0 
g 2x? -3x-2=0 h 3х2 -8x-6=0 i 4x2 -x-4=0 
j 5х2 +х-1= 0 k2x?-5x-320 І 3х2 + 10х – 15 = 0 
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шав 


L eee ET, тыл E а о /2х2—4х— - 242 = 0 
6 3 4 2 





5 Solve the equations. Some of them will factorise by trial and error, for some you will have 
to complete the square, and some will have no solution. 








а х2 +6х-8 = 0 b x? – 3х -10= 0 с х2 +6х-7 = 0 
d x*-4x-3=0 е x? +х-6= 0 Ғх2-х-3-0 
g 2x? +5х+2 = 0 h 3х2 – 2х-1= 0 і х2+2х-5 = 0 
j х2 +6х-5 = 0 k x? + 4х+6= 0 l х2- 6х+10 = 0 
т 4х2 – 25 = 0 п 9х2 -1= 0 о 2x? + 4x - 70 = 0 
р 3х? – 3х – 36 = 0 44х2-5-0 г 9х2+7= 0 
s 6х2 +х- 12 = 0 t 12x? + 23х +5 = 0 u x? +6х+9 = 0 
у 3х2 +6х+2 = 0) w 2х2 – 8х +5 = 0 х 5х2 +2х-5 = 0) 
у 12х2 +5х-2 = 0 7 4х2 -х+4= 0 
6 Solve: 

а х(х+ 2) = 5 b x(x = 2) = 1 сх-4-4 
TET = 2251 (113 2% 

x x A 3 


The quadratic formula 





The method of completing the square always works. From this it is possible to develop a general 
formula for the solutions, if they exist, of a quadratic equation in terms of the coefficients in the 
given equation. This formula is known as the quadratic formula. If you are interested in computer 
programming, you may like to write a program that inputs the coefficients of a quadratic and uses 
the formula to find the solutions. 


To derive the formula, we start with a general quadratic equation of the form: 
ax? +bx+c=0, wherea # 0 


And begin to solve for x. 


ax? + bx = —c 
ХА +x = — 
a a 
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ON БЕ THE QUADRATIC FORMULA 
танмен” 00595902020. 


If b? — 4ac is negative, the equation has no solution. 


If b? — 4ac is positive or zero, then we can solve for x and obtain: 








b b?— Дас 
x+— = +,/——— 
2a 4a? 
)52- 4ac b?— 4ac 
2a 2a 
—b + Ь?— 4ac —b — |Ь?— 4ас 
r= or 
2a 2a 


Summarising the result: 
When solving ax? + bx + с = 0, first calculate b? — 4ac. 
• If b? — Дас is negative, then there is no solution. 


—b + Jb? — Дас —b — Vb? — Дас 


* If b? — 4ac is positive, then x = or x= 
2a 2a 








* If b? — Дас = 0, then there is one solution: x = gs 
a 


You do not need to remember the details of the derivation of this formula, but you should memorise 
the formula. 


Example 18 


Use the quadratic formula to solve: 
а х2 – 7x 412-20 b х2 + 3х-1= 0 с х2-10х-3-0 


аж Неге ш E SIDE о оу 
so b? – 4ac = (-7)? - 4(1)(12) 














= 49-48 = 1 
" Бог 7214 d 12 11 
2а 2а 
7-4Л тэ! 
= он ие 
2 2 
х=4 ог 2-0 


Note that this equation is much easier to solve by factorising. 
(continued over page) 
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БЕ THE QUADRATIC FORMULA М 


(9 8600 ев |, (2 = 3; 2 е =], 
so b? – 4ac = (3)? – 4(1)(-1) 








=9+4=13 
m ED DEC T иг Зэ Ae = ne 
2a 2a 
=) 3 Е 
шатн ог = 


с Нееа=1,5 =—10, с =—3, 
so b? — 4ac = (—10)? — 4(1)(-3) 





= ООО, 
-b + 4/62 4 pep?) 
"e ac 5 ЕС Ь b^ — 4ac 
2a 2a 
10 + J112 10 — 112 
x == or х= —— —— — 
2 2 
x= LÁ or x= шэн (Simplify the surd.) 
2(5:3: 2 7) 25-27 
x = —————— or х= —————— 
2 2 
x=5+2V7 өс 29-27 (Cancel common factors.) 


Example 19 


Use the quadratic formula to solve x? — 3x — 5 = 0, giving your answers correct to 
two decimal places. 


Нега e 1 е), ёе 5) 
БӨЛЕДІ (23) 10125 








= 9+ 20 = 29 
3 + 429 3 – 4/29 
ЖЕ ог х= 
2) 2 
у к= ag lo, бе дж = (Correct to two decimal places.) 


155 





CHAPTER 5 QUADRATIC EQUATIONS 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 







ON БЕ THE QUADRATIC FORMULA 
AT аммам TEE 


Solving quadratic equations - a summary 

We now have three methods for solving a quadratic equation: 
- completing the square 
- factorisation 
- the quadratic formula. 


* [tis a good idea to calculate b? — 4ac first to check that it is positive or zero, otherwise there will 
be no solution. 


* Only use the quadratic formula or complete the square if you cannot see how to factorise the 
quadratic expression. 


* When you use the quadratic formula, take care to simplify the surd and cancel any common 
factors. 


* A quadratic equation for which the coefficient of x? is 1 and in which the coefficient of x is even 
can be solved more quickly and efficiently by completing the square than by using the quadratic 
formula. You should be in the habit of using both methods and, for a given situation, choosing the 
one you think will be the faster. 


Example 20 


Solve each quadratic equation, using any method. 
а x?-9x +14 = 0 b x? - 8х -1= 0 с 3х2 - 7х+1= 0 


а This quadratic equation factorises easily. 
х2-9х-14-0 
(x — 2)(х—7)=0 


x=) o = 


b This quadratic equation does not factorise easily, but the coefficient of x is even. 


х2-8х-1-0 
хэ! 

х2 – 8х +16 = 1+16 
(x – 4)? = 17 


ЕСЕ ЗЕЕ 
с The quadratic formula is best here. 
3x? – 7x +1= 0 
Nowa = 3, р = -7,c = 1, 
so b? – 4ac = 49 – 12 
= 37 


ТЗТ = 437 
LE TES or x wE 
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БЕ THE QUADRATIC FORMULA М 


Тһе Discriminant 


The discriminant is the name given to b? — 4ac, the part of the quadratic formula under the square 
root sign. It is often denoted by the capital Greek letter delta, A (i.e. А = b? — 4ac). 


As noted, the discriminant can be used to determine the number of solutions in the quadratic equation. 
However, when а, b and c are rational numbers, and A > 0, it also determines the nature of the 


. 1 49 
solution. If the discriminant is the square of a rational number (for example, 64, 1, 25, 4 Or 36” Шеп 


the solutions are rational numbers. Otherwise, the solutions contain а surd. 


Example 21 


Determine the number of solutions in the following quadratic equations. Where solutions 
exist, state their nature. 


а 3x? +8x4+1=0 b 4x2 +7x4+5=0 
с 9x? —60x +100 = 0 02222. 


а Haca = 3.1 = =! 
so b? —4ac = 64 – 12 
- 52 
А = 52, so A> 0 and not the square of a rational number. 
Therefore, the equation has two irrational solutions. 
b Неге а = 4. де 7 ее 5, 
so b? – 4ас = 49 – 80 


= —31 
A= 31, soA< 0 


Therefore, the equation has no solutions. 
с Here a= 9, b = —60, c = 100, 
so b? – 4ас = 3600 — 3600 
- 0 


А-0 
Therefore, the equation has one rational solution. 
(Note: The value of the single solution is easily determined using the formula, 


d Here a = 8, р =-2,c = —3, 
so b? — 4ac = 4 + 96 
- 100 


А = 100, so А > 0 and the square of a rational number. 


Therefore, the equation has two rational solutions. 


Note: If the discriminant is positive and the square of a rational number, then the expression can 
usually be factorised easily. 
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ON БЕ THE QUADRATIC FORMULA 
с Со a ог 


э The quadratic formula for ax? + bx + c = 0 





е First calculate A = b? — 4ac. 
e If A is negative, then the equation ax? + bx + с = О has no solution. 
e The solution of ax? + bx + с = О, with a z О, is given by: 
2a 2a 
provided that A is positive or zero. 


ITEM 


1 Use the quadratic formula to solve each quadratic equation. Give your answers in simplest 








surd form. 

а х2 -8x+1=0 bx?-2x-8-20 c x? -3x -120 
d x?-4x-12-0 e х2 +5х+2 = 0 f x? +9х+3 = 0 
g х2 8х+2 = 0 h х2 + 2х-4= 0 і x? +12х+3 = 0 

2 Use the quadratic formula to solve each quadratic equation. Give your answers in simplest 

surd form. 

а 3х2 +2х-7= 0 b 5х2 + 3х-1= 0 с 4х2 - бх+1= 0 
а 732-9x 42-20 e 5x? +3х-2 = 0) Ғ7х2-х-і-0 
g 2х2 +12х-1= 0 h 3x? – 205-2 = 0 і 3х2-4Ах-5-0 


3 Use the quadratic formula to solve each quadratic equation, giving your answers to two 
decimal places where appropriate. 


а5х2-7х-і-0 b x?-8x4120 c x? -3x -1020 
d х2 +15х+3 = 0 е 2х2 -10x 41220 f 5x? -15x-7=0 
о2х2-5х-2-0 h 5Х2-3х-1-0 i 2x?— 7x -120 


ETTD 4 The quadratic formula states that the solutions of a quadratic equation are given by 


b + NP? – 4ас m xo CB Nb? -4ас 








2a 2а 
a What can you conclude about the number of solutions of a quadratic equation if: 
i b? —4ac < 0? й b? —4ac = 0? ii b? —4ac > 0? 


b Determine the number of solutions of each quadratic equation, and where they exist, state 
their nature. You do not need to find the solutions. 


i х2 +8х-5= 0 ii 3x? 7x -2 = 0 iii х2 +6x+9=0 
iv 4x?-4x 41-20 v х?+7х+13=0 vi 2х2 +11х+17= 0 
үй 3x2 4х-2 = 0 viii 2х2 +3х+7 = 0 
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NEN S 


5 Ineach problem, introduce one pronumeral, and then construct and solve a quadratic 
equation. Remember to check that your solutions make sense. 





a What positive real number is one more than its reciprocal? 


b A rectangle has length 5 cm greater than its width. If the area of the rectangle is 30 cm?, 
find the width of the rectangle (correct to two decimal places). 


c Consider the triangles ABC and DEF, A D 
which have side lengths and angles as | 
marked. . F 
С E я 
Use similar triangles to find the value B x+2 


of x in surd form. 


6 The interval AB is extended to point P so that AB x AP = BP”. 





A в Р 
If AB = 8 ст, find the lengths of AP and ВР. 


7 A farmer sells sheep at $75 a head. The sheep cost $x each. The farmer finds she has 
made x% profit on the sale of the sheep. Find x. 


8 Find two numbers whose difference is 5 and the sum of whose squares is 100. 


9 An investor invests $10 000 at x% p.a. compound interest for 2 years. He finds that he 
receives $20 more in interest than if he had invested it at a simple interest rate of x% p.a. 
Find x. 


10 Acar travels 500 km at a constant speed. If it had travelled at a speed 10 km/h less, it 
would have taken | hour more to travel the distance. Find the speed of the car. 


11 A rectangular field is 405 m? in area, and its perimeter is 200 m. Find the length of its sides. 


12 Solve each quadratic equation, using any method. 
а x? – 11х+ 28 = 0 р x? – 12х-4 = 0 с 3х2 +25 -6= 0 


Review exercise 


1 Solve each quadratic equation by factorising. 


а x? -3x - 18-20 р 3х2 + 5х-2 = 0 с 2x? +х-1= 0 
1 2 
d 6х2-7х-3 Єєс 2 f ee 
2 х 2 
g х(х-2)-8 h (х—1)(х+1)= 2(х+1)7 i 2х2-3х-5 
5 
1 2-1Х-----0 к 2x? 114-5 І 2х2 +11х+5 = 0 
х 
m 4х2 – 10х-6= 0 n 6x? = 20х- 6 о 18х2 – 12х+2= 0 
4 
р 9х2 – 42х + 49 = 0 Сао 
x 
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REVIEW EXERCISE 


160 





2 Solve each quadratic equation by completing the square. 


а х? – 8х +15 = 0 
c x? - 4х+1= 0 
е у2 + у= 3 
83-17 

і 222-42-64 
k 3x7+x-3=0 


2-1-30-0 
а х2 +2х-1= 0 
f у2– 20у = 7 
В 22-2223 


j 2х2 - 5х+2 = 0 
| 4x? - 3х-2 = 0 


3 Use the quadratic formula to find exact solutions to each quadratic equation. 


а х2-2х-24-0 

c х'+х—1=0 

e 2x7+2x-3=0 
4 Solve: 


a 0 


c 4х2-х-1= 0 








e eT 1 
5 2 
5 Solve: 
a х2-7х-9-0 
с 10x? =2x+5 
e 4х2-6х-3 
РЕ? — 5x = 1 


b 2х2 +3x-2=0 
d 2х2 + 5х+1= 0 
f 3x?-x-1=0 











b 2x7 + 5х = 4 
quu ue 
xX 4 

f 21 =% 
S 3х-2 

b 2х^°+7х=3 

d 552-8х-2-0 

f 252-9х-4 

h 3x? +4x=2 


6 For each problem, introduce a pronumeral and construct a quadratic equation to solve it. 


a The difference of two numbers is 16 and the sum of their squares is 130. What are the 


numbers? 


b The perimeter of a rectangle is 50 cm and its area is 144 стг. Find its length and width. 


p 
€ Two numbers differ by 2, but the difference of their reciprocals is E What are the 


numbers? 


7 The rectangles shown have equal area. Find the value of x. 


2х-5 


x+3 





x+4 
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8 А тап travels 196 km by train and returns in a car that travels 21 km/h faster. If the 
total journey takes 11 hours, find the speeds of the train and the car. 


9 А wire 80 cm in length is cut into two parts and each part is bent to form a square. 
If the sum of the areas of the squares is 300 cm”, find the lengths of the sides of the 
two squares. 


10 The lengths of the sides of a right-angled triangle аге (3x + 1) cm, 5x cm and (5x - 2) ст. 
Find the area of the triangle. 


Эх 361 














Бу? 


11 In the diagram below, ABCD is a rectangle іп which AB = 16cm and ВС = 12cm 
and AP = ВО = CR = DS. The area of the shaded figure РОВ8 is 112 cm’. Find the 
length of AP. 

















Challenge exercise 


1 Solve the equation x^ — 13x? + 36 = 0 by treating it as a quadratic in x?. 


2 Solve the equation (x? — 2x)? – 11(х2 — 2x) + 24 = 0. 


3 A golden rectangle is a rectangle such as ACDF below, with sides of length 1 and x, 
and with the property that if a 1 x 1 square (BCDE) is removed, the resulting rectangle 
(АВЕЕ) 1s similar to the original one. (That is, ACDF is an enlargement of ABEF.) 























a Show that = Г : - - A цан 5 

b Solve this equation to show that x = : um оо Т 
(This number is known as the golden ratio.) F E D 

€ Check that your answer satisfies the equation in part a. тале с 
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CHALLENGE EXERCISE 


4 Find a monic quadratic equation that has roots equal to 2 — J3 and 2 + V3. 


5 What is the average of the solutions and what is the product of the solutions 
of 2x? + 14x +17 = 0? 


1 1 
6 Ifx isa solution of x + — = 3, find x? + —. 

x ns 
Т амо 49 = (р аи 


8 Таке an isosceles triangle ABC with a base angle of 72° апа АВ = АС = 1. Bisect опе 
of the base angles, for example, C (as shown in the diagram) and join CD. 





a Prove that triangle ABC is similar to triangle CDB. 


b Let BC = x. Prove that x2 + x — 1 = 0 and hence solve for x. 


1251 
“на, 





с Drop a perpendicular from A to ВС and show that соѕ 72° = 


d Find the cosine of 18° in simplest surd form. 


9 A number, x, is defined by: 
1 











2-8 
ЭЭ: 
where the dots indicate that the pattern continues forever. 














a As the pattern repeats indefinitely, we can write x = TRE Simplify this to give 
a quadratic equation for x. DEL 
ааа д 
b Solve the quadratic equation. 
1 
с Find the number y = 1 
і: 
1 
Îl 1 
Í| = 
и; 
- + 
10 Solve the equation ша CN UT x, Where a is a constant. 


xta 2x-a 
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CHAPTER 


Measurement and Geometry 





In this chapter, we will review and extend the ideas of the surface area and 

the volume of a solid. Problems involving calculating volume and surface area 
are very practical and important. Most of the chapter concerns prisms and 
pyramids, which are the most common polyhedra. We will also see how to find 
the volume and surface area of solids such as cones, cylinders and spheres. 


This chapter contains a number of formulas for volumes and areas. 
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Review of prisms and cylinders 


A polyhedron is a solid bounded by polygons called faces. 
Two adjacent faces meet at an edge and two adjacent edges meet at a vertex. 


A prism is a polyhedron that has two congruent and parallel faces and all its remaining faces are 
parallelograms. 


A right prism is a prism in which the top and bottom polygons are vertically above each other, and 
the vertical polygons connecting their faces are rectangles. A prism that is not a right prism is often 
called an oblique prism. 


Some examples of prisms are shown below. 








Oblique rectangular prism 


Right rectangular prism Right triangular prism 


When we refer to a prism we generally mean a right prism. 


A prism with a rectangular base is called a rectangular prism, 
while a triangular prism has a triangular base. 


You will notice that if we slice a prism by a plane parallel to its 
base, then the cross-section is congruent to the base and so has 
the same area as the base. 





In this chapter, we will use the pronumeral S for the surface 
area of a solid and the pronumeral V for the volume of a solid. 


Surface areas 
Surface area of a prism 
The surface area of a prism is the sum of the areas of its faces. 


A rectangular prism with dimensions а, b and c has six faces. 
These occur in opposite pairs; the faces with areas ab, bc and ca each 
occur twice. 


Thus: 





Surface area of a rectangular prism = 2 (ab + bc + ca) 


We do not need to learn this formula. We can simply find the area of each face and take the sum of 
the areas. The same idea applies to all other types of prisms. 


In the diagrams in this chapter, assume that all quadrilaterals are rectangles unless the context 
indicates otherwise. 
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6A REVIEW OF PRISMS AND CYLINDERS 










ә) Surface area of a prism 


To find the surface area of a prism, find the area of each face and calculate the sum of the 
areas. 





Example 1 


Find the surface area of each prism. 


ony 


8cm 





5 cm 


12 cm 


a The prism has six faces. 


Area of top rectangle = 12 x 5 
= Сс: 
Area of front rectangle = 12 x 8 
= 96 cm? 


Area of side rectangle = 8 x 5 
= 40 em 


Thus, 5 = 2 x 60 + 2 x 96 + 2 x 40 


= 392 cm? 
b We need to find the length AB in the diagram. We can find this using Pythagoras’ theorem. 
АВ? = 62 +8? 
= 100 


so АВ = 10 ст 
Area of the sloping rectangle = 10 x 20 


= 200 cm? 


1 
Area of each triangle = 5 хбх8 


= 2102 
Area of the base rectangle = 6 х 20 
"120 eme 
Area of the back rectangle — 8 x 20 
= 160 ст? 
Thus, 5 = 24 + 24 + 120 + 160 + 200 


= 528 cm? 
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6A REVIEW OF PRISMS AND CYLINDERS 





Surface area of a cylinder 


A cylinder is a solid that has parallel circular discs of equal radius at the top and the bottom. Each 
cross-section parallel to the base is a circle, and the centres of these circular cross-sections lie on a 
straight line. If that line is perpendicular to the base, the cylinder is called a right cylinder. When we 
use the word ‘cylinder’ in this book, we will generally mean a right cylinder. 











Right cylinder Oblique cylinder 


We will use a dot (*) to indicate the centre of the circular base or top. 


As we did with prisms, we find the surface area of a cylinder by adding up the area of the curved 
section of the cylinder, and the area of the two circles. 


Surface area of the curved surface 


Suppose we have a cylinder with base radius ғ and height h. If we roll the cylinder along a flat 
surface through one revolution, as shown in the diagram, the curved surface traces out a rectangle. 
The width of the rectangle is the height of the cylinder, while the length of the rectangle is the 
circumference of the circle, which is 2r, so the area of the curved part is 2л/її. Thus: 


Curved surface area of cylinder = 21h 












































Calculate the surface area of each solid, correct to two decimal places. 


2525 
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6A REVIEW OF PRISMS AND CYLINDERS хүс 


а This is а cylinder with radius 3 cm and height 8 cm. 


Area of curved surface = 2rrh 
= 2 KS 
= 48n cm? 


nr? 


т x 32 
= 9л cm? 


Area of a circular end 


Hence, 5 = 481 + 9л + 9л 
= 66m cm? 
= 207.35 cm? (Correct to two decimal places.) 


1 
b Area of curved section = - x 2mrh 


т 10) 2« 15 
1507 cm? 


Area of a semicircle = — x nr? 


юк орке 


= -r x 102 
= 50л cm? 


Area of top rectangle = 20 x 15 


= 300 cm? 
S = 150m + 50m + 50x + 300 
= (250m + 300) cm? 
= 1085.40 cm? (Correct to two decimal places.) 
Volume 


Volume of a rectangular prism 


We have seen in earlier work that the volume of a right rectangular prism is given by: 





height = л 





area of the base = A 


area of base х height 
Axh 
Axh 


Volume of a right rectangular prism 


That is, V 
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ON 6A REVIEW OF PRISMS AND CYLINDERS 
т немее 2 


Suppose that we have two solids of the same height. If the cross-sections of the two solids, taken at 
the same distance above the base, have the same area, it can be shown that the solids have the same 
volume. This is known as Cavalieri’s principle. 





Cross-sectional areas are the same. 


Cavalieri’s principle allows us to say that the volume V of any rectangular prism, right or oblique, is 
givenbyV = Ax h. 


Volume of а prism 

The volume V of a prism, right or oblique, is given by the formula: 
V=Ah 

where A is the area of the base and h is the height, as discussed previously. 


The proof is in five steps. In all of the following, the height is h. 











Step 1: The base of the prism is a right-angled triangle 


b 
































The right rectangular prism has volume V = АЛ. If it is cut in half, we obtain 
A A 
two prisms of the same volume —- base area 3 and height Л. 


Step 2: The base of the prism is a parallelogram of area A 











А = R-2T, where В is the area of the 
rectangle and T is the area of each right 
angled triangle. 




















The volume of the prism: 


V = hR — 2hT 
= h(R — 2T) 
- hA 


So the formula holds if the base of the prism is a parallelogram. 
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6A REVIEW OF PRISMS AND CYLINDERS 
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Step 3: The base is a triangle ABC 


The area of the triangle ABC is half the area of the parallelogram ABCD. 


A dde B 








D C 


The prism with triangular base ABC is half the volume of the prism with the parallelogram ABCD 
as the base. So the formula holds if the base of the prism is a triangle. 


Step 4: The base of the prism is a polygon 


As an example, the convex hexagon can be cut up into four triangles. 


2208 


Clearly the volume of the prism is: 
yz Ah F Ah + A3h + Agh 
= (А + А + Аз + Ag)h 
= Ah, 


where A is the area of the hexagon. 
This argument applies to any right prism. 
Step 5: Oblique prisms 


Use Cavalieri’s principle exactly as above. 


Volume of a cylinder 


The area of a regular polygon inscribed in a circle approximates the area of that circle. The greater 
the number of sides, the better the approximation. A cylinder has a circular base. Since V = Ah 
holds for any polygon-based prism, it seems reasonable that the volume of the cylinder should be the 
area of its circular base multiplied by the height. 





Thus, the volume of a cylinder with radius ғ and height h is equal to the area of the circular cross- 
section, тг, multiplied by the height, A. 


Volume of a cylinder = лг2л 


Cavalieri's principle shows that this also applies to an oblique cylinder. 
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6A REVIEW ОҒ PRISMS AND CYLINDERS 
Calculate the volume of each solid. 
8 Р 2227 аш 
| 5 ст = 
L— ZR 
4 cm 2-0 
y с» 
1) i 
а V=Ah b The solid is a triangular prism. 
=6x4x5 Г 
= 3 z 
ү = (area of triangular base) x (height of prism) 
= (5 х10хз) x15 
2 
= PS Gm 
с This is a rectangular prism of d This is a cylinder of radius 2.5 cm and 
height 10 cm. height 14 cm. 
У = АЛ үүл 
=8х6х10 = л 25 xM 
= 480 ст? = 87.51 cm? 
> Surface area and volume 
A prism is a polyhedron with two parallel congruent polygonal faces and all other faces 
parallelograms. 
The surface area of a prism is the sum of the areas of its faces. 
The surface area of the curved part of a cylinder with radius ғ and height л is given by: 
Curved surface area = 2nrh 
The volume of a prism is given by the product of the area of the base A and the height h: 
V=Ah 
The volume of a cylinder with radius r and height h is given by: 
V = nr°h 
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Ф Exercise 6А 


1 Calculate the surface area of each solid. 


a 











7 ст 





Хэсэшг2шашийгашашаг 


6 ст 


9 cm 














42 ст Tom 
e " 
12 cm ho ше | 
12cm | | 
т P 
20 cm £ 














2 Тһе base of a right prism of height 12 cm is an equilateral triangle. 


a If the side length of the triangle is 6 cm, use Pythagoras’ theorem to calculate the height 
of the triangle. 


b Calculate the surface area of the prism. 
3 А cube has surface area 486 m?. Find its side length. 
4 A cylinder of base radius 8 cm has curved surface area 72x cm?. Find its height. 
5 Arubbish bin is in the shape of an open cylinder. 


a If the bin has radius 15 cm and height 40 cm, find its total surface area (do not include 
the lid). 


b If the bin has radius 15 cm and curved surface area 3500 cm?, find the height of the bin, 
correct to one decimal place. 
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6A REVIEW OF PRISMS AND CYLINDERS 








ETT 6 Calculate the volume of each solid. 
b 








a If AB = 8cm and BC = 12cm, find the height of А АВС, correct to two decimal places. 


b If AD = 24 cm, find the volume of the prism, correct to two decimal places. 


8 A manufacturer of drink cans produces cylindrical cans with a volume of 1000 cm?. 
a If the radius of the can is 4 cm, find the height of the can, correct to one decimal place. 


b If the height of the can is 8 cm, find the radius of the can, correct to two decimal places. 


9 a Ifacube has volume 64 cm), find its side length. 


b If a cube has volume 400 cm, find its side length, correct to one decimal place. 
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6A REVIEW OF PRISMS AND CYLINDERS М 


10 А modern sculpture consists of three cubes, with side lengths 
0.5 m, 1 m and 1.5 m, respectively, placed on top of each other as 
shown in the diagram opposite. Calculate the surface area of the 
sculpture. Do not include the base of the large cube in your 
calculations. 











p ырны а арен кан нне 











11 Тһе figure shows a trapezoidal prism. Its ends ABCD апа EFGH аге congruent trapezia, 
with DC = 4 cm and AB = бст. If AE = 15 cm and the volume is 300 cm’, find the height 
of the trapezium ABCD. 





12 А farmer is making a trough that needs to be filled with Р” е 
water once each day. The trough is in the shape of a prism 


with pentagonal ends, as shown opposite. The farmer has хи шан 
60 horses that each drink about 10 L of water per day. 40 em Ne => 
Using the fact that 1 cm? = 1 mL, what is the smallest 


length the trough needs to be to water the horses each day? 


13 A cylindrical vase of radius 5 cm and height 14 cm just fits гэ” 
into a box. Find: C -> 
. . SS 
a the volume of the cylinder, correct to two decimal places А 


b the volume of the box 


c the volume of unused space inside the box, correct to SS" 
two decimal places 
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Pyramids 





A pyramid is a polyhedron with a polygonal base and triangular sides that meet at a point called the 
vertex. The pyramid is named according to the shape of its base. 


2» 2» 4 


Square pyramid Triangular pyramid Hexagonal pyramid 


If we drop a perpendicular from the vertex of the pyramid to the base, then the length of the 
perpendicular is called the height of the pyramid. 


A right pyramid is one whose vertex is directly above the centre of its base. 





Volume of a pyramid 





Here is a method for determining the formula for the volume of a 
right, square-based pyramid. 


Consider a cube of side length 2x. If we draw the long 
diagonals as shown, then we obtain 6 square pyramids, 
one of which is shaded in the diagram. Each of these 
pyramids has base area 2x x 2x and height x. Let V be 
the volume of each pyramid. 








The volume of the cube is (2x)? - 8x?. Hence: 
6ХУ-8х 


4 
50 V=-xx 
3 


Now the area of the base of each pyramid is (2x)? = 4x? and the height of each pyramid 
is x, so in this case we can write: 


Vui aii 
3 


ка 
3 


1 
or V= 3 X area of base x height 


It is possible to extend this result to any pyramid by using geometric arguments and Cavalieri’s 
principle. We then have the following important result. 


Volume of a pyramid = — х base area x height 


That is, V = — Ah 


3 
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6B PYRAMIDS хүс 


Ехатріе 4 








Calculate the volume of a square pyramid with base of side 
length 200 m and height 300 m. 





200 m 


= 
II 


1 
3 X base area x height 


тх 200 x 200 x 300 


4 000 000 m? 


The volume of the pyramid is 4 000 000 m?. 


Surface area of a pyramid 


To find the surface area of a pyramid, we need to find the areas of the surfaces bounding the 
pyramid, which will consist of a number of triangles together with the base. You will often have to 
use Pythagoras’ theorem in calculating the surface area of a pyramid. 





height of triangular face 
height of pyramid 


VABCD is a right, square-based pyramid with vertex 

V and base ABCD, with V vertically above the centre 
of the square base. The height of the pyramid is 4 cm 
and the side length of the base is 6 cm. Find the surface 
area of the pyramid. 
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ON 6B PYRAMIDS 
лама 


We need to find the height VE of triangle VBC, 


























using Pythagoras’ theorem. v A B 
VE? = УО? + ОЕ? 3 cm 
= 42 + 32 4 cm T Os 
= 25 
D і (С. 
Hence, VE = 5 сіп. О 3cm Ё бст 


1 
Area of AVCB = 2 x CB x VE 


EUG 
2 


= 15 cm? 
Area of base = 6 x 6 
= 36cm? 
Surface area = 4 x 15 + 36 
= 96 cm? 


Hence, the surface area of the pyramid is 96 cm?. 


e A pyramid is a polyhedron with a polygonal base and triangular faces that meet at a 
point called the vertex. 


e The pyramid is named according to the shape of its base. 


* The volume of a pyramid with base area А and height h is given by: 


Fedin 
3 





e Exercise 6B 





In this exercise, assume all pyramids are right pyramids unless otherwise stated. 


1 In the diagram opposite, VABC is a triangular ү 
pyramid. The base AABC is right-angled, with AC = 6cm 
and BC = 8cm. The vertex V of the pyramid is vertically 7.5 cm А 
above А, and VA = 7.5 ст. Calculate the volume 
of the pyramid. m x" 8cm 
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6B PYRAMIDS М 


2 Calculate the volume of each of the following pyramids. The area, А cm?, of the shaded 
face and the height, Л cm, are given in each case. 


a b 








A=24,h=10 A=20,h=15 





A=45,h=12 





A=72,h=9 


3 Calculate the volume of each pyramid. 


a 





10 cm 8 ст 


height = 12 cm 


height = 8 ст 





6cm 12 cm 


4 When it was built, the Great Pyramid of Cheops in Egypt had a height of 145.75 m and 
its base was a square of side length 229 m. Find its volume in cubic metres, correct to one 
decimal place. 


5 Calculate the volume of each solid, giving the answer correct to two decimal places. 
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Қы 


6 Inthe diagram opposite, VABCD is а square pyramid 
and O is the centre of square ABCD. If the height of the 
pyramid VO = 12cm and AB = 10 cm, find: 


a the length OM, where M is the midpoint of BC 
b the length VM 
c the area of AVCB 


d the surface area of the pyramid 





7 Use a technique similar to that in question 6 to find the surface areas of these square 
pyramids, assuming the vertex is above the centre of the square. 


b 





6 ст 


8 Inthe diagram opposite, УАВСР is а rectangular pyramid. 
If VO = бст is the height of the pyramid, CD = 10 ст 
and ВС = 8 ст, find: 


a the height of AVBC 
b the height of AVDC 


c the surface area of the pyramid 


6 ст 





9 In the diagram opposite, VABCD is а square pyramid, with V 
vertex V directly above D. If AB = 8cm and VD = 6cm: 


a name each triangle in the diagram and state what type of triangle it is 
b find the length of: 
i VC ii VB ШУА р x 


c find the surface area of the pyramid 


Gones 





A cone is a solid that is formed by taking a circle and a point, called the vertex, which lies above or 
below the circle. We then join the vertex to each point on the circle. Of course, the cone can be in 
any orientation. 


If the vertex is directly above or below the centre of the circular base, we call the cone a right cone. 
In this section, the only cones we consider are right cones, which we will simply call cones. 
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6C CONES 





The distance from the vertex of the cone to the centre of the circular radius r 
base is called the height, h, of the cone. 


The distance from the vertex of the cone to the circumference of the 


circular base is called the slant height, 7, of the cone. 


. 22 height Л slant height £ 
We will use a dot (9) to indicate the centre of the base. 


vertex 


Surface area of a cone 


To calculate the surface area of a cone, we need to find the area of each surface. To find 
the area of the curved surface, we cut and open up the curved surface to form a sector, as 
shown below. 


WW > 


e The arc length of the sector = circumference of the circular base of the cone = 2лг 
arc length am or s 


e The proportion of a whole circle = —————— — —— = - 
whole circumference 2лё £ 





• Areaofsector А = (2) x тё? = nrl 


Thus, the surface area of ће curved part of а cone is given by: 
Curved surface area = Tu, 


where ғ is the base radius and / is the slant height. A 4 


Example 6 





Find the surface area of each cone. Give your answer correct to two decimal places. 


a C = b 10 cm 
SS 


6cm 


12 cm 





179 





CHAPTER 6 SURFACE AREA AND VOLUME 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 






а We have r = 4 and /- 6. 


Area of curved surface = nrl 
= gd 
= 24n cm? 
Area of base = nr? 
= 16m cm? 
Thus, 5 = 241 + 167 
= 40л cm? 


= 125.66 cm? (Correct to two decimal places.) 


Hence, the surface area of the cone is approximately 125.66 cm?. 
b We first find the slant height AB. 
By Pythagoras’ theorem: 
e sec" 
- 169 
АВ = 169 cm 
Hence. r = сапа “= 13. 


Area of curved surface 


12 cm 


trl 
(595052 113} 
651 cm? 





Area of base = nr? o 5 A 


257 cm? 


Then 5 = 65r + 257 12 
= 90л cm? 


= 282.74cm? (Correct to two decimal places.) 


Hence, the surface area of the cone is approximately 282.74 cm. 


Example 7 


The curved surface area of a cone is 44 cm? and the base radius is 2 cm. Find, correct to two 
decimal places: 


а the slant height of the cone b the height of the cone 


а Curved surface area of a cone = nrl 
Неге r = 2, so 2л/ = 44cm”. 


Ши (ӨШ 


Ч 


T 
7.00 cm (Correct to two decimal places.) 
Hence, the slant height is approximately 7.00 cm. 


(continued over page) 
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6C CONES 





b Using Pythagoras’ theorem: 





2 ст 
221 h 
h? +2? = (2) 
T 
SORE (2) - 22 icn 
T 
= 6.71 cm (Correct to two decimal places.) 


Hence, the height of the cone is approximately 6.71 cm. 


Volume of a cone 
The formula for the volume of a cone is the same as the formula for the volume of a pyramid, which 


211! : . 
15 3 x area of the base x height . For a cone, the base area is Tr’, so: 


1 
Volume of a cone = zm h, 


where r is the radius of the base and й is the height. 


To illustrate this informally, imagine constructing a polygon 
inside the circular base of the cone and joining the vertex of the 
cone to each of the vertices of the polygon. 


This would give us a polygonal pyramid with volume equal to: 





; x area of the base x height 


The more sides we take in the polygon, the area of the base gets closer and closer to mr, so the 


1 
volume of the cone equals zu h 


Example 8 





Calculate the volume of a cone with base radius 5m and height 6 m. 





== 
| 


= 2001 
3 


ахих? х6 
= 507 т? 


The volume of the cone is 50x m?. 
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ә) Right cones 


e In a cone, the distance between the vertex and the centre of the base is called the height, 
h, of the cone. 





* The length of a straight line joining the vertex to a point on the circumference of the 
circle is called the slant height, /, of the cone. 


е The surface area of the curved part of a cone is given by лг, where r is the base radius 
and / is the slant height. 


* The volume of a cone is given by: 


ү = sh , where r is the base radius and Л is the height. 





e Exercise 6C 


1 Calculate the total surface area of each cone, including the base. Give your answers correct 
to two decimal places. 


a 4 ст b 
10 cm 20 cm 
7 ст y 
5 cm 


2 Calculate the total surface area of each cone. 





12 cm 





3 The curved surface of a cone of base radius 4 cm has surface area 407 cm?. Find: 
a the slant height of the cone 
b the height of the cone, correct to four decimal places 
4 А сопе has base radius 10 cm and total surface area 1000 cm?. Find, correct to two decimal 
places: 
a the surface area of the curved part of the cone 
b the slant height of the cone 
c the height of the cone 


5 a Calculate the area of the sector shown opposite. Give your answer correct to two decimal 
places. 
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6C CONES 





шинэ. 


10 
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b If the radii OA and OB are joined together to form the curved surface of a cone, find, 
correct to two decimal places: 


і the slant height of the cone 
ii the base radius of the cone 
iii the height of the cone 
A cone has radius ғ cm and height Л cm. 
a If r — 5 and h = 10, find: i: 
i the slant height of the cone О cin 
ii the surface area of the curved part of the cone O 
iii the angle of the sector we get if we cut the curved part of the cone 


b If r = h, find the angle of the sector that produces the curved part of the cone. 
Calculate the volume of each solid. Give your answers correct to two decimal places. 


a 4 cm 





8 cm 


c d 6 cm 


20 cm 12 cm 
12 cm 






A cone with diameter 6 cm has a volume of 120 cm?. Find the height of the cone, correct 


to the nearest millimetre. ссни 
For the solid shown, find: 
a the volume йе 


b the total surface area 








For the solid shown, find: 
a the volume 


b the total surface area aN 


A mound of earth is shaped like a cone. It is 6 metres high with a radius of 25 metres. Find 
the cost, to the nearest dollar, of moving the mound if it costs $5 to move one cubic metre. 
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Spheres 





The word sphere comes from the Greek word sphaira, meaning ‘ball’. radius r 
Every point on the surface of a sphere lies at a distance r, called the 
radius of the sphere, from a fixed point O, called the centre of the 
sphere. It is difficult to derive the formulas for the surface area and 
volume of a sphere. These formulas are discussed in the Challenge 
exercises. 


pe 


We will use a dot (*) to indicate the centre of a sphere. 


Surface area of a sphere 
The surface area of a sphere is given by: 
S = 47r?, 


where r is the radius of the sphere. 





Example 9 


Calculate, correct to two decimal places, the surface area of a sphere: 


a with radius 6 cm b with diameter 10 cm 





a We have 


$ = Ал” 
=4хтх6° 
= 1447 cm? 


= 452.39 cm? (Correct to two decimal places.) 


The surface area is approximately 452.39 cm?. 


b The diameter = 10 cm, so r = 5cm. 


Then 5 = 4nr? 
= 4хдх 52 
= 1007 cm? 





314.16 cm? (Correct to two decimal places.) 


Д 





The surface area is approximately 314.16 cm?. 
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6D SPHERES хүс 


Volume of a sphere 





The formula for the volume of a sphere is: 
4 
У--л/?, 
3 


where ғ is the radius of the sphere. 


Example 10 


Calculate the volume of a sphere with a diameter of 30 m. 


The radius is 15 m. 


шоо: 
3 


шт: 
3 


ү 


45001 m? 


Ехатріе 11 


A sphere has volume 2800 cm?. Find the radius of the sphere, correct to the nearest 


millimetre. 

(25 шиг 
3 

2800 = — ar? 

4. 2800 x3 
4n 
2800 x3 
4T 


= 9.7 ст (Correct to one decimal place.) 


The radius is approximately 87 mm. 


• The surface area of a sphere of radius г is given by: 
S = 4nr?, where ғ is the radius of the sphere. 


* The volume of a sphere of radius r is given by: 


V= d where r is the radius of the sphere. 
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6D SPHERES 


ос 


1 Calculate the surface area, correct to two decimal places, of: 


а а sphere of radius 8 cm 








b asphere of radius 15 cm 
с a sphere of diameter 14 cm 


d a sphere of diameter 21 cm 


2 For the solid hemisphere shown opposite, find: 


a the area of the flat surface (C -93 


b the surface area of the curved part of the hemisphere 
c the total surface area of the solid hemisphere 
3 А sphere has a surface area of 500 ст2. Find its radius, correct to four decimal places. 


4 А hemispherical tent is made using 28 m? of material. Find, correct to two decimal places, 
the radius of the tent if: 


a the tent does not have a material floor 


b the tent does have a material floor 


5 Calculate the surface area of each object. 























b c 8 cm 
10 cm 6 cm 
17 cm 
i 1 | | -— | Ww Жар “Ңң“““ы 
10 cm 
10 cm 
6 Calculate the volume of each solid. Give your answers correct to two decimal places. 


b 








15 cm 
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7 а Calculate, correct to two decimal places, the radius of a sphere with a volume of 


1000 cm?. 


b Calculate, correct to the nearest millimetre, the diameter of a sphere with a volume of 
3000 cm?. 


c Calculate, correct to one decimal place, the diameter of a hemispherical bowl with a 
volume of 250 cm?. 


8 Calculate the volume of each solid. Where appropriate, give your answers correct to two 
decimal places. 


| 


6 cm 





9 Aspherical soccer ball of diameter 22 cm is packaged in a box that is in the shape of a cube 
with edges of length 24 cm. Find, correct to the nearest cm?, the volume of unused space 
inside the box. 


10 Tennis balls are packaged in cylindrical canisters. A tennis ball can be considered to be a 
sphere of diameter 70 mm. If the canister has base diameter 75 mm and height 286 mm, and 
each canister holds four balls, find the volume of unused space inside the canister, correct to 
two decimal places. 
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Enlargement 


In this section, we will investigate what happens to the area and volume of figures under 
enlargement. 


In the diagram below, AA'B'C' is an enlargement of А АВС. The sides of the larger triangle are 
three times the lengths of those of the smaller one. 


We say that the enlargement factor is 3. 














A' 
A 15 cm 
9 cm 
5 cm 
3 cm 
B 4 cm C B 12 cm C 
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ON 6E ENLARGEMENT 
ае аман 2 11111 


Plane figures and enlargements 


Notice what happens when we compare the areas of the two triangles. The area of А АВС is 6 cm?, 
and the area of AA’B’C’ is 54 cm. In this case, the area of the larger triangle is 9 times the area of 
the smaller one. Since 9 - 37, we see that the area of the smaller triangle is multiplied by the square 
of the enlargement factor. 


Example 12 


By what factor does the area of a circle with radius 2 cm change when we enlarge the radius 
by a factor of 5? 


A circle with radius 2 cm has area n x 22 = 4n cm?. 

Enlarging by a factor of 5 gives a radius of 10 cm. 

A circle with radius 10 cm has area т х 102 = 1002 cm?. 
100r _ 25 


n 
(Notice that this is the square of the enlargement factor.) 


The area has been multiplied by a factor of 





In general, if each of the dimensions of a plane figure is enlarged by a factor of К, then the area of 
the figure is multiplied by a factor of k?. 









































H 








Area = k? 


Example 13 


A regular pentagon has area 45 cm?. If the sides of the pentagon are enlarged by a 
factor of 8, what is the area of the resulting pentagon? 


The enlargement factor is 8, so the area is multiplied by a factor of 82 = 64. 


Hence, the area of the resulting pentagon is 64 x 45 = 2880 стг. 
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6E ENLARGEMENT М 


Solids and enlargements 


The diagram to the right enables us to draw the following 
general conclusions. If the dimensions of a solid are 
enlarged by a factor of k , then the surface area of the 
figure is multiplied by a factor of 2. 





surface area - 6 
volume - 1 





If the dimensions of a solid are enlarged by a factor of 
k, then the volume of the figure is multiplied by a 


surface area = 6k* 
factor of КЭ. 


volume - А3 


Ехатріе 14 


A spherical balloon has radius 10 cm. It is inflated so that the radius becomes 15 cm. Ву 
what factor has the following changed? 


a surface area b volume 


a Method 1 - Find the two areas 
For a sphere, A = 4772 
Hence, surface area of the balloon = 4 x 1 x 10? = 400r cm? 
If the radius becomes 15 cm, then the surface area becomes 4 x л x 15? = 9001 cm?, 


so the surface area has been multiplied by a factor of 2008 = 2 
T 


4 
Method 2- Enlargement factor method 


1 
Enlargement factor for the radius is - - a 


2 
ГЕ 
Hence, enlargement for the surface area is D = Л 


b Method 1- Find Ше two volumes 
4 
For a sphere, V = 377^ 


4 4000 
Hence, volume of the balloon - = mex = 10. 


4 
If the radius becomes 15 cm, then the volume becomes 5 x т x15? = 45002 ст?, so the 


4000” 27 
= 





volume has been multiplied by a factor of 4500л + 
Method 2- Enlargement factor method 


жы 
The enlargement factor for the radius is —. 


3 
2 
Hence, the enlargement factor for the volume is (2) = re 
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LARGEMENT 
6E EN G 
Scale drawings and scale models 
A designer, architect or engineer will often build a scale model of the object being designed. The 
real object is an enlargement of the model. A scale of, for example, 1 : 40 means that the dimensions 
of the real object are 40 times the dimensions of the model. 
Ехатріе 15 
A farmer builds а scale model of a silo, as shown opposite. The scale of the model is 1: 100. 
а Find the volume of the model. 
b What is the volume of the silo, in cubic metres? 
1-2 
а Volume of cone = z пг=ћ 
2. XPI 
3 
= 25 сп. 
Volume of cylinder = mr7h 
SEXI XI 
= ПІЛ ні 
Volume of model = 257 + 757 
= 1007 cm? 
b The enlargement factor is 100, so the volume of the silo is 100? x volume of the model 
Hence, the volume of the silo is: 
V = ППУ < 1007) cm» 
= 100r m? (100? cm? = 1 m°) 
(9) Enlargement 
Let k > 0. 
e |f a plane figure is enlarged by a factor of k, then the area of the figure is multiplied by a 
factor of k?. 
e |f a solid is enlarged by a factor of k, then the surface area of the solid is multiplied by a 
factor of k?. 
e |f a solid is enlarged by a factor of k, then the volume of the solid is multiplied by a 
factor of &?. 
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6E ENLARGEMENT хүс 


Ф Exercise 6E 





1 Find what factor the area of the smaller figure must be multiplied by to find the area of the 
larger figure. Work this out by: 


i calculating the areas 
ii using the enlargement factor method 


a 


4 cm 


о È 


21 Еша what factor the total surface area of the smaller solid must be multiplied by in order to 
obtain the surface area of the larger solid. In parts a, с and e, do this by finding the surface 
areas; in parts b and d, use the enlargement factor method. 




































































ii Find what factor the volume of the smaller solid must be multiplied by in order to obtain 
the volume of the larger solid. In parts b and d, do this by finding the volumes; in parts a, с 
and e, use the enlargement factor method. 








аашаа нашаага 














4 cm 
8 cm 
y ЖЖ» 
4ст icm 
( : 5 
4 ст M T A 
єє > 
6 cm 
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6Е ENLARGEMENT 


е 
Ехатріе 15 | 7 


192 








9.6 ст 


10 ст 
12 cm 





d r=8cm r=20cm 


A cube has a volume of 343 cm. The cube is enlarged by a factor of 5. 
a What is the volume of the resulting cube? 


b Find the surface area of the resulting cube. 


By what factor must the radius of a spherical balloon be multiplied if the volume is to be 
increased from 760 cm? to 389 120 cm?? 


A cylindrical container holds 125 cm? of liquid when full, and requires 240 cm? of 

material to manufacture. The company wants to increase the height and radius by the same 
enlargement factor to produce a cylindrical container that can hold 1000 cm? of liquid. How 
much material will be required to produce the new container? 


A solid, A, is enlarged to form a new solid, B. If the surface area of B is twice the surface 
area of A, by what factor is the volume of A multiplied to give the volume of B? 


A model car has scale 1 : 24; that is, 1 cm on the model represents 24 cm on the actual car. 


a If the model car requires 300 cm? of material to be made, how much material is required 
to make the actual car? 


b If the volume of the actual car's interior is 4.5 m?, find the volume of the model’s interior, 
in cm? and correct to one decimal place. 

A barn is in the shape of a triangular prism on top of a rectangular prism, as shown below. 

a Find the volume of the barn. 


b If a model of scale 1 : 50 is made of the barn, find 


the volume of the model, in cm?. 








c Find the outside surface area of the barn (not 
including the floor). 


d How much material, in cm? and correct to one 
decimal place, is needed to make the model? 
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9 а The base of a triangle is increased by а factor of 7, while the height is kept the same. 
What happens to the area of the triangle? 


b The sides of the square base of a cube are each increased in length by a factor of 6, but 
the height is kept the same. This produces a square prism. By what factor has the volume 


changed? 

с The radius of a cylinder is trebled, but the height is kept the same. By what factor has the 
volume changed? 

d The radius of a cone is multiplied by 9, but the height is kept the same. By what factor 
has the volume changed? 


Review exercise 


1 For each solid, calculate: 


i the volume 
ii the surface area 





5 cm 


Hessen УОЛТ 





10 cm 











12 cm 

















10m 
2 For each solid, calculate: 


i the volume 
ii the surface area 














12 cm 
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REVIEW EXERCISE 





3 A solid cylinder has a shaft with a square cross-section through it, as shown in the 
diagram below. The volume of the solid is (5007 — 80) cm?. Calculate the length of a 
side of the square cross-section. 














20 cm 
10 cm 
4 Calculate the volume of each solid. 
s b 
200m 10 cm 
ял 8 ст 
150 т 6 ст 
с 
10 cm 
Вт | 
10 ст 





5 A triangular pyramid has all its edges equal in length. This is called a regular 
tetrahedron. Calculate the length of each edge, given that the surface area is 64-/3 cm?. 


6 Foreach solid shown, calculate: 


i the volume 
ii the surface area 


15 cm 
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REVIEW EXERCISE 


7 А hemispherical bowl is carved out of a solid block of marble, as shown. 








15m |^ 








After the bowl is carved, the volume of marble remaining is (s = шил) т. Calculate 
the radius of the hemisphere. 


8 As part of a major development, an architect designed a building and had a model made 
to a scale of 1 : 400; that is, 1 cm on the model is 4 m on the building. 


а The external surface area of the building is 10 600 m2. Calculate the external surface 


area of the model, in cm?. 


b The volume of the building is 60 000 m?. Calculate the volume of the model, in cm?. 


9 Inthe pyramid below, F is the midpoint of AB. VF is vertical and is 5 m in length. 
ABCD is horizontal and rectangular, with AB = 6 m and BC = 8 m. 


V 





Find: 
a the volume of this solid 


b the surface area of this solid 


10 Find the volume and surface area of the solids. 


Sm 
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Challenge exercise 


A parallelepiped is a six-faced polyhedron, each face of which is a parallelogram. 
A certain parallelepiped with a square base has volume 192 cm’. Each side of its base 
is one-third of its height. Find the length of each side of the base. 


The figure at the right shows a sphere of radius r fitting exactly into a 
cylinder. The sphere touches the cylinder at the top, bottom and curved - 


surface. Show that the surface area of the sphere is equal to the area of 


the curved surface of the cylinder. == 


The surface area of a cube is x cm? and its volume is y ст?. If x = у, 
find the length of the side of the cube. 


A cone has radius R, base area A and height h. A horizontal slice 
is taken at a distance x units from the vertex, as shown. 
Let А, be the area of the circular slice and r be the radius. 


T€ : ПИ: 
a Use similar triangles (о show that E = Л 


b Show that the ratio A, : A = x? : А2. 


A square pyramid has base length 2a, base area A and height Л. 
A horizontal slice is taken at a distance x units from the 

vertex, as shown. Let A, be the area of the square slice 

and 2b be the side length of the square slice. Use the method 
of question 4 to show that A, : A = x? : А2. 


The portion of a right cone remaining after a smaller cone is cut off 
it is called a frustum. Suppose that the top and bottom are circles 
of radius r and R, respectively. Also, suppose that the height of the 
frustum is / and the height of the original cone is Н. 

a Show that the volume V of the 


frustum is =n HR? —r*)+ rh |, 





hR 


2213 





b Use similar triangles to show that H = 


І 
с Deduce that V = ," (R?  r? + rR). 


7 a Usethe method of question 6 to show that the volume of a truncated square pyramid 


with height / and square base and square top of side lengths x and y, respectively, 
is given by 3^0 + y? + xy). (A truncated pyramid is formed in a similar way to a 


frustum.) 
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CHALLENGE EXERCISE 





b If the top square has a side length that is half that of the bottom square, what is the 
ratio of the volume of the truncated pyramid to that of the whole pyramid? 


8 А сопе has height h and base radius r. 
a Show that the surface area of the cone is mr(r + Jr? + А2). 
b Suppose that the height and radius are equal. Show that the surface area is лғ2(1-- V2). 


9 The frustum of a cone has base radii ғ and А, and the slant height is 5. T, 
а Let the slant height of the full cone be £. : 
R 1) 
Show that / = = X 
Hen 


b Hence, show that the surface area of the curved section is (ғ + R)s 
and that the total surface area is л(г2 + R?) + u(r + R)s. 





€ Show that the latter can be written as m(r + RJJ(R — т)? + h? + n(r? + R?), 
where A is the height of the frustum. 


10 Cavalieri's principle states that if we have two solids of the 
same height and the cross-sections of each solid taken at the 











same distance from the base have the same area, then the 
solids have the same volume. Take a hemisphere of radius r 





and look at the area of a typical cross-section at height Л above 
the base. 


Also, consider a cylinder of height r and radius r, with a cone 
cut out of it, also of height r and base radius r. We also take 
a cross-section at height Л. 





a Show that the radius of the circular cross-section of the 
sphere at height h is Vr? — А2. 


b Deduce that the area of the cross-section is л(г2 — A?). 





c Draw a diagram of the cross-section of the cylinder with the cone removed, and show 
that the area of the cross-section at height л is also л(г2 — А2). 


d We now conclude that the two solids have the same volume, by Cavalieri's principle. 
Find the volume of the cylinder minus the cone. 


e Deduce the formula for the volume of the sphere. 
11 Consider a sphere of radius r split up into very small pyramids, 
as shown. The volume of each pyramid — та, where А is the 


area of the base of the pyramid on the surface of the sphere. 
The base of each pyramid is considered to be a plane surface. 


Consider the sum of the volumes of these small pyramids to show 





that the surface area of the sphere is 4л/2. 
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Number and Algebra 








In earlier years you learned how to draw curves by plotting some points from 
a table of values and joining them up. In particular, you should be familiar with 












examples such as the straight line and the parabola y = x?. 
ЙГ 
y 
УЛ 
S 
Ф 
E / 
% \ Е l 
3x +2у=6 N 9 / 
\ % / 
N © 
> N 1 / 
о е, м x тн 1-1 
b — : > 
-1 vertex 1 x 








In this chapter, we will learn techniques for sketching the graphs of quadratics 
such as y = x? +1, y = 2x? — 3x and y = —x? + 4x + 6. These graphs are also 


called parabolas. 
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Parabolas congruent to y х; 





We are all familiar with the graph of y = x?, which was 
studied in both /СЕ-ЕМ Mathematics Year 8 and Year 9. 
In this chapter we will call it the basic parabola. 


It has the following properties: 


» The graph is symmetrical about the y-axis, x = 0. 
For example, the y-value at x = 3 is the same as the 
y-value at x = —3. In general, the y-value at x = p is 
the same as the y-value at x = —p. We can visualise 
this as follows: if the graph were to be folded 
along the y-axis, the part on the left of the y-axis 
would land directly on top of the part on the right. 
The y-axis is called the axis of symmetry of the basic 
parabola. 











• The minimum value of y occurs at the origin. It is called a minimum turning point since the 
y-values at points to both the left and the right of the origin are greater than the y-value at the 
origin. This turning point is called the vertex of the parabola. 


* The arms of the parabola continue indefinitely, becoming steeper the higher they go. 


Recall that two geometrical figures are said to be congruent if one can be transformed to the other 
by a sequence of translations, rotations and reflections. In this section we will look at parabolas 
congruent to y = x?. 


Imagine rotating the figure y = x? about the origin through 45? clockwise. The image you get is 
still called a parabola. Its vertex is (0, 0) and its axis of symmetry is the line y — x, as shown in the 
left-hand figure below. 







axis of symmetry 


vertex 








Similarly, rotating the basic parabola clockwise through 90? yields another parabola, x — y?, as 
shown in the right-hand figure above. 


However, for the rest of this chapter we shall only consider parabolas whose axis of symmetry is 
parallel to the y-axis; consequently, rotations will not be further discussed. 
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7А PARABOLAS CONGRUENT TO y = x? 


Reflection in the x-axis 
y^ 


Po (p, p?) 











When the parabola y — x? is reflected in the x-axis, the point (3, 9) is reflected to the point (3, —9). 
In general, the point (p, p?) on the parabola y = x? is reflected to the point (р, — p?). Hence, the 
equation satisfied by the points of the image is y = —x?. 


The vertex remains at the origin under the transformation. However, the y-value of the vertex now 
represents a maximum turning point since the y-values at points to the left and right of the origin 
are less than the y-value at the origin. 


Translations of y = x? 


Vertical translations 


We now look at what happens when we translate y — x? up or down nine units. 






< 





axis of symmetry — 





axis of symmetry 


y-2x?49 
(p, p? * 9) 





к 


Translating у = x? nine units up shifts (p, p?) to (p, p? + 9) so the equation becomes у = x? + 9. 


2 


This is a parabola with vertex (0, 9). Similarly, y = x? becomes у = x? — 9 when translated nine 


units down. 
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7А PARABOLAS CONGRUENT TO y = x? 


Horizontal translations 





What happens when we make horizontal translations; that is, a translation to the left or to the right? 


This is a little trickier. 









axis of symmetry 





Хо23 


axis of symmetry 


(p + 3, p? 


y = (х -3)? 


o| vertex ' (3, 0) x 


Every point on the basic parabola y = x? has coordinates (p, p?),as in the first diagram above. 
If we translate the parabola three units to the right, then the vertex (0, 0) goes to (3, 0), and the 


axis of symmetry, x = 0 goes to x = 3. The general point (p, p?) 
goes to the point (p + 3, p?). That is, each point on the image 

has coordinates x = p + 3, y = p?. Eliminating 

py = pP = (х-3)°. 

Thus, у = (x — 3)? is the equation of the parabola formed by 
translating y — x? three units to the right, as in the figure above on 
the right. The y-intercept is 9. 


Similarly, translating y — x? five units to the left shifts the 
point (p, p?) to the point (p — 5, p?). In the same way, we see 
that the image parabola has equation y = (x + 5)’, as in the 
diagram opposite. Once again, as a check, the vertex is (—5, 0), 
which is the image of (0, 0) under this translation. The 
y-intercept is 25. 


In summary, translating y — x? five units to the left gives the 
parabola y = (x + 5)?, as in the figure to the right. 


General translations 


Finally, if we translate y = x? three units to the right and five units 
up, then y = x? becomes y = (x -3? + 5 or y — 5 = (x - 3). 
The y-intercept is 14. Its axis of symmetry is x = 3 and its vertex 
is (3, 5), as in the diagram opposite. 


Translating it three units to the right moves y = x? to y = (x — 3)? 
and translating this five units up takes it to y = (x — 3)? + 5. 


In summary, translating y — x? three units to the right and five 
units up gives the parabola y = (x — 3)? + 5, as in the figure to the 
right. 







axis of symmetry 
х--5 











(p -5, р?) 
у= (х +5)? 
> 
x 
> 
©! 
= 
g.m 
ov ll 
517 
Ч (p +3, p^* 5) 
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2 
ON 7A PARABOLAS CONGRUENT TO у = x 
Example 1 


Sketch each parabola and give the y-intercept, axis of symmetry and vertex. 
а у-(х-3)-4 b у= (х+ 2)2 +6 


а у= (х - 3)2 – 4 у 





























obtain the parabola y = —(x — 4)? with axis of symmetry x = 4 and 
vertex (4, 0). (As a check, y < 0 and only equals 0 when x = 4; 
hence, the maximum value of y occurs when x = 4). 





The graph of y = (x — 3? — 4 is obtained by X -(-3*- 
translating the graph of y = x? three units to the right iD | 
and four units down. E fo 
E 
Therefore, the axis of symmetry is x — 3. Э) 3 
The vertex is at (3,-4). Е | 
When x = 0, у = (-32-4-5 | - 
So the y-intercept is 5. 
b The graph of y = (x + 2)? + 6 is obtained by translating the EE 
graph of y = x? two units to the left and six units up. 8 | 2 
The axis of symmetry is x = -2 and the vertex (—2, 6). = | 
When x = 0, у = (0+ 2)? +6 28 
= 10 Ss He 
21 
The y-intercept is 10. % ГН 
vertex (—2, 6) 
: > 
"EO Ёс 
Translations of у = —x? ин 
Starting with y = —x? and translating left or right and up or down, poner n) = 
we сап construct many examples. | i 
For example, if we translate y = —x? four units to the right, we : —Q- 


4 


axis of symmetry 
X m 
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7А PARABOLAS CONGRUENT ТО у= х2 М 


vertex (—5, 0) | 








Similarly, translating y = —x? five units to the left yields 
у = —(х +5). 
у = —(х + 5)? 





axis of symmetry 


Next, if we translate y = —x? seven units upwards we obtain the 


parabola y = —x? + 7, which has axis of symmetry x = 0 and 
vertex (0, 7). 


vertex (0, 7) 





к 


у=-0+7 


axis of symmetry о 





Sketch each parabola and give the y-intercept, axis of symmetry and vertex. 


a y--x?-8 b y=-(x+3) – 4 с y=-(x-2)?+6 


а y--x?-8 
The graph у = —x? — 8 is obtained from the graph y = —x? 
by translating 8 units down. 





x 







The axis of symmetry is x = 0 and the vertex is (0, —8). 


The graph has no x-intercepts. vertex (0, -8) 





axis of symmetry 


(continued over page) 
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2 
N 7A PARABOLAS CONGRUENT ТО у = x 













b y=-(x+3)* – 4 | y^ 
When x = 0, y = -9-4 о 
= -12 vertex (-3:-4) | 
The y-intercept is —13. 
y р у=—(юх+3)°—4 
The graph у = —(х + 3)? — 4 is obtained from Ё 
the graph y = —x? by translating 3 units to EC m -13 
the left and 4 units down. E T 
ч R 
Тһе axis of symmetry is x = —3 and the vertex is (-3, -4). | 
The graph has no x-intercepts. 2 
== 0002 A 
кыр ыз ” vertex (2, 6) 
Мһепх-0,у--(0-2)2-6 
= —4 +6 
= 2) 2 
The y-intercept is 2. а= 6 








о 


axis of <уттеігу 


The graph y = —(x — 2)? + 6 is obtained from the 
graph y = —x? by translating 2 units to the right and 6 units up. 
The axis of symmetry is x = 2 and the vertex is (2, 6). 


The graph has two x-intercepts: 2 + V6 and 2 — V6. 





ә) The parabola 






Properties of the parabola у = x? 
* The y-axis is the axis of symmetry, called simply the axis of the parabola. 


* The minimum y-value occurs when x = О. 

* The origin is the vertex of the parabola. 

Properties of the parabola y = a(x — h)? + К,а = 1ora = -1 

е The axis of symmetry is x = h, and the vertex is (h, k). 

е When a = 1, the parabola is ‘upright’ and k is the minimum y-value (y 2 k for all x) 


e When a = —1, the parabola is ‘upside down' апа k is the maximum y-value (y < k 
for all x) 


ӨТІ ЕЕЕ 


1 Find the axis of symmetry and the vertex for: 


ау-(х- 4)? Ь у= х2 -4 с у= (х – 2)2 +6 
а у= (х+ 3)2 +7 е у = (х + 2)? + 3 f у= –х2+9 

g у= (х - 3)2 – 4 h у= (х+ 2) -3 і у= (х- 6) +6 
j у= -(х +12 k y= (х - 2)? +1 І)--0%2745 
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7A PARABOLAS CONGRUENT TO у-х 





Example 1 ) 


СНА 
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Find the y-intercept of: 


а у = (х - 2)? -7 b у= (х -– 7)? – 3 с у= (х+1)2 +4 
d у = –(х – 3)? е у= (х + 2)? – 4 f у= (х -– 2)2 +6 
Sketch the graphs of the following, labelling the y-intercept and vertex. 
ау-(х-5) b y=(x-1)? – 3 с у = (х + 2)? + 3 
d у = (х – 4) – 3 е у= (х- 1)2 +6 у= (х - 4) – 4 
Sketch the graphs of the following, labelling the y-intercept and vertex. 
ay=-x?-7 ру--х2-7 су--(х-3)7-5 
ау--(х-3)7-7 еу--(х-- 4) Ғу--(х- 6) 

в y=-(x+ 4) -3 h у= -(x + 3)2 +11 і y-2-(x-1? +6 


Write the equation of the parabola obtained when the basic parabola, y = —x?, is: 
a translated 3 units to the right 

b translated b units to the left 

c translated 6 units down 

d translated c units up 

Write the equation of the parabola obtained when the basic parabola, y — x?, is: 
a translated 3 units up and 4 units to the left 

b translated 5 units down and 6 units to the right 

c translated a units to the right and b units up 

d translated c units down and d units to the left 

Consider the parabola y = (x + 3)? — 8. Sketch this parabola. What is the equation of the 
image if it is: 

a translated 8 units up and 3 units to the right? 

b translated 2 units to the left and 3 units down? 


c translated a units to the right and b units up? 


Consider the parabola y = (x — 1)? + a. Find the value of a if the y-intercept is: 
a l b3 c 0 а-7 


Consider the parabola у = —(x — 2)? + b. Find the value of b if the y-intercept is: 
al b 3 с-4 а-7 


Consider the basic parabola у = x”. Draw a sketch of the parabola if it is: 
a rotated about the origin through 135° clockwise 


b rotated about the origin through 90° anticlockwise 
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Sketching the graph of the quadratic 


у = ax? + bx +c, where a = +1 





In Section 7A we saw that у = x? becomes: 
e y =(x +2)? —5 when translated two units to the left and five units down. 


e у= -(x - D? + 3 when reflected in the x-axis and then translated one unit to the right and 3 units up. 
y^ 
у=—(х-1)?+3 (1,3) 





-(ха2)-5 











By expanding brackets in each of the equations above we obtain ап equation of the form 

y = ax? + bx + c. Any equation of this form represents a parabola. How do we find its axis of 
symmetry and its vertex? We do this by putting it into one of the forms above using the method of 
completing the square, which you studied in Chapter 5. 


Recall that to complete the square when the coefficient of x? is one (a = 1), we add and subtract the 
square of half the coefficient of x. When the coefficient of x? is not one, that is, а + 1 or 0, we first 
factor a out of the expression, and then multiply through by a at the final step. 





Example 3 


Complete the square and hence sketch the graph of: 






а у-х2-6х-:13 D y=-x?-3x-5 

а у-х2-6х-13 (Add and subtract the square of half the coefficient of x.) 
= (x? + 6x + 32) +13 – 32 
= (x+3 +4 


The axis of symmetry is x = -3. 
The vertex is (—3, 4). 


When x = 0, y = 13, so the y-intercept is 13. у = х? + 6х + 13 
= (х3) +4 





axis of symmetry 


Note that this parabola has no x-intercepts since the 
minimum value of y is 4, which is positive. This is the 
case since (x + 3)? > 0. vertex eoo) 





(continued over page) 
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7B SKETCHING THE GRAPH OF THE QUADRATIC y = ax? + bx +c, WHERE a= +1 М 


b у--х2-3х-5 
When x = 0, y = —5, so Ше y-intercept is —5. 
Completing the square: 
y = -[x? + 3x + 5] 


28: 


2 


| 

| 
imc 
атига: 
a 

N 

+ 

bo 

х 

+ 
р 
| ээ 
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мон 
+ 
CA 

| 
== 

NI 
—, 
Ё----Ї 





| 

| 
| aN 

ы 

+ 
| ээ 
ee 
N 

| 
SIS 


So the axis of symmetry is x = - 
апа the vertex is (-5. - 4) 
2 4 


: А 11 
Note that there аге по x-intercepts, since у < БЕТ for all x. 


When sketching parabolas, the special features are: 
* the axis of symmetry 
* the vertex 


* the y-intercept and the x-intercepts. 


Example 4 





Sketch the following parabolas. First find the y-intercept, then complete the square to find 
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist. 


а у= бх b у--х2-10х 


a If x =0, then у = 0. 
Hence, the y-intercept is 0. 


Also, y = x? — 6x 
(x? — 6x + 9)-—9 
= (x - 3)? – 9 
The axis of symmetry is x = 3 and the vertex is (3, -9). 
When y = 0, x? – бх = 0 








So x(x — 6) = 0, 
x=Oorx=6 
А (37-2) 
Hence, the x-intercepts are 0 and 6. 
(continued over page) 
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7B SKETCHING THE GRAPH OF THE QUADRATIC y = ax? + bx +c, WHERE a= +1 





b Consider the equation y = —x? — 10x. 
When x = 0, у = 0, so the y-intercept is 0. 


Completing the square: 


y = -x? – 10x 

-[x? + 10x] 

= —[(x? + 10x + 25) — 25] 
= —[(х + 5)? — 25] 

= —(х +5)? + 25 





x V 





Hence, the axis of symmetry is x = —5 and the vertex is (—5, 25). 


When y = 0, -x? – 10х = 0 
so —x(x + 10) = 0 
ца (0) ce 100) 


Thus, the x-intercepts are x = 0 and x = —10. 


x-intercepts 


Some parabolas have x-intercepts and some do not. After completing the square to sketch a parabola, 
you will know whether or not it has x-intercepts. To find these, substitute у = 0 into the quadratic 
equation and solve the resulting equation for x. There are three ways to do this: 


* factorise the quadratic (as in Example 4) 
* complete the square 
* use the quadratic formula. 


These methods were discussed in detail in Chapter 5. Since the sketching technique discussed so far 
has included completing the square, the second method is usually used. 


Sketch the following parabolas. First find the y-intercept, then complete the square to find 
the axis of symmetry and the vertex of the parabola, then find the x-intercepts if they exist. 


а у= х2 +6х-7 b у= х2 + 8х + 13 c у= х2 +х+1 


а у= х? +бх-7 
When x = 0, у = -7. 
Тһе y-intercept is —7. 


у= х2 +6х- 7 
= (х2 +6х+9) –- 9-7 
= (х + 3)2 – 16 


(continued over page) 
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7B SKETCHING THE GRAPH OF THE QUADRATIC y = ax? + bx +c, WHERE a= +1 М 








The vertex is at (-3, —16) and the axis of symmetry is x = —3. ‚> 
Substitute y = 0, then 
Cos he = he = 0 
(x + 3)? = 16 
x+3=4 or x+3=-4 
xel or = =7 
b The parabola is y = —x? + 8x + 13. (31216) 





When x = 0, y = 13, so the y-intercept is 13. 
Completing the square: 
y = -[x?- 8x – 13] 
= ЕЕС] (Complete the square inside the brackets.) 


= —[(х - 4)? - 29] 
--1-1712 
So the axis of symmetry is x = 4, and the vertex is (4, 29). 
When y = 0, 
DOM 
(22952 


x-42429 or х-4--,29 
sox=4+ 1/29 , which is positive 
огх=4— 4/29 , Which is negative 
Thus, the x-intercepts аге 4 + V29 and 4- 429. 








(О Ш з = (0), еп Бу EI 
Thus, the y-intercept is 1. 


Also, у = х2 -* x +1 


у= х?+х +1 


1 
The axis of symmetry is х = – = and 
l 3 
the vertex is |- 2 3) This graph has : VO, 1) 


no x-intercepts since the minimum 








20 me T 
value of y is 7! which is positive. 
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2 
When a = 1, complete the square by adding and subtracting (2) ‚ to write the quadratic 
in the form y = (x – А)2 + К. 2 


When a = –1, first factor out —1 before completing the square. Then remove the outer 
brackets and multiply both terms by —1 to write the quadratic equation in the form 
y=—-(x —h)? +k. 

The axis of symmetry is x = Л. 


The coordinates of the vertex can now be read off. They are (h, k). The graph is a 
translation of y = x?. 


When a = 1, k is the minimum y-value (y > k for all x) and when a = —1, k is the 
maximum y-value (y < k for all x) 


Find the y-intercept by substituting x = O in y = ax? + bx + c. Note: The y-intercept will 
always be (0, с). 


Find the x-intercepts, if they exist, by substituting y = 0 and solving the resulting 
quadratic equation. 


eee 


1 For each parabola: 





i determine the y-intercept 
ii write down the axis of symmetry and the vertex 
iii sketch the parabola 


iv determine from the sketch whether the parabola has no x-intercepts, one x-intercept or 
two x-intercepts 


ay=x'+3 by=2x?-7 e y=(x-2 +4 
= (х- 3)2 – 7 е у= (х + 5)? f у= (х- 7)2 -1 
g у= (х – 3)? h у= (х + 1)2 +5 іу--о-2)- 


2 For each parabola: 


i determine the y-intercept 

ii complete the square 

iii write down the axis of symmetry and the vertex 
iv sketch the parabola 


v determine whether the parabola has no x-intercepts, one x-intercept or two x-intercepts 
(Do not find the x-intercepts.) 
ау-х2-бх b у= х2 + бх с у= х2 + 2х- 4 
d у= х2 + 4х -1 е у= х? + бх - 3 f у= х2 +12х- 4 
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Ба. 


в у= х? – 3х +5 h у= х2 – 5х+2 і у= х2 + 7х 





j y=-x? -2x Ку--х2-8х-7 | у--х2-5х-7 


3 Find the x-intercepts of the parabolas. 


yatt 4 by= (е2) 9 = ы a 
4у-(х-4)-7 е у= (х + 3)? – 11 f у= -(х+1)2 +4 
ge ГИ, g li (o5) 1 i у={х—%#—50 
j y=—(x +3)? +20 К y=(x+ 2) – 32 | у= 16- (х + 1)? 


277) 4 Find the x-intercepts of the parabolas by completing the square. 


а у= х2 +2х- 4 р у= х2 - 6х +7 с у= х2 – 8х + 13 
d у= х2 +4х- 4 е у= x? + 10х – 11 f у= x? – 20x – 50 
g у= х2 + 12x +13 h у= х2 + 6х – 4 і у= х2 + 4х +8 


277170) 5 Foreach parabola: 
i determine the y-intercept 
ii complete the square 
iii find the axis of symmetry and the vertex 
iv determine the x-intercepts, if any, using the completed square expression 


v sketch the parabola, marking all of the above features 


ay-x?-4x-5 by=x7+4x4+5 с у= х2 +6х+9 
dy-x?-6x-7 ey-x?-8x-3 Ғу-х2-х-2 

в у= х? + 5х +10 h у= х2 + 7х -– 3 і у= х2 –- 2х +4 

j у= -х2 +4х+3 k у= х2 + 12х +4 l у= -х?2 + 2х - 2 
m у= -х2 +х+1 п у= х2 – 5х – 1 о у= –х? + 11х + 20 


Тһе ғепега! доаагаііс 


у = ах +bx+c 





Graphing the parabola у = 3x? 

Consider the parabola у = 3x, sketched overpage. Its axis of symmetry is x = 0 and its vertex 

is (0, 0). The graph of у = x? is sketched on the same set of axes. 

Each point on the parabola у = x? has coordinates ( p, p?) and the matching point on the parabola 
y = 3x? is (р, 3p”). The parabola у = 3x? is obtained from the parabola у = x? by stretching by a 
factor 3 from the x-axis. 
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7С THE GENERAL QUADRATIC у=ах?+Ьх+с 


Given our investigations in the earlier sections of this 
chapter, we would expect that: 


• translations of y = 3x? yield congruent 
parabolas of the form y = 3x? + bx + с 





ғ 
Ф 
Е 
5 Е р?) 
e every parabola of the form y = 3x^ + bx +c х т 
can be obtained by translating у = 3x?. у= х2“ 5 Ж 
Both these statements are true. Ы * (p, p°) 
> 
vertex (0, 0) x 


Translations of у = 3x? 
Suppose we translate у = 3x? four units to the y^ 
right. The point (p, 3p?) goes to (p + 4, 3p?). 
Hence, we obtain the parabola y = 3(x — 4)2. 


The y-intercept is 48. The axis of symmetry 
is x — 4 and the vertex 15 (4,0). 


Similarly, if we translate y = 3x? seven units up, then | 
the image is the parabola y = 3x? + 7 0 ' vertex (4, 0) 
(see left-hand figure below). 








хү 














x 


4 





x 


55 


_axis of symmetry 







axis of symmetry 


234047 
(p, 3p?+7) d (p 4, 35287) 
у-3х2-%7 


vertex (0, 7) | мегїех (4, 7) 








x V 


> 
x 


If we perform both translations; that is, four units to the right and then seven units up, then the 
parabola у = 3x? becomes the parabola у = 3(x — 4)? + 7 (see the right-hand figure above). The 
axis of symmetry is x = 4 and the vertex is (4, 7). 


In summary, translating у = 3x? four units to the right and seven units up gives the parabola 
у = 3(x – 4)? +7, as in the figure above. 


Translations of у = ax?, a #0 


Clearly the above discussion holds just as well for translations of, for example, y = 2x?, y = 10x? 
1 1 

огу= 5х However, it is equally applicable to y = —3x?, y = —2x? or y = Ea where the 

basic parabola, y = x?, has been not only stretched by a certain factor from the x-axis (3, 2 and 1 


respectively), but also reflected in the x-axis. This is shown in Example 6 overpage. 
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7C THE GENERAL QUADRATIC у-ах2 bxc М 


To complete the square in y = ах? + bx + c, write: 


= afr +? 4 
у= а| х^ +-х + 





а а 


and then complete the square inside the square brackets. 


Example 6 


Find the y-intercept, the axis of symmetry and the vertex of each parabola by completing the 
square. Sketch their graphs. 


а у= 2х2 +4х +9 b у= 3х2 + 6х – 13 
с y 2 22x? - 4х -6 d y2-—2x2- x «21 





a Consider the equation y = 2x? + 4x + 9. 
When x = 0, y = 9, so the y-intercept 15 9. 


yz Бен 


«axis of symmetry | 


= 02 +2044 5-1] 





7 
= 2| (х+1)? + z] 
E 
= 2(x+1)?+7 
The axis of symmetry is x = —1 and the vertex is (—1, 7). 
Note: 'This parabola has no x-intercepts since y 2 7 for all x. 


b Consider the equation y = 3x? + 6x – 13. 
The y-intercept is —13. 


y- qos 2 
E 
- jo? «25-21 


Р 2 -14) 
22 2 


= 3(x + 1? - 16 


The axis of symmetry is x = —1 and the vertex is (—1, —16). 





We see from the graph that there are x-intercepts. To find them we substitute y = 0 and obtain: 


3(x +1)? = 16 
16 
х+1)2 =— 
(11) 3 

+1 ka or +1 : 

х+1 = xp 

43 43 

r= DUM. which is positive, or x — M. which is negative. 


(continued over page) 
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7C THE GENERAL QUADRATIC у=ах?+Ьх+с 





с Consider the equation y = -2х2-4х-6. 
The y-intercept is —6. 
y = 2px? + 2x + 3] 
= —2[x?+2x+1-14+3] 
= —2[(х + 1)? + 2] 
= —2(x +1)?— 
The axis of symmetry is x = —1 and the vertex is (—1, -4). 


The parabola has no x-intercepts since y < —4 for all x. 





d Consider the equation y = —2x? — x + 21. 






> 
| 

15 
Ф 

Е 
Е 
2 
2] 


Тһе y-intercept is 21. cl 21 1) 
xc | 
= | 2+5-1 | 
d E Dm | 
= =} (#+4+)-®- i 
2-15 2 16 у=-—22-х+21 | 


1 D 

2 3s А 1) : 2 
1 2 

- -2 x ES 1) ES 211 


1 Р 1 
Тһе axis of symmetry is x = 2 and the vertex is 2 ni 








у = —2х®°—х+21 
= —(2х+7)(х—3) 


When y = 0, x = 3 or x = —34. The axis of symmetry is their average, x = m 


(See next section.) 


A formula for the axis of symmetry 


One thing is clear from some of the previous examples. In practice, completing the square can be 
technically difficult to carry out and therefore prone to error. 


Fortunately, there is a formula for the axis of symmetry of the parabola y = ax? + bx + c. To derive 
the formula, we begin by completing the square in the general case: 


= ax? + bx 4c 











y= 
qe 
-а|х-- сн + 
a 
T. ^ ага 
= а|х° + z + = 
2a e 2a (Add and subtract the square of 
| , ac m half the coefficient of x.) 
Е 4a? 
2 2 
Т ki 4ac — b 
-а|х- 
4а 
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7C THE GENERAL QUADRATIC у-ах2 bxc М 


. ; 23 | : Ь 
This expression shows that the minimum or maximum of the quadratic occurs when х ----. 
a 


Hence, we have shown that the axis of symmetry of the parabola y = ax? + bx +c is x = =a, 
a 
Once the axis of symmetry is known, then the y-coordinate of the vertex can be determined by 


НЕН Be . . 
substituting x = — Ён into the quadratic. To complete the sketch, find the y-intercept апа the 
a 


x-intercepts if they exist. 


We have also shown that when we write the equation of the parabola in the form y = a(x — h)? + k, 
then (Л, К) is the vertex and x = h is the axis of symmetry. 


> The general parabola у = ax? + bx + с 











The parabola y = ax? + bx + c is a translation of, and congruent to, the parabola 


у = ax. 


b 

To complete the square, first take out a as a factor, y = 16 += х + | and then 
a a 

complete the square inside the brackets. 

The equation for the parabola y = ax? + bx + c can also be written in the form 


y = a(x — h)? + k, where (h, k) is the vertex and x = h is the axis of symmetry. 


b 
The axis of symmetry of the parabola y = ax? + bx + c has equation x = E The 
a 


y-coordinate of the vertex can be found by substitution. 


Example 7 


Sketch y = 2x? 8x + 19 using the formula for the axis of symmetry. 


When x = 0, y = 19. 
The y-intercept is 19. 


The axis of symmetry is: 


х--2 


(0, 19) 


To find the vertex, we calculate the y-value 
when x = —2, which gives y = 8 – 16 19 = 11, ; 
so the vertex is (—2, 11). у = 2х + 8х + 19 


vertex (-2, 11)! 





__ axis of symmetry | 


The graph has no x-intercepts. 
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I 
7C THE GENERAL QUADRATIC y-ax^-«bx-c 
Finding the equation of a parabola given the vertex and one other point 
Given the vertex and one other point on a parabola, we can find the equation of the parabola. Since 
the vertex is (Л, k), the equation is y = a(x — A)? + k. The value of a can be found by substituting in 
the values of the coordinates of the other point. 
Example 8 
A parabola has vertex at (1, 3) and passes through the point (3, 11). Find its equation. 
The sketch shows the information that has been given. УЛ 
Since the vertex is at (1, 3), the equation must be of the 
form у = a(x — 1)? +3 for some a = 0. 
Since (3, 11) is on the parabola, (3, 11) 
11 = a(3- 1? +3 
112 ax4-3 
4а+3 = 11 
4а -8 
a=2 
Hence, the equation of the parabola is y = 2(x — 1)? + 3. (1,3) 
----> 
0 % 
ӨГ Эг. 
1 а Sketch the graphs of these parabolas оп the one set of axes. 
1 
i у= Но у=3х? iii Цан 
b Sketch the graphs of these parabolas оп the опе set of axes. 
1 
і y--x? й у= -3x? iii yer 
с Sketch the graphs of these parabolas on the one set of axes. 
i yex П y= 2x? ii у= 3x? 
2 Sketch the parabolas. In each case, determine the x- and y-intercepts and the vertex of the 
parabola. 
а y=2x?+1 b y= 4x? -1 с у= 6x? -1 
d y = —2x? +8 еу--2х2-9 
3 Consider the following parabolas. Determine those that are congruent to each other using 
translations and reflections in the x-axis. 
а у= 2x" b y = 3x? с y=—5x? 
d у= 2x7 + 7х +9 е у= 2х2 + 5х f у= -3х2 – 7х - 11 
g у= 2х? – бх h у= 5х2 + бх +13 і у= 7х? + 6x +13 
1 у=? Ку--х2-х-1 1 у-5-3х2 
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7С THE GENERAL QUADRATIC у-ах2 bxc 





4 Write each parabola in the form y = a(x — А)? + k. 


Example 6 à 5 


зи 


mpm 7 


SEND 6 


11 
12 
13 


CHA 
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ау-3х2-6х-3 ру-3х2-9х-17 
с у= 2х2 + 10х – 13 а у= 2х2 + 7x +3 
е у= 3х2 + 5х +7 f у= —5х2 + 20x + 37 


For each parabola: 
i determine the y-intercept 
ii complete the square 
iii find the axis of symmetry and the vertex 
iv determine any x-intercepts 


v sketch the parabola 


ау-2х2-4х-3 Ьу--2х2-4х-7 
су-3х2-12х-19 4у-3х2-8х-2 
еу-2х2-х-15 Гу-2х2-х-5 


=b 
Use the formula x = F to find the axis of symmetry and vertex of the parabolas. 
a 


Which of them have x-intercepts? 


ау-х-х-3 b у= 3х2 + 5х – 13 

c у= 2х2 +х+1 а у= 5х2 + 3х +7 

е у= 3х2 + 5х - 7 f у= х? +3х+ 2 

Consider ће parabola у = 2(х — 1)? + k. Find the value of k if the y-intercept is: 
а 8 b 10 с —6 d 0 
Consider the parabola у = а(х — 2)? — 6. Find the value of a if the y-intercept is: 
a 6 b -2 с —4 d -18 
Consider the parabola y = 2(x — А)? + 3. Find the value of h if the y-intercept is: 
a5 b 21 с 4 49 


A parabola has vertex (1,-2) and passes through the point (3, 2). Find its equation. 
A parabola has vertex (—2, —1) and passes through the point (1, 26). Find its equation. 
A parabola has y-intercept 4 and vertex at (1, 6). Find its equation. 


Sketch the parabolas. In each case, determine the x- and y-intercepts, the vertex and the 
axis of symmetry. 


а у = 2(х – 1)2 +3 b у= –2(х – 1)? + 8 
с у= –4(х – 2)2 +12 d у= —4(x + 3? +12 
е у= 4(х + 2)2 – 16 f у= 2(х + 2)2 – 12 
g у= 4- 2(х – 3)? h у= 3(х + 1)2 – 15 


і у= 5(х+ 4)2 +1 
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Symmetry and factorisation 





In this section, we will deal with another method for sketching parabolas. It is based on the fact that 
if we can locate two points on the parabola that are symmetric with respect to the axis of symmetry, 
then the axis of symmetry and hence the vertex can be found. 


Sketching parabolas in factorised form 


Sometimes we are given a quadratic in factorised form. For example, y = (x — 6)(x — 4) or 
у = 5(x — 1)(x — 3). These parabolas are easy to sketch since the axis of symmetry is simply given 
by the average of the two x-intercepts. 


A second easy case is when the parabola is given with the square already completed, for example, 
y=—7x? +1. 


Example 9 


Factor if necessary, and sketch, marking the intercepts, axis of symmetry and vertex. 


а y=(x-6)\(x- 4) b у-6-х-х: с у= 5х? - 20x +15 
d у= -3(x + 5)(x +7) e у--7х2-1 
а у= (х—6)(х-4) | 

When x = 0, у = 24, so the y-intercept is 24. 











When y = 0, x = 40r x = 6, 24 | 
so the x-intercepts are 4 and 6. E 
Taking the average of the x-intercepts, | 5 = (х— 6)(x — 4) 
4+6 ie 
. 1O 
2 | 2 
Therefore, x = 5 is the axis of symmetry. E 
— — ане — = -- 22 
When x = 5, у = (5 – 6)(5 – 4) 1; б б, 1) si 


so the vertex is (5, —1). 





b y2-x-x46 
This is an upside-down parabola. 
When x = 0, y = 6, so this is the y-intercept. 
y--x-x-6 2226 


= -(x? — x — 6) 
uU 





So the x-intercepts are 3 and -2. 





342) = 1 , therefore the axis of symmetry is x = L 
2 2 2 
1 121 Пел 
When х=—,у=——+—+6 = 61, so the vertex is (5. 64). 
gu Em 4 PE 
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7D SYMMETRY AND FACTORISATION М 


€ у= 5х? – 20х + 15 
When x = 0, у = 15. So the y-intercept is 15. 









у = 5x? - 20x + 15 
= 5(x* — 4x + 3) 
= 5(х — 3)(х — 1) у= 5x2 — 20x + 15 


| 15 
The two x-intercepts are x = | and x = 3. 


© axis of symmetry | 


Hence, the axis of symmetry is x = 2 
and the vertex is (2, —5). 





d у--3хХ-5Хх-7) 
The parabola is upside-down with y-intercept -105. 


The two x-intercepts are x = —5 and --7. 


Hence, the axis of symmetry is x = —6 
and the vertex is (—6, 3). 





е у--7х2-1 y^ 
The y-intercept is 1, the axis of symmetry 
is x — O and the vertex is (0, 1). 


The parabola is upside-down. 








When у = 0, 1-7? = 0 
2 1 
a = 
7 
EORR н 
47 47 
Л Vi 
rav qu ge 
7 7 


So the x-intercepts аге х = — 
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ON 7D SYMMETRY AND FACTORISATION 
icq 4:05 20 


Finding the equation of a parabola from the x-intercepts 


If a parabola has two known x-intercepts at x = и and x = v, or exactly one x-intercept at x = 1, 
then we know the parabola has the form y = a(x — u)(x — v) or y = a(x — t)?, respectively. The 
value of a can be determined by substitution if we know the coordinates of some other point on the 
parabola. 


Example 10 


A parabola has x-intercepts x — 5 and x — —5, and y-intercept at 10. Find its equation. 


(x — 5) and (x + 5) are factors. Therefore, y = a(x — 5)(х + 5) for some а # 0. 
When x = 0, у = 10. 
So 10 = а(—5)(5) 

1 


4 = —— = —— 


I 


So y -Że — 5)(х + 5). 


D eraser 


1 A parabola has x-intercepts of 1 and 7. What is the x-coordinate of the vertex? 
2 A parabola has x-intercepts of —2 and 4. What is the x-coordinate of the vertex? 
3 Find the x-intercepts, the y-intercept and the vertex of each parabola and sketch it. 


ау-х(х-4) b у= (x - 3)(х - 2) с у= 5(х + I(x – 3) 
d у = 2(х + 1)(5 – x) е у= 2(х – 5)(х - 6) f у= 3(х – р(х + 2) 
g y = 5(х – 4)(х + 2) h у = -6(x — 4)(х + 3) і у = 72x – р(х +1) 
4 Factor each quadratic and hence find the x-intercepts. 
а у= х2 +бх+ 5 b у= х2 + 7х + 12 с у= x? – Зх - 18 
а у= х? + 2х – 15 е y = 2x? – 19x - 10 f у= 16- x? 
g у=1- 4х2 h у=х?—3х i у= 2x7 8x 
5 Sketch each parabola, clearly labelling the x- and y-intercepts, the axis of symmetry and 
the vertex. 
ay=x?-6x+8 b y=x?-4x+3 с y-2x?-4x-12 
4у-х2-2х е у= х? + 3х f у= 2х2 – Зх +1 
g у= 2х? + 7х+6 h y = 6х2 – 7х+ 2 і у= 8х2 + 6х +1 
j у= 9-х? k y = 3x — 2x? | у-3-х-2х2 
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Ба. 





6 Find the equation of each parabola. 
a 


7 





7 A parabola has x-intercepts of —1 and 2 and passes through the point (4, 10). Find its 
equation. 


A parabola has x-intercepts of —2 and 3 and y-intercept —3. Find its equation. 


A parabola has x-intercepts of 1 and 2 and passes through the point (1, —3). Find its 
equation. 2 


Sketching via the discriminant 





In this section we will discuss how determining the value of the discriminant can assist with parabola 
sketching. 


The discriminant A = 5? — 4ac and sketching у = ax? + bx + с 
We now have a few approaches to sketching parabolas when given in general form, у = ax? + bx + с. 
* Complete the square to transpose the equation into the form y = a(x — А)? + К. 


* Find the x-intercepts via factorisation and use the symmetry property to find the x-value 
of the vertex. 


* Use the rule x = — 2. to find the x-value of the vertex. 
a 


In all three cases we need to label the y-intercept (0, c), and label x-intercepts, if they exist. 
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ON 7E SKETCHING VIA THE DISCRIMINANT 
ceo 2 


In Chapter 5 we discussed the following techniques for finding x-intercepts (solving equations of the 
form, ax? + bx +c = 0). 


* Completing the square 
* Factorisation 
* The quadratic formula 


If you are asked to sketch y = ax? + bx + c, which approach should you take? Knowing the value 
of the discriminant, A — b? — 4ac, can assist you in approaching the sketch efficiently. See the table 
below. 











The use of the discriminant is demonstrated in the following example. 


Example 11 


Sketch the following by whatever means, labelling all key features. 
а y--3x? -8x- 6 

b y=4x?-4x-3 

су par 12 


а y--3x? +8х- 6 
А = b? - 4ac = 8 — 4(-3)(-6) 
= 64-72 = —8 
А < 0, therefore there аге no x-intercepts. 


y 
The axis of symmetry is: ^ (4,-2) 


b 8 4 « ве 522 
x= = = = 


тг 








Тһе y-value of the vertex is: 





2 (0, -6) 
x5) Ө -в- 21522222 
3 3 9 3 | 
_ -48 +96 - 54 
9 
2-3 
3 
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7E SKETCHING VIA THE DISCRIMINANT М 


b y=4x?-4x-3 


А = b? – Дас = (-4)? – A(4)(3) 
= 164 48 = 64 


A > 0 and is ће square of a rational number, therefore there are two rational x-intercepts. 





Find the x-intercepts via factorising: 
4х2%2х-6х-3-0 
2x(2x + 1) — 3(2x +1) = 0 
(2x + 12x — 3) = 0 
220 512 оп 22-21 


1 3 
х =——ог х= = 
2 2 
Axis of symmetry: 


2 2 2 


y-value of vertex is: 


2 
43) -4(1| р э-1-2-3--4 
2 2 


с у-5х2-3х-12 
2-2 Age = (5) T2 
= 9 + 240 = 249 


A > 0 but is not the square of a rational number, therefore there are 
two irrational x-intercepts. 


















The axis of symmetry is: y 
b 3 3 
X —— = — = — 
2а 2(5) 10 = 22 
4 -3-249 —3+\[249 
Тһе y-value of the vertex is: | сш o) =o s 





2 
4-2 | 4-2) -12 е; 
10 10 100 10 


= -124 


(025512) 





Find the x-intercepts via the quadratic formula: а = 5, b = 3, c = -12 


-8-4249 3+ 049 
10 10 


х= 
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Е ааа 
| e Exercise 7E 


2777) For each of the following, determine the value of the discriminant and hence sketch the 
parabola using the most efficient approach. Label all intercepts and the vertex. 


a у= 4x? – 2x р у= 3х2 – 12х +12 с у= х2 +4х+ 2 
а у= 2х2 - Ax +5 е у= 2х2 + 6x + 3 f у= -x° – 4х +12 
g y -3x- 4х2 h у= 4х2 + 12x + 15 і у= 25х2 – 30х +9 
j у= -5x? - Ax +10 Ку--4-х-232 | y 24x? - Ax - 15 


Аррісабоп5 іпудіуіпе диасйганс5 





Many practical problems сап be solved using quadratics. 
For example: 
s = 30r — 4.97? 


is a formula used to calculate the height, s metres, of a cricket ball 7 seconds after it has been thrown 
in the air vertically with an initial speed of 30 m/s. 


Example 12 shows a problem about a right-angled triangle that leads to a quadratic equation. 





Example 12 


The two sides of a right-angled triangle are, respectively, 2 cm and 4 cm shorter than the 
hypotenuse. Find the side lengths of the triangle. 





Let x cm be the length of the hypotenuse. Then the two other sides have lengths (x — 2) cm 
and (x — 4) cm. 


By Pythagoras' theorem: 


(022500 117 
vc тг" 26 


0 = x? - 12x + 20 22 i 
(x — 10)(х— 2) = 0 

x = 10ог 2 
But the solution x = 2 is impossible, since it leads to a triangle with a 
negative side length. х-4 


Hence, x = 10 and the side lengths аге 6 cm, 8 cm and 10 cm. 
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7F APPLICATIONS INVOLVING QUADRATICS М 


Minimum-maximum problems 





Suppose we have 20 centimetres of wire, which is to be bent to form a rectangle. The area of the 
rectangle will change as its dimensions change, as you can see in the table below. 














Suppose that we have a rectangle with perimeter 20 cm. Let x cm be the 
length. Then the width is (10 — x)cm. 


Suppose that the area is Acm?, then A = x(10 — x) 

= 10% =< 
The graph of A against x is an upside-down parabola, but note that 
the x-values are restricted to between 0 and 10. 











The x-intercepts are 0 and 10, so the parabola has x = 5 as its axis 
of symmetry. Hence, it has a maximum value of 25 at x = 5. This 
value of x makes the rectangle into a square. 


Thus, of all the rectangles with fixed perimeter, the square is the one 
with greatest area, as you may have noticed from the table of values. 





к 





The idea of maximising (or minimising) a quantity using parabolas has many uses. 


Example 13 


A farmer needs to construct a small rectangular paddock using a long wall for one side of the 
paddock. He has enough posts and wire to erect 200 m of fence. What are the dimensions of 
the paddock if the fences are to enclose the largest possible area? 





wall 














Let x m be the length of the side perpendicular to the wall. 

Then the length of the side parallel to the wall is (200 — 2x) m. m 

Let A m? be the area of the paddock. 

Then A - х(200- 2x) (200-2x)m 
= 200x — 2x? PX 

Hence, A = 0 when x = 0 or x = 100 (as in the sketch). Taking 5000 





the average, the axis of symmetry is x — 50 and the maximum area 
occurs when x = 50. 


Thus, the dimensions of the paddock are 50 m by 100 m, and the area 
is 5000 square metres. 


0 50 100 2 





Ав we saw in Example 12, the algebra сап lead to а number of possible answers. Some of these may 
not be admissible as they do not satisfy the requirements of the question. 
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7F APPLICATIONS INVOLVING QUADRATICS 
«xu тәнен 00202025202 
e Exercise 7F 


The solutions to most of the practical problems should begin with a diagram. 


1 


oO л A U 


Example 12 | 9 


10 


ТІ 


12 


13 


14 


15 
16 
17 


18 


=D» 
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A rectangular paddock is 50 m longer than it is wide. If the area of the paddock is 
10 400 m2, find its dimensions. 


A large triangular road sign with base length equal to its height has an area of 1800 cm?. 
Find the length of the base. 


The product of two consecutive positive integers is 650. Find the numbers. 
The product of two consecutive even numbers is 224. Find the numbers. 
The product of two consecutive odd numbers is 195. Find the numbers. 


One more than a certain positive number is five less than the number squared. 
Find the number. 


If Tom’s age is squared, it will be equal to his age in 56 years’ time. How old is he now? 


If the amount of Karlima’s savings is squared and then doubled, the amount would be $66 
more than her savings now. How much has she saved? 


A right-angled triangle has one side 7 cm longer than the side perpendicular to it. If the 
hypotenuse is 17 cm, find the side lengths of the triangle. 


A right-angled triangle has hypotenuse 9 cm longer than its shortest side. Given that the 
third side is 21 cm long, find the side lengths of the triangle. 


A piece of sheet metal 50 cm by 40 cm has squares cut out of each corner so that it can be 
bent and formed into a lidless box with a base area of 1200 ст?. Find the dimensions of 
the box. 


The formula for finding the number of diagonals of a convex polygon with n sides is 
2% - 3). How many sides does a polygon with 902 diagonals have? (As an interesting 
counting argument, prove the formula for the number of diagonals of a convex polygon.) 


Show that the sum of the first n positive integers is nn+) How many integers are 
needed to produce a sum of 136? 2 


The height (h metres) of an arrow above the ground, t seconds after release from the 
bow, is given by Л = 23.7t — 4.912. Find the time taken for the arrow to reach a height of 
27 metres, correct to two decimal places. 


What is the minimum value of x? — 6x + 2? 

What is the maximum value of —x? + 3x — 1? 

What is the maximum and minimum value of 3x? + 7x — 2 if: 
а -3<х<07 b O<x <3? 


A piece of wire is 100 cm long. Find the dimensions of the rectangle formed by bending 
this wire when the area is a maximum. 


A farmer has a straight fence along the boundary of his property. He wishes to fence an 
enclosure for a bull and has enough materials to erect 300 m of fence. What would be the 
dimensions of the largest possible rectangular paddock, assuming that he uses the existing 
boundary fence as one of its sides? 
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20 The height, / metres, reached by a ball after t seconds when thrown vertically upwards 
is given by Л = 25t — 4.912. Find, correct to three decimal places, the maximum height 
reached and the time the ball is in the air. 


21 А rectangular piece of land of area 5000 m? is to be enclosed by a wall, and then divided 
into three equal regions by partition walls parallel to one of its sides. If the total length of 
the walls is 445 m, calculate the possible dimensions of the land. 


22 Arectangle is constructed so that one vertex is at the origin, and another vertex is on the 
2x : . : 
graph of y = 3 — PL where x » 0 and y » 0 and adjacent sides are on the axes. What is 


the maximum possible area of the rectangle? 


Quadratic inequalities 
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In this section, we answer such questions as: 
For which values of x is x? — 1 < 0? 
When is x? + 8x - 7 2 0? 

Recall the method for solving a linear inequality. 


For example: 
Sx Te sx PII 


-2х «4 
х>-2 
Note: When dividing through by a negative number, the inequality is reversed. 


When solving quadratic inequalities, a graphical technique is used. The following examples explore 
this technique. 


Example 14 


а Solve the inequality x? — 5x + 4 < 0. b Solve the inequality x? – 5x + 4 > 0. 
The graph of y = x? — 5x + 4 = (x — 4)(х — 1) is drawn. y 
4 


a The y-values are negative when the graph is below the x-axis. 
Thus: ї 51 +4 eit lex <4. 


b The y-values are positive when the graph is above the x-axis. 
Thus, Х2-5х%4>0 ifx >4orx <1. 


The y-values are equal to 0 when x = 4 or x = 1. 


Thus, s +4 20a x 24 orn = 1. 
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ON 7G QUADRATIC INEQUALITIES 


Example 15 


a Solve the inequality —x? + 5x — 6 « 0. b Solve the inequality —x? + 5x — 6 > 0. 


The graph of y = —x? + 5x — 6 = —(х — 2)(x — 3) is drawn. 


a The y-values are negative when the graph is below 
the x-axis. 
Thus. x Кол Оо 04x «20600173. 

b The y-values are positive when the graph is above 
the x-axis. 
Thus, X? + 5x -6» 0 if 2« x <3. 


The y-values are equal to 0 when x = 2 or x = 3. 


Thus, х2 + 5x - 620 if 2x x €3. 





Dereser 


1 Usethe graphs given to find the set of x-values described by each inequality. 


ах -Э2х-1 «0 b х2-3х-4>0 
УЛ 


























уз —(х + 2)2 
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е (x +3)? 20 f 9-4x? «0 











y УЛ 
9 
9 у=(х+3)? -—— 
> -3| 0 3 s 
0| 3 x 2 2 
2 Sketch a graph and find all values of x such that: 
а (х – 3)(х+ 2) > 0 b (х+0(х +4) 50 
с (x-5(x-2)20 d х(х+3) «0 
2217) 3 Solve the quadratic inequalities. 
а x? + 3х - 7050 b х2-5х-24<0 
c x? +9x+2020 d х2-7х-12<0 
7717) 4 Solve the quadratic inequalities. 
а —x?-3x £40» 0 b —x?45x 42420 
с-х2-12х-35<0 а -x? +11x <0 
Review exercise 
1 Find the y-intercept of: 
а у= х2 +5х+2 b у= 5(х – 3)? – 21 с y = 3x? 4+ 2x 
d y= 2- X(x + 1}? e y=5-(x-1) f у= –3(х + 2)? – 4 
2 Consider the parabola у = (x — h)? + 5. Find the value of h if the y-intercept is: 
а 5 b 21 с 14 d 9 
3 Find the x-intercepts of each parabola. 
а y=x2+3x-4 b у= 2х2 + 13х +6 с у = 8х2 – бх – 9 
d у= 8x? – 16x – 10 е у= x? – 49 2151. 
4 Find the exact values of the x-intercepts of each parabola. 
а y=(x+2)? – 5 Ь у= (х - 3)? – 2 € у= 2(x +1)? – 10 
d у = 3(х – 2)? – 15 е у= 5(х – 3)? – 7 f у= 6- 3(х – 2)? 
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REVIEW EXERCISE 


10 


11 


12 
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Find the exact values of the x-intercepts by completing the square. 
а у-х2-4х-2 by-2x?-6x-«1 
c y 2 2x2 + 10x + 3 4у--2х2-8х-5 


State whether the graph of each quadratic has а maximum ог minimum turning point 
(vertex). 


ay-x?-6x-5 b y=-x?+2x4+1 
с y27-2x-3x? d y =3x?-2x+1 
Determine which pairs of parabolas are congruent. 

yar Vey = oxy = Ет 

ya 2 230-41 ys 20 узх о зу = 1А 


State the transformations that need to be applied to the graph of у = x? to obtain the 
graph of: 


go: 


ря, t? 
coy 
d y=l-x? 


Note: There are many possible answers to this question. 


State the transformations that need to be applied to the graph of y = x? to obtain the 
graph of: 


а y (х2) БУ ГГ су--(х- 1)? 
d y=(x+1)? -3 е у-(х-2)-3 f у=1- (х – 3): 
Write the equation of the parabola obtained when the graph of у = x? is: 

a translated 2 units to the left 

b translated 3 units to the right and 1 unit up 

c translated 2 units down and 5 units to the right 


d translated 3 units to the left and 2 units down 


Write the equation of the parabola obtained when the graph of y - 3x? 

a translated 3 units to the left and 2 units up 

b translated 3 units to the right and 2 units down 

Write the equation of the parabola obtained when the graph of y = x? is: 
a reflected in the x-axis and translated 1 unit to the right 

b reflected in the x-axis and translated 2 units to the left 


c reflected in the x-axis, then translated 1 unit to the left and 2 units down 
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REVIEW EXERCISE 


13 For each parabola, state the coordinates of the vertex. 
а y=(x-1)?+2 р y=(x+2)* +3 су-(х%4)7-2 
d y=(x-5 +11 e у= –3(х + 2)2 – 1 f у= 4- 2(х – 3)2 
14 А parabola has vertex (1, -2) and passes through the point (3, 2). Find its equation. 


15 A parabola has x-intercepts of —5 and 3 and passes through the point (1, —12). Find its 
equation. 


16 A parabola has x-intercepts of —2 and —4 anda y-intercept of —8. Find its equation. 


17 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of 
symmetry and the vertex. 


ay-x?-6x^«5 b у-х2-4х- 12 с y=x -3x 
а у= х2 + 5х е y-16- x? f y-3x-9x? 
18 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of 
symmetry and the vertex. 
а y=(x-3)*+4 
b у= 3(х +1)? -6 
с у= 5 – (х + 3) 
d у= 6 – 3(х – 5)2 
19 А parabola has vertex (2, —4) and passes through the point (1, 7). Find its equation. 
20 А parabola has equation y = 3(x + h)? + 4 and y-intercept 7. Find the value of Л. 


21 Sketch the graph of each quadratic, clearly labelling the x- and y-intercepts, the axis of 
symmetry and the vertex. 


а у= х? + 2х – 5 D у= х2 -6x+2 с у= -x? –- 4х - 7 
d y 2—x? + 8х - 13 е у-2х2-4х-5 f y27-6x-2x? 


22 Inaright-angled triangle, one side is 7 cm longer than its shortest side and the 
hypotenuse is 8 cm longer than its shortest side. Find the side lengths of the triangle. 


23 А piece of sheet metal 50 cm x 60 cm has squares cut out of each corner so that it can 
be bent and formed into a lidless box with a base area of 2184 cm?. Find the length, 
width and height of the box. 


24 А farmer has a straight fence along the boundary of his property. He wishes to fence 
an enclosure for a bull and has enough materials to erect 500 m of fence. What would 
be the dimensions of the largest possible paddock, assuming that he uses the existing 
boundary fence as one of its sides? 


25 By considering a graph, solve: 
а (х-5Хх-3)<0 
Diet Dine a) se) 
с x(x -2) > 0 
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Challenge exercise 


1 a What is the maximum value of 2х? +9х-5 17-2 < х < 0? 


b What is the minimum value of 2x? + 9х- 5110 < х < 2? 


2 Consider the quadratic inequality x? + 4х + c < 0. For each of the following sets of 
values of x, find the values of c for which the given set satisfies the inequality: 


a-7<x <3 
b x = -2 


c no x values 


3 The distance between two towns is 120 km by road and 150 km by rail. A train takes 
10 minutes longer than a car, whose average speed is 10 km/h less than the train’s 
average speed. 


The purpose of this problem is to find the average speed of the car. 


a Let the average speed of the car be x km/h and let the time taken by the car be ¢ hours. 
Show that the information in the question gives: 


хї = 120 (1) 
(х +10) (гд) 150 (2) 


b Subtract (1) from (2) to obtain a linear equation linking х and t. 


c Make t the subject of this linear equation, substitute it into (1) and solve for x, 
obtaining x = 80 or x = 90. 


d Calculate the corresponding values of t and check that both pairs of solutions make 
sense. 


The next six questions are similar to the previous question. That is, it is best to introduce 
two variables, eliminate one and then solve the resulting quadratic equation. Do not forget 
to check that the solutions are feasible; that is, that they make sense and satisfy the original 
problem. 


4 A train could save 1 hour on a journey of 200 km by increasing its average speed by 
10 km/h. What is the original speed of the train? 


5 A farmer purchased a number of cattle for $3600. Five of them died, but he sold the 
remainder at $20 per head more than he paid for them, making a profit of $400. How 
many did he buy? 
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CHALLENGE EXERCISE 


6 The distance between two towns is 80 km by road and 90 km by rail. A car takes 
15 minutes longer than a train, whose average speed is 8 km/h greater than the car’s 
average speed. Find the average speed of the car and of the train. 


. ; total number of runs scored Р 
7 Incricket, batting average = - . ш а season, а cricketer scored 
number of times out 


1800 runs. If he had been out on one more occasion, his average would have been three 
runs less. What is his average? 





8 Two boys, one of whom can run | m/s faster than the other, compete in a 400 m race. 
The slower competitor is given a 20 m start and loses by 10 seconds. What was the 
average speed of each runner (correct to three decimal places)? 


9 A and В are two towns, 120 km apart. A car starts from A to travel to В at the same time as 
a second car, whose speed is 20 km/h faster than the first, starts from B to travel to A. 
The slower car reaches В 1 hour and 48 minutes after it passes the other car. Find their 
speeds. 


10 The diagram shows a square inscribed in an isosceles triangle with side lengths 10, 10 
and 12. Find a. 




















12 


11 To solve х2- gx + h = 0 graphically, let А be the point (0, 1) and В the point (g, h). 
Draw а circle with AB as its diameter. Then the points (if any) where the circle cuts the 
x-axis are the roots of x?— gx +h = 0. 


a Illustrate the method by graphically solving x?— 5x + 6 = 0. 
b Prove that the method works. 


Note: This construction is called Carlyle’s method. 


12 Take a piece of string of length 100 cm. Cut it into two pieces, x cm and (100 — x) cm, 
and form the first piece into a circle and the other into a square. 


a Write down a quadratic expression for the combined area enclosed by the separate 
pieces. 


b Find the minimum possible sum of the two areas and the value of x for which it 
occurs. 
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13 


14 
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Recall that two geometric figures are by definition congruent if there is a sequence of 
translations, rotations and reflections taking one figure to the other. Also recall that two 
geometric figures are similar if we can enlarge one figure so that its enlargement is 
congruent to the other figure. 


In this question we will show that all parabolas are similar. It is not, however, true that 
all parabolas are congruent. 


a Explain why the ideas in Section 7B show that every parabola у = x*+ ax + b is 
congruent to the basic parabola у = x?. 


b Explain why the ideas in Section 7B show that every parabola y = -х + ax + bis 
congruent to the basic parabola у = x?. 


с Let a > 0. Explain why the ideas in Section 7C show that every parabola 


y = ax? + bx + c and every parabola y = —ax*+ bx + c is congruent to the parabola 


Y 115 


d Every point on у = x? has coordinates (p, p?) for some p. Find a similar expression 
for the points on y - 5x?. Show that the transformation taking (x, y) to (x, 5y) maps 
y = x? to y = 5x?. Show that this transformation is not a similarity transformation. 


e Show that there is an enlargement that takes y = x? to y = 5x?. 


f Show that all parabolas are similar. 

In Section 7D we discussed methods for sketching parabolas using symmetry about the 
axis of symmetry. Here is another method. 

For the parabola y = ах?+ bx + c: 

First find the two points where y — c meets the parabola. These are (0, c) and (-2. г) 
Then find the vertex, knowing that the x-coordinate of the vertex is the average of the 
x-coordinates 0 and E Sketch the parabola using these three points. Use this method to 


a 
sketch: 


a y2x 8x +17 
by-2x^-5x-3 


c у-а-ех-/ 
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CHAPTER 


Measurement and Geometry 





This chapter reviews our knowledge of geometry. In particular, we review 
congruence tests and similarity tests for triangles. 


Congruence and similarity are extremely useful tools in geometrical arguments. 
Both congruence and similarity have many applications and you will meet some 
of these in this chapter. 
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Review of triangles 





An initial discussion of the properties of triangles appeared in /CE-EM Mathematics Year 8 and 
ICE-EM Mathematics Year 9. We briefly review them here. 


Triangles 
We recall: 
* The sum of the interior angles of a triangle is 1802. 


e An exterior angle of a triangle equals the sum of the opposite interior angles. 


Isosceles and equilateral triangles 

* The base angles of an isosceles triangle are equal. 

* Conversely, if two angles of a triangle are equal, then the sides opposite those angles are equal. 
* Each interior angle of an equilateral triangle 15 609. 


* Conversely, if the three angles of a triangle are equal, then the triangle is equilateral. 


Polygons 
* The angle sum of a quadrilateral is 360°. 
• The sum of the interior angles of a convex polygon is (n — 2) 180°. 


* The sum of the exterior angles of a convex polygon is 360°. 


ӨЙ Exercise 8A 


1 Find the values of x, y, о, B and 7. 


ад b A с L 
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8A REVIEW ОҒ TRIANGLES 


2 Епа the values of x, y, о, В, Y and 0. Give reasons in your solutions. Points marked О are 


the centres of circles. 









c R 
Ө 
7 ст 
609 
Р у О 
f D 
H 
A 
BAG Ee 
B 
F 
E 
i A 
! р 
20. 
А 
2 т 
В > 
B С 
і Сар Ж с р 
2 а 40° 
В (1109 
80° 
А В А 





3 Тһе exterior angles of a regular polygon are each 60°. How many sides does the 


polygon have? 


4 Three angles of a pentagon are each 156° and the remaining angles are equal. Find the size 
of the two remaining angles. 
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Congruence 


In ІСЕ-ЕМ Mathematics Year 8 and Year 9 we introduced the idea of congruent figures. 


(9) Congruent figures 






* Two plane figures are called congruent if one figure can be moved on top of the 
other figure, by a sequence of translations, rotations and reflections, so that they 
coincide exactly. 

* Congruent figures have exactly the same shape and size. 


e When two figures are congruent, we can match up every part of one figure with the 
corresponding part of the other, so that: 


- matching angles have the same size 
- matching intervals have the same length 


- matching regions have the same area. 


The congruence arguments used in this chapter involve only congruent triangles. In /СЕ-ЕМ 
Mathematics Year 8 and Year 9 we developed four tests for two triangles to be congruent, as 
follows. 


9») The four standard congruence tests for triangles 


Two triangles are congruent if: 


SSS: the three sides of one triangle are respectively equal to the three sides of the other 
triangle, or 


AAS: two angles and one side of one triangle are respectively equal to two angles and the 
matching side of the other triangle, or 


SAS: two sides and the included angle of one triangle are respectively equal to two sides 
and the included angle of the other triangle, or 


RHS: the hypotenuse and one side of one right-angled triangle are respectively equal to 
the hypotenuse and one side of the other right-angled triangle. 


The statement ‘Triangle ABC is congruent to triangle РОК” is written ав: 
AABC = APQR, 


where the vertices are written in matching order. 


When a congruence test is used to justify the congruence, the test's initials are placed in brackets 
after the congruence statement, as in Example 1 on the next page. 
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8B CONGRUENCE 





Example 1 

If the two triangles are congruent, write down a congruence statement and the congruence 
test used to justify it. 

If they are not, explain why not. 


a A 11 cm B b 


D 11 cm 2 1102 
P 
Q 
c B d Q 
30° 70° 34 mm 26 mm 
A 15 cm © 5 
X 15 cm Y P R 
809 
" IF 
70 34 mm 
Z 
26 mm 
U 


a AABC = ADFE (SAS) 


b In APQR, СКОР = 180? — (42 +110)° 
- 28? 
So ALMN = AQPR (ASA) 


€ In AABC, ZABC = 80°. In AXYZ, ZZXY = 30°. XZ ж 15cm, since AXYZ is not 
isosceles. Hence, AABC is not congruent to AXYZ, because АС # XZ. 


4 APQR - AUST (RHS) 


Quadrilaterals 
The sum of the interior angles of a quadrilateral is 360°. 


Congruence of triangles is used to establish properties of special quadrilaterals. A proof for each of 
the properties listed overpage was given in ICE-EM Mathematics Year 9. 
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---Ч 8B CONGRUENCE 
Parallelograms 
A parallelogram is a quadrilateral whose opposite sides are parallel. 
A parallelogram has the following properties: B »»—À C 
* The opposite angles of a parallelogram are equal. 
* The opposites sides of a parallelogram are equal. LAESA 
A гаж р 


е The diagonals of a parallelogram bisect each other. 








Here are four well known tests for a parallelogram: 
e If the opposite angles of a quadrilateral are equal, then the quadrilateral is a parallelogram. 
e If the opposite sides of a quadrilateral are equal, then the quadrilateral is a parallelogram. 


* If one pair of opposite sides of a quadrilateral are equal and parallel, then the quadrilateral is a 
parallelogram. 


e If the diagonals of a quadrilateral bisect each other, then the quadrilateral is a parallelogram. 


Rhombuses 


B 
A rhombus is a quadrilateral with four equal sides. A rhombus is a 
parallelogram. (We also note that because the opposite sides of a 
parallelogram are equal, it is always sufficient to establish that just 
two adjacent sides are equal.) 
The following are properties of a rhombus: A C 
* The diagonals of a rhombus bisect each other at right angles. 
* The diagonals of a rhombus bisect the vertex angles through 
which they pass. 
D 


Here are two tests for whether a quadrilateral is a rhombus. 








e Ifa quadrilateral is a parallelogram with two adjacent sides equal, then the parallelogram is а 
rhombus. 


* [fthe diagonals of a quadrilateral bisect each other at right angles, then the quadrilateral is a rhombus. 


Rectangles 
A rectangle is a quadrilateral in which all angles are right angles. 


The following are properties of a rectangle: 





* A rectangle is a parallelogram 


1 С 
— Its opposite sides are equal and parallel. 
— Its diagonals bisect each other. 
* The diagonals of a rectangle are equal. 
D 


Here are three tests for a rectangle: 








е A parallelogram with one right angle is a rectangle. 
* [fall angles of a quadrilateral are equal, then the quadrilateral is a rectangle. 


e [f the diagonals of a quadrilateral are equal and bisect each other, then the quadrilateral is a 
rectangle. 
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8B CONGRUENCE 








Kites 5 


A kite is a quadrilateral with two pairs of adjacent equal sides. 





Congruence is used to prove many results with quadrilaterals and triangles. 
In the kite ABCD, B 
DA = DC and ВА = ВС. А 

Prove that ZBAD = “ВСР. 


С 
Join D to В. B 
In the triangles ABD and CBD, A 
BA = BC (given) D 
DA = DC (given) 
DB is common, с 


so ABDA = ABDC (SSS) 
Hence, ZBAD = ZBCD (matching angles of congruent triangles) 


e Exercise 8B 





1 Ineach part, find a pair of congruent triangles. State the congruence test used. 

















a B Q Y 
3 cm 3 cm 3 cm 
давааг С p L A0 R X 2 
5ст 5 ст 5 ст 
р В О X 4 cm Y 
4 cm 
o ó 802 
A 90 C pQ R 
4 cm Z 
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8B CONGRUENCE 


























с В C P Z 5 cm Y 
5 cm 
3 cm 3 cm 
5 cm 
Q R 
A 4 cm 5 
ас | — A Р 
40 x 20 mm y 
40° 
20 mm 
709 
B Q 
R 20 mm Z 
e B P Q Y 
" 43? 20? 
12 cm e 5 12 ст 
20 с R 
A 12 ст 
63° 
5 2 


2 Ineach part, it is known that AABC = ADEF. Determine the unknown angles and side 
lengths. (Side lengths are given correct to one decimal place.) 


a B b B 
100° 
20° 5.0 cm F 1.1cm р 
А 4.6 ст с 40% 


402130! 4.2 ст 


Е D 
A С 109 
3.0 cm 3.0 cm 


E E 
c B F d A 
8.0 cm 30.0 mm 
A Б 46" 38.3 mm 
14.1 ст р 
9.1 cm 67? 
С Е D 
G Е А В 
3 In the diagram at the right, ABCD is a square and DE = EC. 
a Draw a diagram and prove that AADE = ABCE. 
b Prove that АЕ = BE. 
D Е е 


4 PRSV is asquare. The midpoint of PV is X and T is the midpoint of SV. 
a Draw a diagram and prove that RX = RT. 
b Join RV and prove that ZTRV = ZXRV. 
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8B CONGRUENCE 














The diagonals of a rectangle ABCD meet at O and ZBOC = 56°. A B 
a Give reasons why OB = OC. > E 
b Use this to find: " ты Я 
і ZAOD ii ZAOB iii «ОВС iv ZABO 
The diagonals of the parallelogram ABCD intersect at O. B C 
A line through O meets the sides AB and CD at X and Y, 1 О 
respectively. Prove that ОХ = OY. Y 
A D 
In a parallelogram ABCD, P is the midpoint of BC. Q 
Both DP and AB are produced to meet at Q. 
Prove that AQ = 2AB. 5 P B 
A D 
Two parallelograms, ABCD and ABXY, are on the same base, AB. Prove D C 
that DCXY is a parallelogram. 
Zt ux 
Y X 


The diagonals of a square ABCD meet at O. The point K lies on AB such that AK — AO. 
Prove that ZAOK - 3ZBOK. 


Recall that a kite is a quadrilateral with two pairs of adjacent equal sides. Prove the 
following properties of a kite. You will need to draw a separate diagram for each point. 


a If one diagonal of a quadrilateral bisects the two vertex angles through which it passes, 
then the quadrilateral is a kite. 


b If one diagonal of a quadrilateral is the perpendicular bisector of the other diagonal, then 
the quadrilateral is a kite. 


Draw a diagram and prove that, in a parallelogram, opposite sides are equal and opposite 
angles are equal. 


Draw a diagram and prove that the diagonals of a parallelogram bisect each other. 
Draw a diagram and prove that the diagonals of a rhombus are perpendicular. 
Draw a diagram and prove that diagonals of a rectangle are equal. 


ABCD is a rhombus. Б С 
The bisector of “АВО meets AD at К. | 
Prove that ZAKB = 3ZABK. 
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Қы 


16 ABCD isa rectangle. Equilateral triangles ABX and DAY are drawn outside ABCD. Draw а 
diagram and prove that triangle CXY is equilateral. 


17 Draw a diagram and prove that if each angle of a quadrilateral is equal to the opposite angle 
then the quadrilateral is a parallelogram. 


18 Draw a diagram and prove that if each side of a quadrilateral is equal to the opposite side 
then the quadrilateral is a parallelogram. 


Enlargements and similarity 





Enlargements 
e An enlargement stretches a figure by the same factor in all directions. 


* Ап enlargement transformation is specified by its centre of enlargement and its enlargement 
factor. 








* When a figure is enlarged: 





— matching lengths are in 
the same ratio and 


— matching angles are equal. 


The image is thus a scale 
drawing of the original figure. 








In the diagram at the right, O 
is the centre of enlargement. АА” B'C' is an enlargement by factor 2 of А АВС. 
. | АВ” БС” СА’ 
Since the enlargement factor is 2, = = = 2, 
AB BC CA 





Similarity 

Two figures are called similar if we can enlarge one figure so that its 
enlargement is congruent to the other figure. In simple terms, this means 
that by enlarging or shrinking one of two items, we get the other item, 
perhaps translated, rotated or reflected. 





Thus, similar figures have the same shape, but not necessarily the a 
same size, just as a scale drawing has the same shape as the original, i 
but has a different size. 
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8С ENLARGEMENTS AND SIMILARITY М 


ә) Similar figures 


* Two figures are called similar if there is an enlargement of one figure that is congruent to 
the other figure. 









* Matching lengths in similar figures are in the same ratio, called the similarity ratio. 
е Matching angles in similar figures are equal. 


Similarity tests for triangles 


As with congruence, most problems involving similarity come down to establishing that two 
triangles are similar. In this section we review the four similarity tests for triangles. For each 
congruence test there is a corresponding similarity test. 


ФИОТТЕЦІРДАСІ. 


• |f the angles of one triangle are respectively equal to the angles of another triangle, then 
the two triangles are similar. 


Note: When using this test, it is sufficient to prove that just two pairs of angles are equal — 
the third pair must then also be equal since the angle sum of any triangle is 180°. Thus, 


the test is often called 'the AA similarity test'. 


This similarity test corresponds to the AAS congruence test. 





For each diagram, write a similarity statement beginning with ‘AABC is similar to ...’ 
and state the test you used. 


Be careful to name the vertices in matching order. 


a A b A 


a AABC is similar to ACPB (AAA) 
b AABC is similar to ABMC (AAA) 


Note: А similarity statement should not only appeal to the test used, but also list the vertices of the 
triangles in matching order. 
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I4: 2 0 MM 


Gu SSS similarity test 





If we can match up the sides of one triangle with the sides of the other so that the ratio of 
matching lengths is constant, then the triangles are similar. 








The statement that the two triangles shown in the box above are similar is thus written as: 
AABC is similar to АРОВ (SSS) 


The similarity factor is 3 


The SSS similarity test corresponds to the SSS congruence test. 


Ratios between triangles and ratios within triangles 


When two triangles are similar, we can read off the ratios of the matching lengths between the 
triangles in the box above. That is: 


РО RQ PR 3 
AB CB АС 2 








Alternatively, we can read off the ratios within the triangles. Thus, for the triangles above: 





РО AB 6 
PR AC 
and a 
RO СЕ 2 
"UR - 
PR АС 5 


Note that 4 — Ž is equivalent to 4 = B because both statements are equivalent to ay — bx. 
x 
That is, equal ratios between the triangles is equivalent to equal ratios within triangles. 


It does not matter whether you use ratios between triangles or ratios within triangles. 
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8С ENLARGEMENTS AND SIMILARITY 





Example 4 





а Prove that the two triangles in the diagram аге similar. 
b Which of the two marked angles are equal? 


a Inthe triangles AABC and ACBD: 


27 = 2 (given) 
p = 2 (given) 
n = 2 (given) 





so AABC is similar to ACBD (SSS). 
b Hence, y - 0. (matching angles of similar triangles) 


f) The SAS similarity test 





There are two ways of stating the test: 


e Ifthe ratios of two pairs of matching sides 
are equal and the included angles are 
equal, then the two triangles are similar. 


OR 


• If the ratio of the lengths of two sides of one triangle 
is equal to the ratio of the lengths of another triangle 
and the included angles are equal, then the two triangles are similar. 





The statement that the two triangles in the box above are similar is thus written as: 
AABC is similar to APOR (SAS) 
Consider APQR and AABC, as shown in the box above. The ratios of matching lengths are: 


AC АВ, 
PR РО 

The ratios within the triangles are: 
РЕ АС 5 
РО АВ 2 
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ON 8C ENLARGEMENTS AND SIMILARITY 
“+ С 20 NNNM 


( ) The RHS similarity test 


There are two ways of stating the test: 





e Ifthe ratio of the hypotenuses and the ratio of one pair of sides 
of a right-angled triangle are equal, then the triangles are similar. 


OR 


e If the ratio of the hypotenuse and one side of one right-angled 
triangle is equal to the ratio of the hypotenuse and one side of 
another right-angled triangle, then the two triangles are similar. 


The statement that the two triangles in the box above are similar is thus written as: 
AABC is similar to APOR (RHS) 


Consider AABC and APQR as shown in the box on the previous page. The ratios of 
matching lengths are: 


PR ОР 3 
AC AB 2 

The ratios within the triangles are: 
ВА ОР. 
AC PR 





Determine whether the triangles shown аге 





similar and, if they are, state the appropriate 80° 
similarity test. 112 
X Y 
С 
802210 
Z 

In AABC and AYZX, Alternatively, 

BA 14 
ZABC = ZYZX = 80°, — = —— = 1.25 
AB 14 7 БО 12 
xz = T = т апа 

е 20 = 1.25 апа 
BETIE LEE 
ZX 8 5 


ZAB (80 — АУРЕ (05 
AABC is similar to AYZX (SAS). 


so AABC is similar to AYZX (SAS). 
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8С ENLARGEMENTS AND SIMILARITY М 


Similar figures сап be used to calculate magnitudes of angles and lengths in practical situations, as in 
the following examples. 


Example 6 


Some students estimate the height of an electricity pylon using the following method. One 
student holds a 3-metre pole vertical while another student sights from ground level. The 
pole is moved until the top of the pole lines up with the top of the pylon, as shown in the 
diagram. 2 





The distances x metres апа у metres аге measured апа o 
it is found that x = 4.2 and y = 75.6. S hm 


Using similar triangles, calculate the approximate height 
of the pylon. 





level ground 
<-хт-><--ут--> 


The two triangles are similar (ААА). 


Thus, = шээг 


79.8 hm 


Hence, the height of the pylon is 57 metres. 4.2m 79.8 т 





Ехатріе 7 

In the figure shown, Р 
“РТО = ZPRS = а. 

Prove that PO x PR — PY PS. 





In АРТО and APSR, 

ZPTQ = ZPRS (given) 

ZTPQ = ZSPR (same angle) 

50 Be о“ similar to APRS (ААА). 


PT 
Hence, — = (matching sides of similar triangles) 
PS PR 


PQ x PR = PT x PS 
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8C ENLARGEMENTS AND SIMILARITY 


ол. 


1 Determine whether the triangles in each pair аге similar. If they are similar, state the appropriate 
= similarity test. 























a A b L 
7 3 cm 
cm 
2 702 3 
В 5 cm C Р 30° 80° P 
M N 2 
15 а 
ccm 
2 2 ст 
2 
R 
Q z ein R 
с 5 а 4cm M 
L 
p 
X 4 cm 
U T B N S бст 
T 
2 Y 6 cm 
U 

















j (Compare all three triangles) 


F 
50° 40° 
І H G 
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8С ENLARGEMENTS AND SIMILARITY 





2 a State why these two triangles are similar. A D 


7 cm 
b Calculate x. " A B 8 cm 


C E 10 cm 


3 a State why these two triangles are similar. 


b Calculate y. 


12 cm 
E 


10 cm 
y ст 12 cm D 


A 15.6 cm 8 


4 a State why these two triangles are similar. Ї 20 ст K 


b Find о and find a, then b in terms of В. 


5 a Inthe diagram shown, name two triangles that 5 
are similar and state why they аге similar. төт 
b Write down the three equal ratios. 2.2m E 
1.7m 
с Calculate the value of x. " 
0.2m B 
A 3m 


6 a List the three pairs of equal angles in the figure. 
b Find the length of AB. 
c Find the length of DC. 





7 a Inthe diagram shown, are the 
two triangles similar? If so, why? 


b If AD = 6cm, DB = 4cm and 
AE =7cm, calculate AC. 
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8C ENLARGEMENTS AND SIMILARITY 








8 a State why ALMP is similar to APMN. P 
b If PM = 10cm and MN = бст, calculate LM. 


28° 62° 





9 Atacertain time of day, a flagpole casts a shadow 15 m long, and at the same time a stick 
30 cm high casts a shadow 24 cm long. Assuming that both the stick and the flagpole are 
perpendicular to the horizontal ground, find the height of the flagpole. 


10 This diagram represents a river (shaded) with a tree on the bank at A 


point A. А man stands directly opposite A, on the opposite bank, at 
point B. He then walks 100 m along the bank, to point C, where he 
places a peg. He then walks a further 50 m to point D, turns 909 5 С 5 


апа walks 65 m to point E, where he finds that E, C and A are ina 
straight line. Find the width of the river. E 














11 Aline from the top of a church steeple to the ground just passes over the top of a pole 3 m 
high, and meets the ground at a point A, 2 m from the base of the pole. If the distance of 
A from a point directly below the church steeple is 22 m, find the height of the steeple. 


12 In the figure opposite, the line OC is perpendicular to line OD 

















D 
and OA = 20C. B is a point on OD and AB || CD. 
A 

Prove that AAOB is similar to ACOD and hence prove о с” 
that ОВ = 20D. 

B 

13 In the figure shown, ABC is a triangle, right-angled at В, and B 
BD 1. AC. Prove that: 
a AABD is similar to AACB 
b ABCD is similar to AACB A D 4 
14 ABCD isa parallelogram and Е is the midpoint of AD. D >> C 
The intervals BE and AC intersect at P. Prove that: E Р 
а AAPE is similar to АСРВ 
A B 
b AC =3AP 
15 In AABC, D lies on AB and E lies on the interval AC such that A 

ZEDB and ZACB are supplementary angles. D 

E 
a Prove that AADE is similar to AACB. 
b Prove that а = B C 

AB AC 
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16 In the figure shown, ААВС is isosceles with АВ = AC. The 
point F lies on BC such that AF 1 BC. The point P lies on 
BC and the point D lies on AB such that DP 1 AB. 


a Prove that APBD is similar to AACF. 


b Prove that Pe AC 
DB 


PB 





17 Inthe diagram shown, AB - AC and L, M and N are 
midpoints of AB, BC and CA, respectively. Prove that 
LM - NM. 


18 Complete the following proof of Pythagoras' theorem. 
a Show that AABC is similar to AADB. 
b Show that a? — ay = c?. 
c Show that AABC is similar to ABDC. 
d Show that ay = 22. 


e Deduce that a? = b? + с2. 





Similarity and intervals 





CH 
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within a triangle 


Similarity is a useful tool to analyse an interval joining points on two sides of a triangle, as in the 
example below. 





Example 8 


In triangle ABC, 

AP ЛАРВЕ — 6. A0 — Тап Oc — 3. 
а Prove that AABC is similar to AAPQ. 
b Prove that PQ is parallel to BC. 

с Find the ratio РО: BC. 
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ON 8D SIMILARITY AND INTERVALS WITHIN A TRIANGLE 


а Іп triangles APQ and АВС, 





AB AC 10 
AP AQ 7 
ZBAC - ZPAQ 


AABC is similar to А АРО (SAS). 

b Since the triangles are similar, ZABC = ZAPQ. 
Therefore, corresponding angles are equal. 
Thus, BC || РО. 

с PQ: BC =7: 10 (matching sides of similar triangles) 


| % Exercise 8D 


1 Prove that the interval joining the midpoints of 
two sides of a triangle is parallel to the third side 


and half its length. 
2 Prove that the line through the midpoint of one 


B 
> 
А 
В 
side of a triangle parallel to another side meets 
the third side of the triangle at its midpoint. Ж " 
A С 


3 Prove that the intervals joining the midpoints of the sides of a triangle dissect the triangle 
into four congruent triangles, each similar to the original triangle. 








4 Prove that the midpoints of the sides of a quadrilateral C 


form the vertices of a parallelogram. N 
* Point N is the midpoint of BC B 
* Point Q is the midpoint of CD M x 
* Point P is the midpoint of AD 
A 


* Point M is the midpoint of AB 


5 Draw a diagram of a triangle ABC with a point P on AB and a point О on AC such that 
AP = 12, РВ = 9, AQ = A and QC = 3. 


Prove that PQ Il BC. 
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6 The point S is the intersection point of two lines. Points 
A and B are the points of intersection of the first line with two 
parallel lines, such that B is further away from S than A. 
Similarly, points C and D are the intersections of the second 





line with the two parallel lines, such that D is further away 
from S than С. 





Prove that: 
а SA: АВ = SC: CD b SB: AB= SD:CD с SA: SB = SC: SD 


7 The point S is the intersection point of two lines. Points 
A and B are the points of intersection of the first line with A 
two other lines, such that B is further away from S than A. 
Similarly, points C and D are the intersection points of the 
second line with the two other lines, such that D is further C D 
away from 5 than C. Prove that if SA : AB = SC : CD, 
then the two intercepting lines AC and BD are parallel. 











Review exercise 





1 Find the value of о, B and y in the diagram at the right. 








2 a Name the similar triangles in the diagram at the right. P 
b Find x. A 























3 In the parallelogram ABCD, E is a point on CD, and BE and AD are 


produced to meet at F. С E F 
a Prove that triangle BEC is similar to triangle FED. p 8 
b Given that CD = ЗЕР, AB = 6 and BC = 8: i А 

i find ED ii find DF 
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REVIEW EXERCISE 








4 Find the value of the Greek letters in each diagram. 


114° 








5 In the diagram at the right, AABC is isosceles with AB = АС, ZABC = 55°, 
AD || EG || FI and DI || AC. 


a Find ZBAC and ZACB. 

b Find ZFIC and prove that AFIC is isosceles. 

с Prove that DB = DI. 

а If GD = GI and ZFGI = 34°, find ZGIF and ZEFG. 








6 For each pair of triangles below, write a congruence statement, including the appropriate 
congruence test. 















































a и О b в В 7ст 5 
130° HJ 
20° | 
5 са 25 ст 25 ст 
M 2 
А7стС Т 
7 АВ and DC are parallel sides of a trapezium ABCD. The diagonals of the trapezium 
intersect at O. Prove that ж 
OD ОС BE АВ 
8 BE and CF are altitudes of a triangle ABC. Prove that — = —. 
CF AC 
9 Find the value of x in each diagram. 
a E b A 
X 
11 cm | E 
6 
C xcm p H 
D B XC 
17 cm Cm 15 
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10 ABCD is a rectangle with AD = 12 and DC = 5, and BE and DF аге 








perpendicular to AC. A 12 D 
a Find AC. Ч 
b Find EF. 5 
F 
B (е 


11 Intriangle ABC, AB = 8cm, BC = 5cm and 
CA = 6cm. The side AB is produced to D so that 
BD = 16cm, and AC 15 extended to E so that CE = 26cm. Find DE. 


Challenge exercise 


1 Attic space in a particular house has the shape of a triangular prism. 
Triangle AFC is isosceles with AF = AC = 4 m and FC =3 m. 
A box in the form of a rectangular prism is placed in the attic, touching both sides. 


A cross section is shown in the diagram below, where the face EGBD of the box is 


shown. 
A 








The box is 204 cm wide; that is, ED = GB = 204 cm. 

a Find the length of AB. 

b Find the length of AX, where Х is the midpoint of ЕС. 
c Find the height, EG, of the box. 


d A box in the shape of a cube is to be placed on top of this box. Find the length, correct 
to the nearest cm, of an edge of the largest cube that could fit. 


2 The diagonals of a square ABCD are AC and BD, which intersect at O. The bisector of 
“ВАС cuts BO at X and BC at Y. Prove that CY = 20X. (Hint: Let AY meet CD at Z and 
consider AACZ.) 
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CHALLENGE EXERCISE 








3 A,B,C and D are points on a straight line so that AB = BC = CD. Also, BPQC is а 
parallelogram. If BP = 2BC, prove that PD is perpendicular to AQ. 


4 Intriangle ABC, AB = AC and ZABC = 2ZBAC. The segment BC is produced to D so 
that 2ZCAD = ZBAC. The point F lies on AB so that CF is perpendicular to AB. Prove 
that AD — 2CF. (Hint: Find an extra isosceles triangle and draw an altitude.) 


5 XandY are the midpoints of the sides PS and SR of a parallelogram PORS. Prove that 
the area of triangle SXY 1s one eighth the area of the parallelogram. 


6 a In AABC, AD bisects ZBAC. A 
BD ВА 

Prove that — = —. tae 
DC AC 


Hint: Construct CE parallel to DA to 
meet BA extended at E. 





B D C 

b The bisectors of the angle A and the angle C of a quadrilateral ABCD meet at point E 
on the diagonal BD. 

Ср 
E 
c The bisectors of the angles A, B and C of AABC meet the opposite sides at D,E and F. 
BD. СЕ ав 
DC m^ FB 


A 
Prove that — = 
AB 


Prove that 





7 Triangle ABC is right-angled at C. This question B 
leads you through another proof of Pythagoras' 
theorem using enlargements. 














a Enlarge triangle ABC by a factor of b to form 
triangle A’B’C’ and mark the side lengths of each 
side on a diagram of triangle A’B’C’. 


b Enlarge triangle ABC by a factor of a to form triangle А”В”С”, and show the side 
lengths of each side on a diagram of triangle A"B"C". 


с Join triangle A"B"C" and A'B'C' along sides B’C’ and C"A" with C" and С” 
coinciding. 


d Show that the new triangle formed is similar to triangle ABC. 
e What is the enlargement factor that transforms triangle ABC to this triangle? 
f Deduce Pythagoras' theorem. 


8 Prove that the lines joining the midpoints of opposite sides of any quadrilateral bisect 
each other. 
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CHAPTER 


Number and Algebra 





You often hear people talk about ‘exponential growth’ or ‘exponential decay’, 
generally in connection with business, investment, ecology and science. 
This chapter will explain what these terms mean. 


In ICE-EM Mathematics Year 9, you learned how to graph parabolas such as 


y = x? and y = 3x? - 4. In this chapter, you will learn what the exponential 


and logarithm functions are, and how to draw their graphs. 
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Review of powers апа 
integer indices 





In ICE-EM Mathematics Year 9, you learned that a number such as 2 could be raised to any integer 
power, so that: 


29-41, 2! = 2, 2? = 4, 2? = 8, 


and 


, 


o0 | — 


In the statement 25 = 32, we call 25 a power, we call 2 the base and we call 5 the index or 
the exponent. 


In general, if a is any number and n is a positive integer, we define a” to be the product of 
n factors of a, and we define: 





а” 


provided а is non-zero. 
Also, we define: 


а9-1 


АП of the index laws follow directly from these definitions. It is important to be able to recall and 
use these laws. In this chapter, we will use the index laws repeatedly. 


Recall that if m and n are integers and a and b are any non-zero numbers: 





Index law 1 та" = Index Іам 4 (ab)" = а"Ь" 
Indexlaw2 = Index law 5 (4 
а Ь 
Index law 3 
Example 1 
а Evaluate: 
1 we і 2? 
b Write each number in index form with a prime-number base. 1 
i ü 34 КЕМІ? 
1 8 ii 343 iii 25 
ааг i 2 = 256 
1 
ри 2 i = iii ---5? 
25) 
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9A REVIEW OF POWERS AND INTEGER INDICES 


Example 2 


а Simplify each expression. 








ped 1 225402 iii 2a?b х Tab? 
b Simplify each quotient. 
аз” .. 002p? 
i ——— 
ab? 5а2Ь 


с Simplify (a2)? x a^. 





ат x Xx <x =x ii x27? x xz? = 92 iii 2a?b x 7a?b? = 14a°b? 
3p7 3,2 
ab .. 60a°b 
b T= a?b’ ii z = 12ab 
ab 5а 
с 0 a 
= їй 


Ехатріе 3 


Simplify these expressions. 


(а?Ь3)* 
а (ху) b (2т?)? x Bm) (ab? 
ay eye b (2m2)3 x (8m? = 8m6 x 27m? 


- 216m? 
(2251 азы? 
(ab?)3 © 22% 
= ab® 





Here are two useful facts: 


(4) В... а b 
e |-| --, since —x—=1 
a b а 
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9A REVIEW OF POWERS AND INTEGER INDICES 


Example 4 





Evaluate: 
a (=) b 42 с 10° d 5a? e (5) 
7 3 
E 
a a2 E 22. ЛЕТ ЕЕ 
7 4 43 103 
201 uM M 
64 1000 
жү _ (зү 
qe = е (5) - (5) 
2 3 2 
ten 
8 


Simplify these products, expressing each pronumeral in the answer with a positive index. 





ак а Б 224 x5a~ с (m3n>)* x (m7n3)> 
аг Do Pese Gros es Tee 
1 10 
419 22 
EE у e met н 
ШЕ 
ЕНЕ 


Ө ЕЗГЕ 


1 Evaluate: 


а 42 b 5? c 2° а 3: е 104 f 6 
2 Write each number in index form with a prime number base. 
a 8 b 64 с 81 а 32 е 625 f 243 
3 Write each number in index form with a prime number base. 
b l l d : д f (12)? 
T = ёоо = Е == 
"в 49 133 1024 729 
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9A REVIEW OF POWERS AND INTEGER INDICES М 


Ехатр!е 2а À 4 


Example 2b ) 5 


Example 3a | 6 


Example À 7 
3b, с 


Example 4 8 


mm 


H 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 


Simplify each expression. 


3 8 


b аха Ха c m^xm 
e ахар 


h 3х7ух5х2у7 i 


а аха хад хт 


d p'xpxp f тіп? х тэ 


g 2а? x 4ар? ау жолу" 


Simplify each quotient, expressing each pronumeral in the answer with a positive index. 


























2,3 2,4 6,4 
д. ЖУ b 30x^y с £m 

ху! 20ху? а?т 

25х4у6 8ab3c* 16x3 y6z8 
d е: === f 74.1.8 

20x33? 12ab>c? 4y’z 
Simplify: 
a (a2b*)3 b (х%у?)/ (ab2c3d*)> 
а (2475) е (3а2Ь4)2 Gab) 
Simplify each expression, writing each pronumeral in the answer with a positive index. 

2543 255 
a (3m?) х 2т6 b (2р5)? -(4р9) e 2: 
ab ab 

а min? (тп?) ab? ab г Wa М 

mn? тэн (ab?) — a?b pq? (рф? 
Evaluate: 
a 2! b 22 c 3d d 32 e 10? 
(o D Og X9 of) 

2 ыса = i TS 2 

8 14 5 3 ий 

4a° 
k 3% І 5+a° m —— n (2+a)° o (£) 
(5b)° 


Simplify each expression, writing each pronumeral in the answer with a positive index. 
а (2х2уу! b Gxyy* с (4ху!у7 
d Оут" е (Sey? f (2х?у?)°? 


Simplify each expression, writing each pronumeral in the answer with a positive index. 




















а т хт? хт b 20-15. x 4а36% с 5p?q!x3pq^ 
ER) 5x ^y? 
І5р 4 е Х = f (uy? 
10p74* 10х7у 
-2 
2,,-1 
g (24155) х4(а?Ьу? h (mn?) x (m?n?)? i Е n | 
p’ 
ab^ ү? 207152 4aSb- min? (mn2)3 
c! ab? бар? m^n? m^n$ 
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Қы 

















2 Хул К xy? : ар М (aby! " (2а4Ь72)? » (^g p^ 
oy (у? (ab)? ар c c 
2n 332 243 -2 442 23-3 
p 00200)? эша | ад 4) 44 p 049) (а? 
p? b? b? p 2b 


11 Calculate: 
3.43? pcs 9-5 1.9 
343? 22 + 24 22—24 


2-5 359-4 4.579 


12 Calculate 
+ 2% +24 


13 If x =1, find the value of 35 + 31-5 + 3272, 


14 Simplify each expression, writing each pronumeral in the answer with a positive index. 








а 2727 b (x! + yix – y!) ce 9 
xl-y хі + yl 
iu sel 

ах 59 е (х2 + y)? f (х2 + ут)! 
х? + у? 


Scientific notation апа 


significant figures 





А 1 1 
Many mathematical problems have exact answers, such as T X2 43 or 400m. However, in 


the real world, very large numbers and very small numbers are common and, nearly always, these 
can only be determined approximately. To express large and small numbers conveniently, we use 
scientific notation, also known as standard form. 


In science, whenever we measure something it is an approximation. Scientific notation and 
significant figures are useful in expressing these numbers. To deal with approximations we use 
significant figures. 


Scientific notation or standard form 
By definition, a positive number is in scientific notation if it is written as: 
a х 10^, where 1 € a < 10 and b is an integer 


This notation is also called the standard form for a number. In contrast, for example, 2345.6789, is 
called the decimal notation for that number. 
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES М 
Ехатр!е 6 


Write each number in scientific notation. 





а 2100 b 0.0062 с 764000 000 d 0.000 000 2345 
а 2100) 2110: b 0.0062 = 62 5€107* 
с 764 000 000 = 7.64 x 10% d 0.000 000 2345 = 2.345 x 1077 


Note: If the number is greater than 1, then the exponent of 10 is positive or zero when the number is 
written in scientific notation. If the number is positive and less than 1, then the exponent is negative. 


When the number is written in scientific notation, the exponent records how many places the decimal 
point has to be moved to the left or right to produce the decimal notation. 


Example 7 


Write each number in decimal notation. 


Т TAx ПЕ D 582x10” c 3.61x105 


а 7.2 x10? = 7200 b> 21 2. = 0058 32 с 361 x105 = 361000 


Example 8 


Evaluate each expression without using a calculator. Give your answers in scientific notation. 
ОЗ 10° 


a (4х 10) x (2.1 x 10? b 
( )х( ) TI 


с (15127 (001072) 


а ТОО = 45215105102 


= 8.4х107 
5 
шиг 01210 
7х 109 
= 09x0 
= 9.0 x 107 


с (ІШ 0 оо 10 10 
= 225 X90 x I0 
= 20.25 x 107 
= 2.025 x 107! 
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ON 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES 


Significant figures 

Every time we record a physical measurement, we write down an approximation to the “true 

value'. For example, we may say that a standard A4 sheet of paper is 30 cm by 21 cm. This has 

a conventional meaning and says that the actual length is between 29.5 cm and 30.5 cm. If we 
measure the sheet of paper more accurately, we could say that it is 29.7 cm x 21.0 cm. This means 
that we believe that the actual length is between 29.65 cm and 29.75 cm. Similarly, if we say a girl's 
height is 156 cm to the nearest centimetre, this means that her actual height is between 155.5 and 
156.5 cm. 


In this situation, we say that a measurement recorded as 156 cm is correct to three significant 
figures. Similarly, when we say that the width of the paper is 21 cm, this is correct to two significant 
figures. 


Using approximations of л as another example, we say that 3.14 is л correct to three significant 
figures and 3.141 59 is л correct to six significant figures. When we round a number, we record it 
correct to a certain number of significant figures. 


The rules for rounding require you to first identify the last significant digit. Then: 
* ifthe next digit is 0,1, 2,3 or 4, round down 
e if the next digit is 5,6, 7, 8 or 9, round up. 


So x = 3.141592 654... is rounded їо 3, 3.1, 3.14, 3.142, 3.1416,3.141 59, 3.141 593 and so оп, 
depending on the number of significant figures required. 


We use the symbol = to mean that two numbers are approximately equal to each other. 


Significant figures and scientific notation 


Recording a number in scientific notation makes it clear how many significant figures have been 
recorded. For example, it is unclear whether 800 is written to 1, 2 or 3 significant figures. 
However, when written in scientific notation as 8.00 х 107, 8.0 x 10? or 8 x 102, it is clear how 
many significant figures are recorded. 


Example 9 


State the number of significant figures to which each of these numbers is recorded. 
a 7.321 x 108 b 7.200 x 10° с 20x10? 
d -5.6789 x 10? e 213205 f -0.001240 


7.321 x 10? has 4 significant figures. 

7.200 x 10? has 4 significant figures. 

2.0 x 102 has 2 significant figures. 

—5.6789 x 10? has 5 significant figures. 

213 205 = 2.132 05 x 10? has 6 significant figures. 
0.001 240 = —1.240 x 10? has 4 significant figures. 


њо роо с о 
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES хүс 
Ехатріе 10 


Write each of the following numbers correct to the number of significant figures specified in 


the brackets. 
a 214 (2) b 0.000 6786 (3) С 0 (6) 
d -137.4895 (5) e 0.000 532 (2) f 132.00731 (6) 
209214 —:2 1201002 

= siue 

ж 210 (Correct to 2 significant figures.) 


b 0.000 6786 = 6.786 х 104 
= 0.000 679 (Correct to 3 significant figures.) 


с 13.99999 = 1.399999 x 10 
14.000 (Correct to 6 significant figures.) 


|| 


-1.374 895 х 102 
ж —137.49 (Correct to 5 significant figures.) 


4 -137.4895 


II 


е (000522 = 5:32 5c 107 
= 0.000 53 (Correct to 2 significant figures.) 


f 122.007 31 — 1320 0731 107 
132.007 (Correct to 6 significant figures.) 


|| 


Scientific notation, or standard form, is a convenient way to represent very large and 
very small numbers. 


To represent a number in scientific notation, insert a decimal point after the 
first non-zero digit and multiply by an appropriate power of 10. For example: 
75 684 000 000 000 = 7.5684 х 1013 and 0.000 000 000 38 = 3.8 х 10-10 


The term for a number expressed without a multiple of a power of 10 is decimal 
notation or decimal form. 


A number may be expressed with different numbers of significant figures. For example: 


3.1 has 2 significant figures, 3.14 has 3 significant figures, 
3.141 has 4 significant figures 


To write a number to a specified number of significant figures, first write the number in 
scientific notation and then round it correct to the required number of significant figures. 


To round a number to a required number of significant figures, first write the number in 
scientific notation and identify the last significant digit. Then: 


- if the next digit is 0,1,2,3 or 4, round down 
- if the next digit is 5, 6, 7, 8 or 9, round up. 
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ON 9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES 
SEN 
Ө Ncc E 


Scientific notation 
1 Write each number in scientific notation. 


a 63 b 04 

c 0.62 d 7400 

e 21000000 f 0.000 26 

g -0.086 h 2000 000 000 000 
i 0.000 091 345 j 57320 

k 0.003 012 1 0.100 0510 


2 а At the beginning of 2011, the population of Australia was estimated to be approximately 
22.5 million. Write this number in scientific notation. 


b The wavelength of red light is 6700A, where ІА = 10719 m. Write this wavelength of red 
light in metres, using scientific notation. 


с The Sun is approximately 150 billion metres from the Earth. Using scientific notation, 
write this distance in metres. 


С 3 Write each number in decimal notation. 





a 64 x 103 b 9.2x 104 с 48x10? d 8.7.x 10% 
e 7.412 x 10° f -402x10? g -4.657 x10? h 47.26 x10? 
7717) 4 Simplify each number, writing your answer in scientific notation. 
а (2х107%) х(4 х 107) b (5х103) x (2 x 10°) 
с (6x104) x (2.1 x 10°) d (4х 103) x (5.1 x 107) 
е (4х 107) x (5x 107) f (2x10?y 
-853 
g (1.1x 108) p CO 
4 x 107 
i (5x104) + (2 х 103) j (12х10) + (4х 107) 
k (2 x 107)(4 x 107) 1 (2 х 107!) 
1.6 x 10? (4 x 102)? 
5 Using your calculator where necessary, write each number in scientific notation. 
a (2.7x109) x (3.8 x 102) b (5.3 x 10*) x (1.1 x 1077) 
14 
-o d 9.61 x 10? x 14 x 103 
1.6 х 10^! 


4 
с = f 5/64 x 10? х 11024 x 10710 
4.9 x 10 
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9B SCIENTIFIC NOTATION AND SIGNIFICANT FIGURES хүс 


6 At the beginning of 2011, the population of Australia was estimated to be approximately 
22.5 million. If the population stayed the same for the next year, and each person in 
Australia produced an average of 0.712 kg of waste each day, how many tonnes of waste 
would be produced by Australians in the following year? (1 tonne = 1000 kg, 

1 year = 365 days.) Express your answer in scientific notation. 





7 A light year is the distance light travels in a year. Light travels at approximately 
3 x 10° km/s. 


a How wide is our galaxy (in kilometres) if it is approximately 230 000 light years across? 


b How far from us (in kilometres) is the farthest galaxy detected by optical telescopes if it 
is approximately 13 x 10° light years from us? 


с How long does it take light to travel from the Sun to the Earth if the distance between 
the Sun and the Earth is 1.4951 x 108 km? 


8 The mass of a hydrogen atom is approximately 1.674 х 10727 kg and the mass of an 
electron is approximately 9.1 x 10?! kg. How many electrons, correct to the nearest whole 
number, will it take to equal the mass of a single hydrogen atom? 


Significant figures 


9 Write each of these numbers in scientific notation, correct to the number of significant 
figures indicated in the brackets. 


a 5706.63 (4) b 472.61 (3) c 472.61 (2) 
d 472.61 0) є 0.051237 (4) Ғ 0.051237 (3) 
g 0.051237 (2) h 0.051237 (1) і 1603.29 (4) 
j 1603.29 (3) k 1603.29 (2) 1 1603.29 (1) 
m 2.9935 x 1027 (4) n 2.9935 x 10°” (3) o 2.9935 x10?! (2) 
р 2.9935 x 10°” (1) 4 573007 (3) r 0.006534 (1) 
10 Write each of these numbers in decimal notation, correct to three significant figures. 
a 5.6023 b 537.97 с 9673.47 d 732412 
e 0.003511 f 0.014187 g 372.2 h 478000 


11 А cylindrical wire іп an electrical circuit has radius 3.41 x 107^ m and length 
8.02 x 10? m. Calculate its volume іп m?, correct to three significant figures, giving the 


answer in scientific notation. 


12 The formula for kinetic energy is E = сту? 


a Find the value of E correct to three significant figures, when m = 9.21 x 10-!! and 
v = 3.00 x 107. 


b Find the value of v correct to four significant figures, when E = 2.834 х 10:70 and 
т = 6.418 x 10-7. 
13 For each measurement, identify the range within which the true value lies. 
a 15cm b 2.00 x 10° kg c 18.67m d 4.8745 x 107 mL 
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Powers with rational indices 





ї 1 1 
We begin by considering what we mean by powers such as 32, 23 and л!0, in which the exponent 
is the reciprocal of a positive integer. 


Recall that if a is positive, Ja is the positive number whose square is a. That is: 
(Ja) -а-а! 
1 


For this reason, we introduce an alternative notation for Va: we write it as a2. We do this because 
then we preserve the third index law: 


2 
АГ. 


Keep in mind that а2 is nothing more than an alternative notation for Ja. 


Similarly, every positive number a has a cube root, 3/a. It is the positive number whose cube is a; 
that is, (Уа) = а = al. 


1 
We define a? to be Уа. The third index law continues to hold. 
(а) 28 


The same can be done for 4/а , 3/a and so on. The alternative notations are: 
1 1 


“Ча = a4, Уа = a5 and so on. 


1 
Let a be positive or zero and let л be a positive integer. Define a" to be the л" root of a. 
1 
That is, a" is the positive number whose n'^ power is a. 


1 
For example, a2 = Va and аз = Ya. 





Using a calculator, it is easy to obtain approximations for square roots, cube roots or any higher- 
order root. 


JIO = 3.1623, 210 = 2.1544, 410 = 1.7783, 510 -1.5849,... 


Using our new notation, here are some other numerical approximations, all recorded correct to five 
significant figures. 
L 1 1 1 
25 = 1.1487, 108 = 1.3335, 0.24 = 0.668 74, 3.26 = 1.2139 


Use your calculator to check these calculations. 
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9C POWERS WITH RATIONAL INDICES М 
Ехатр!е 11 


Without using your calculator, evaluate: 





: 1 ! 1 \2 
а 83 Ь 10242 с 10245 4 ( ) 


1 
а 23 = 8, 50 83 = 2 
í í 
b 1024 = 210 so 10242 = (2!0)2 = 25 = 32 


1 
с Similarly, 10245 = 22 = 4 


1 ах 
а 729 = 3. (22) = Le ОСМА 
б» 3° 2101 


1 


ТЕ 12221 
е Similarly, (55) = 3 





We now come to the main definition. If а is a positive number, р is an integer and 4 is a positive 
integer, then we define: 


Р iy 
а = Ё | which means (Va ns This is the р” power of the д" root of a. 
For example: 
: (ы) 
832183] 22224 
Throughout the rest of this chapter, we will avoid using the radical symbol V wherever possible. 


We begin with some simple calculations and then investigate how the index laws behave when we 
have rational powers of numbers. 


Example 12 


Without using your calculator, find: 


а 2 5 2 
a 83 b 814 с 1000005 а 0.012 
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ON 9C POWERS WITH RATIONAL INDICES 
э 0150015: a NN 


a Using the definition, р 2211 
: (ga) 212 
ы 814 “|! 
(since 23 = 8) 
= = 240 
3 3 
с Since 100 000 = 105, d 0.012 = (102)2 
B — 103 
100 0005 — 10? w 
= (00071 


= 1000 


Example 13 


a Write each number in the form а. 
1 1 


i 73 ii 115 
b Write each number in index form. 
2 
і 5/17 ii (5/3) ін 7/7 iv 62 x 16 
i l 
ai 73-97 ii 115 = V1 
1 2 | F 2 
bi 3/17 =173 ii (V13) 1. 
1 1 
iii 7,7 = 7x 72 iv 62 х 5/6 = 62 x 65 
5 u 
== 2/2 = 65 


Example 14 


Calculate the exact value of each number. 


1 il 1 
а 162 Б 5: с 32 5 
il 1 
i - 1 ші 1 = 
а= (57 р 12515 = (5) с е (=) 
16 125 20) 
m _ 1 _ 
^4 5 2 
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9C POWERS WITH RATIONAL INDICES М 


Index laws for rational indices 





The five index laws introduced previously for integer indices are equally valid for rational indices. 
This follows from the definition of a*, where x is rational. 


We will leave a discussion of the proofs of these laws to the Challenge exercises. 
Using index law 3, we note that, for rational x and y: 


(ау = а? = а* = (а?у 


Непсе: 


р | 1 | 1 
а4 =\а4) = (а? )4 
This means that when we evaluate а“, it does not matter if we take the а" root first and the 
р" power second, or ће р" power first and the 4" power second. For example: 


3 iy 
42 las] 223528 
and also: 


3 t 1 
42 = (43)2 = 642 =8 


Ехатр!е 15 


Simplify: 
DAT MEE 4 3 AS 
а 33 x 32 b 52 + 53 CES UE d 164 e (2) 
штэ тг 4 | i) 
а 33 x 32 = 33 2 b 52 +53 = 52 3 с 273 = 973 
5 1 
= 12 Е 506 = 34 
= fl 
3 1\3 3 3 
2. Са, 
25 16 


I 
© то 
Ala 
SS 

Ww 
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ON 9C POWERS WITH RATIONAL INDICES 
қана инве 0Р5ҘҺә02- 
Example 16 


Simplify each of these expressions, writing your answers with positive indices. 








2 1 1 3 32 
а аз ха? b m2 + т5 с (32т4)5 
2 
2 1 2011 1 5 13 зү 2 92 
аа а= b m2 + т5 =m? 5 е ІЗ е| койшо 5 
i m 
= | m10 
ы | 
mio = 4m!0 


If a and b are positive numbers and x and y are rational numbers, then: 


Index law 1 аха? = a*ty 
Index law 2 аху 


Index law 3 


Index law 4 


Index law 5 


1 Calculate the exact value of each number. 


1 1 1 1 1 1 








a 42 b 492 с 273 d 325 e 10003 f 6254 
2 Calculate the exact value of each number. 
1 1 
1 үр 1272 1276 1 2 1 4 
а | — b | — с | — а | == e. oer 
125 64 64 10 000 10 000 
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9C POWERS WITH RATIONAL INDICES хүс 


7777) 3 Calculate the exact value of each number. 





2 2 3 3 5 
a 273 b 643 c 814 d 325 e 92 
2 4 
f 100 Bi h (2) і D i m 
5 (8 27 ) 
3 3 3 1 4 
(5) (Sy 1 M (2 | (2 | 
k сс — m | —— — -- 
25 36 10 000 100 243 
4 Write each number in the form Ya. 
l 1 1 1 1 
a 23 b 34 c 205 d 104 e 95 
5 Write each number in index form. 
a 24 b 113 c 45 d Уп 
2 3 3 2 
е (15) t (V7) g (1) һ (510) 
6 Write each number іп index form. 
а 545 b 5х 3/5 c 6х 46 
d 7х 3/7 е 52 х 4/5 f 11? хуп 
7 Calculate the exact value of each number. 
_1 _1 _1 
а 92 b 164 c 1212 
21 -1 21 
а 1002 е 1000000 2 f 13313 
8 Calculate the exact value of each number. 
3 3 ne E. E 3 
a 164 b 100 2 e (5) d 125 3 e 1000 3 f 325 
8 
9 Simplify, expressing each answer with a positive index. 
2 1 4 1 1 2 
а 23 x 23 b 35 x 33 с 75 x75 
l 1 1 2 1 
d 34x33 е 102 x10 f 103 x 104 
2 _1 1 21 2 27 
о 33x35 h 25x24 і 55x5 10 
10 Simplify, expressing each answer with a positive index. 
3 1 п 8 1 1 
а 25-25 b 73 +73 с 84 +87 
2 1 8 5 3 5 
а 73 +72 е 89 +89 f 107-107 
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Қы 


11 Use your calculator to find the value of each of these numbers, correct to five significant 


figures. 
3 = 2 Ej 
a 105 b 243 c 867 d 127! 
3 3 4 
e 19.64 f 182 g (nex h (/3-л)” 
12 Simplify each expression. In your answers, use only positive indices. 
: T 2 l 5 ла 
a m?xm^ b а5 хаз с x2y3 X x4y5 
22. 24 5. 2 = 2 
а a5b3 ха!0р2 e а5 + а!0 f т3-тб 
E d | | | DJ 
g 57-53 h \2m5 i \3т? 
i ые ыы 
j (5а 2 к m 3 4 | \2т ^) x4m? 
- 1 1 m 
m (8m°)3 x (16m? )4 n (27m~*)3 x (64m?) 2 


13 Evaluate each number, giving the answers correct to four significant figures. 
a 6) b 18.5?! c 0.8497 а 1.599! e 12.618 f 597 


14 Simplify each expression, giving your answers with positive indices. 


а asa b m^» 

с pa pt d pt! = 285 

е (2p3y f (ара) 

g 4а13р06 + (642-і) h 12-125. (18(mn-5)3) 
212543 406 m?n 1 


а аа х e 
(ab7!)!? al?b (тп! )2 mn38 


=. 








Graphs of exponential functions 


In the previous section, we saw how to define 27 for all rational numbers x. There аге a number of 
ways of defining 2* for all real numbers x, but it is not possible to deal with them in this book. The 
calculator gives approximations to 2* and we will use these values. Consider the following list of 
approximate values of powers of 2. 

2-7 24 = 2.1435 212 4222974 


213 = 24623 214 = 2.6390 215 = 2.8284 (2!5 = 242) 


This list of values suggests that 27 increases as x increases. This is in fact the case. 
Throughout the rest of this chapter, you will often need to use your calculator to calculate values of 
exponential functions. 
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9D GRAPHS OF EXPONENTIAL FUNCTIONS М 


Consider the function у = 27, A table of approximate values, correct to three decimal places, 
follows. 








=з -25 | -2 |-15| -1 -0)5 0 0.5 1 15 2 2.5 3 
(751253 0517278 025 I (85552 05 MO 1 1.414 2 |2.828 4 9| 8 
By plotting these values and connecting them up with a smooth curve, 
we obtain the graph of y = 27, 





Key features: 


e y = 2518 an increasing function; that is, 2* increases as x 
increases. 


* A y-intercept occurs at (0, 1) but there is no x-intercept. 


* As x moves away from 0 in the negative direction (to the left), the 
value of 2* gets close to 0, but it never equals 0. Why? We say that 
the x-axis is an asymptote for the graph of y = 27, -3-2-10| $234 * 








Example 17 


Produce a table of values for the functions у = 3* and у = 37. Draw the graphs on the 
same set of axes. 














Note: у = 3* is an increasing function; that is, 37 increases as x increases; and that y = 37715а 
decreasing function; that is, 377 decreases as x increases. 


The two graphs in Example 17 are reflections of each other in the y-axis. 


1 тү 
Note: — = 37!; hence, (5) mid gt 
3 3 
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ON 9D GRAPHS OF EXPONENTIAL FUNCTIONS 
> C 


Multiplication by a constant 


In applications, exponential functions often occur multiplied by a constant. 


Example 18 


1 
Draw the graphs of у-37,у--х3% and у = 2x 3* on the same set of axes. (Produce а 
table of values first.) 2 











The different graphs in Example 18 are roughly the same shape and the y-intercept of the curve is 
the constant that multiplies the exponential function. 


Next, we will investigate how exponential functions change for different values of the base. 


Ехатріе 19 


Draw the graphs of у = 2*, у = 3* апа у = 5* on the same set of axes. 
grap 
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Бэ 


All three graphs іп Example 19 pass through the point (0, 1) but they have different ‘gradients’. 
That is, 5* increases more quickly than 3*, which increases more quickly than 27, So, for example, 
2 < 5“ if x > 0, but 2 > 5° if x < 0. 





> Graphs of exponential functions 





* To graph an exponential function, first create a table of values, then plot the points on a 
set of axes. 


• |f the exponential is multiplied by a constant, the y-intercept is that constant. 


e The graph of у = а”, where а > О, is the reflection of the graph of у = a’ in the y-axis. 


e The x-axis is an asymptote of the graph of у = а" and of y = а“, where a > О anda # 1. 


ө Ехегсіѕе 90 


1 Foreach function, produce a table of values for х = —2, – 1, 0, 1, 2, and use it to draw a graph. 
а у= 2* b у= 27% с у= 4" а у= 5 


2 Sketch the graphs of у = 4% y = 2 х4 and y = 3 х 4 опа single set of axes. 


1 
3 Sketch the graphs of y = 2*, y = 2 х 2* and у = р х 2* on a single set of axes. 





4 Sketch the graph of y 22, у = 3* and у = 5 * on the one set of axes. 





Exponential equations 


From the previous section, we have seen that the graph of y = 27 is increasing and the graph of 
ya 2-5 = (5) is decreasing. 


In general, suppose that a is a positive number different from 1. Since the graphs of у = а” are either 
increasing or decreasing (unless a = 1), there is only one value of x for each value of y. Hence, we 
know that if а“ = af, then c = d. 


In the following examples, this fact is used to solve exponential equations. From the above discussion 
it can be seen that there is only one solution for x to the equation a* = y, provided that y is positive. 
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m. 9E EXPONENTIAL EQUATIONS 
МАС эрюм EQUATIONS E 
Ехатріе 20 


Solve each equation for x. 


mr 25 E59) b 10* = 10 000 C5 =1625 
202932 b 10* = 10/000 с 5*2 625 
Since: 22-0 Since 10000 - 104 Since 625 - 54 
F IO = О" 5х = 54 
x= 5 x= 4 y= 4 


Example 21 


Solve each equation for x. 
1 1 


а 2% =— р у >: = с 77-1 
8 343 
1 
a 25-- рг == е 75-1 
343 
1 Since 79 = 1 
ыг =: 5 -- = 7 
Since - = 2 mee х 
23-23 шон 
x=-3 et 


In Example 22, we first write each side of the equation as a power with the same base. 


Example 22 


Solve each equation for x. 


a 16* = 32 b 81* = 243 с 256* = 32 
а 16 = 32 b 81 = 243 с 256" = 32 
(2218 - 32 Gy = 25 (229% = 25 
ао 4х = 5 SX = 5 
4x =5 _ 9 E 
iv ES Ne 
5 4 8 

ж = = 

4 
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9E EXPONENTIAL EQUATIONS М 
Ехатр!е 23 





Solve: 
а 32x-1= 81 b 6%! = 364/6 
а 32-1 = 8] b 67! = 364/6 
22х-1 = 24 1 
2202) 6*7! = 62 x 62 
x- = 
5 
2x -5 65-1 = 62 
2 3 x-l= Ы 
2 n 
7 
x= 
2 


Consider the exponential equation 2* = 6. 

Since 22 = 4 and 23 = 8, x must be between 2 and 3. 
From the graph opposite, we can estimate x to be 
about 2.5. From a calculator, one obtains 2.58 as 

a better approximation. The value of x is 

called log, 6, which is = 2.584 962. 


We will discuss logarithms in a later section of this chapter. 








Example 24 


Between which two integers does х lie if: 
а 2* = 70? b 2* = 200? 


The graph of у = 2* is increasing. 
а 2° = 64 1 427-128 b 2? = 106 and 2° ә 256 


Therefore, x lies between 6 and 7. Therefore, x lies between 7 and 8. 
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ы 9E EXPONENTIAL EQUATIONS 
AL aeie 


Ө Solving exponential equations 





For any positive value a, if a° = а“, then c = d. 


For a > О anda = 1, the equation a* = y, where y > 0, can be solved, and there is only 
one solution for x. 


уют» 





а 08-24 b 25-512 с 35 = 243 а 105-100 

e lb 21331 f 20* = 400 е GP = S16 h 10° = 100000 

i 5* =125 j 35-729 k 45-256 145-1024 

2 Solve: 

а Же 182 е m а 105-0001 

16 256 
1 1 
10% = 1 f 7* = — g 3* = —_ hoe 

100 000 343 243 1024 


3 Solve 


a 121*=11 b 121 = 1331 с 9% = 27 а 64* = 16 
6:22" == 125 f 125* = 25 g 1000* = 100 h 100005 = 1000 
4 Solve: 
a 27% = 243 b 4° =128 с 128° =32 а 6257 = 195 
тү 1 

e 100025 = 10 f Ө = 4 g 27" = 2 h (0.01): = 1000 
5 Solve: 

a 5 27 b 5 125 с 435! = 64 d 32595 = 128 

1 
е 25-5 = {8 f (Л) = 343 4x1 = —= h 22-277 
v8 (V7) g ер 

6 Identify which two integers x lies between if: 

а 2* =19 b 5* = 30 с 22-40 d 10%-500 

е 3* = 90 f 7* =50 g 11" = 100 h 13* = 200 

i 2*=0.1 1-37" =2 К 57-03 1 107* = 0.045 
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Exponential growth апа decay 





We begin by looking at two examples. 


Exponential growth 

The first example is a mathematical model of the number of bacteria in a culture. 

Initially, there are 1000 bacteria in a culture. The number of bacteria is doubling every hour. 
Therefore: 

e after 1 hour there are 1000 x 2 bacteria 

e after 2 hours there are 1000 x 2 x 2 = 1000 x 2? bacteria 

e after 3 hours there are 1000 x 2? x 2 = 1000 x 2? bacteria. 


Following this pattern, there are 1000 x 2! bacteria after т hours. This can be written as a formula. 
Let N be the number of bacteria after t hours. Then: 


М = 1000 x 2! 
A graph can be plotted by first producing a table of values. 


Шог гтэ 





М-1000х2! 


0 12 3 4 5 6 t(hours) 


This is an example of exponential growth. 


Exponential decay 


Radioactivity is a natural phenomenon in which atoms of one element ‘decay’ to form atoms of 
another element by emitting a particle such as an alpha particle. 


A sample of a radioactive substance that is widely used in medical radiology initially has a mass of 
100 g. The substance decays over time, its quantity halving every hour. Let M grams be the mass 
present after т hours. 
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ы ЭЕ EXPONENTIAL GROWTH AND DECAY 
х OF RENTS ee OR | Сс см 


Therefore: 


1 
* after 1 hour the mass is 100 x E g 


1.1 1Y 
* after 2 hours the mass is 100 x 5 х 2 100 x (5) g 


: ү 1 гү 
* after 3 hours the mass is 100 x 2 лі 5 g. 


ry МИЕ 
Following this pattern, there are 100 х (5) grams of ће radioactive substance after t hours. So: 
1 
М = 100 H 
2 


A table is constructed and the graph is plotted. 


4 5 





6.25 3.13 





50 м= 100 (3) 


0 12 3 4 5 6 t(hours) 


This is an example of exponential decay. 


Formulas for exponential growth and decay 


The two previous examples concern populations or quantities that can be described by a formula of 
the form: 


P=AxB 


In this formula, А and В are positive constants and ¢ is a variable that is usually time measured in 
seconds, hours or years, depending on the application. 


If t = 0, then P = A, so А is the initial amount. 
If B = 1, then P = A for all values of f. 

If B > 1, we say that P grows exponentially. 

If B « 1, we say that P decays exponentially. 


It is possible to estimate both future and past sizes of the population by substituting positive and 
negative values for 1. 
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9F EXPONENTIAL GROWTH AND DECAY 


For the rule y = 20 x 3: 

a Complete the table of values. 
t 0 | 2 3 
y 





b Plot the graph of y against 1. 
c Find the value y, correct to two decimal places, when: 
i ¢=0.5 ii ¢ = 2.5 iii ¢ = 2.8 


a Complete the table of values. 











ОШ ee 


с Using а calculator: 
i When t = 0.5, y = 34.64 ишу неп (025 Жу =ОШ 
iii When ¢ = 2.8, у = 433.48 


ec 


1 For the formula у = 200 x 2°: 


a Complete the table of values. 








b Plotthe graph of y against f. 
с Using your calculator, find the value of y, correct to two decimal places, when: 
i t=0.6 Н = 2.2 iii ¢ = 3.5 
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ON 9F EXPONENTIAL GROWTH AND DECAY 
тани AMNEM 


286 





1 1 
For the formula y = 200 x (5) : 


а Complete the table of values. 








т 


Plot the graph of у against 1. 


с Using your calculator, find the value of y, correct to two decimal places, when: 
і 1= 0.6 ii 1532 iii т=4.6 


а For у= 60 x 8', find the value of y when: 
i 1-0 и 1-2 iii ¢ = 2.5 


т 


For y = 1000 х (0.1)', find the value of y when: 
i 1-0 Н і-і iii 1-3 iv 1-4 


On 1 January 2011, the population of the world was estimated to be 
7 074 000 000 = 7.074 x 10° = A. Assume that the population of the world is increasing at 
the rate of 3% per year, so that N = A(1.03)! after t years. 


а Estimate what the population of the world will be on 1 January 2016. 
b Estimate the population on 1 January 2111. 


A liquid cools from its original temperature of 95°С to a temperature T?C in 1 minutes. 
Given that Т = 95(0.96)', find: 


a the value of Т when f = 10 
b the value of Т when t = 20 


The number of finches on an island, №, at time 1 years after 1 January 2010 15 
approximately described by the rule № = 80 000 x (1.008). 


a Identify (from the rule) the annual percentage increase in finches on the island after 
] January 2010. 


b How many finches were there on the island on 1 January 2010? 


c How many finches will there be on the island on 1 January 2020? 


1 
The number of bacteria, N, in a certain culture is halving every hour, so N = Ах 2) 1 


where f is the time in hours after 2 p.m. on a particular day. Assume that there are initially 
1000 bacteria. 


а State the value of А. 
b Estimate the number of bacteria in the culture when: 


ША” ii 1-3 iii 1-5 


ЕМ МАТНЕМАТІС5 ҮЕА 
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Logarithms 





In Section 9D, we saw how to sketch the graph of y = 2*. When we wish to determine the value of y 
for particular values of x, for example, 6 = 2*, the concept of a logarithm is used. 


Consider the number fact 23 = 8. When making the exponent the subject of this relationship, we 
express it as log, 8 = 3. 


This is read as either ‘log to the base 2 of 8 is (equal to) 3” or ‘the log of 8 to the base 2 is 


(equal to) 3’. 
For example: 
e 3° = 243 is equivalent to log; 243 = 5 e 102 = 100 is equivalent to 10210100 = 2 
1 1 2 2 
e 57? = — is equivalent to log; — --2 e 83 = 415 equivalent to log; 4 = = 
25 4 85 25 4 88 3 


The logarithm of a number to base a is the index to which a is raised to give that number. 
In general, the logarithm can be defined as follows. 
If a > O anda + land a* = у, then log, y = x. 


Logarithms were invented in the seventeenth century to assist in astronomical calculations. They 
have a number of important properties, which will be discussed in detail in Chapter 14. 


Example 26 


Evaluate these logarithms. 
a log; 32 b log; 81 с logio 1000 d 1082 1024 


а 225322 507102732 = 5 br 3° = орел 
с 10? = 1000, so 10211000 = 3 d 210 = 1024, so log, 1024 = 10 


Example 27 


Evaluate these logarithms. 








1 1 1 
a log,— b 1 0.001 с log; — d 1 
024 16 0810 083 27 082 1024 
E 1 1 a 
а 4° ---,80 log, — ——2 b 10° = 0.001, so 10210 0.001 = -3 
16 16 
= 26 so log; — = -3 2-10 — E so log; = 
о 27 1024 1024 


287 







CHAPTER 9 INDICES, EXPONENTIALS AND LOGARITHMS - PART 1 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Б. 9G LOGARITHMS 
ае 22.  - 


On most calculators, the button labelled ‘log’ calculates 10210 x, for any positive number x. 


Example 28 


Calculate these logarithms correct to four decimal places. 
а 102193 

b 10210842 

с 102102 

d logio 0.0005 


logio3 = 0.4771 

10810 842 = 2.9253 
102102 = 0.3010 

10210 0.0005 = —3.3010 


еб соч 


Іп general, simple logarithmic equations are best solved by first converting them into their equivalent 
exponential form. 


Example 29 


Find the value of x. 


1 
a 10Е:227-11 b ls x Clogs. s 
1 
d 10Е:16-2 е шонг. f 10565х-2 


а 1ор:32- х, is equivalent to 2: = 32,50 x = 5 
1 : Р 1 

b logs — = х, is equivalent to 8* = —, so x = -2. 
64 64 

с 10002 = 5, is equivalent to 2° = x, so x = 32. 


а log, 16 = 2, is equivalent to x? = 16, so x = 4 (since x > 0). 
1 = 
е орх = mo: is equivalent to 36 2 = x, so x = 6 


f log;x = 2, is equivalent to 7? = x,so x = 49. 
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9G LOGARITHMS хүс 


ә) Logarithms 


The logarithm of a number to base a is the index to which a is raised to give this number. 










Ifa > Oanda z1and a* = y, then log, у = x. 


orce 


1 Copy and complete: 


а 23 = 8 is equivalent to log58 =... b 10? = 100 is equivalent to 109100 =... 
с 72 = 49 is equivalent to log}... =... d 3* =...is equivalent to 1084... =... 
e 5 =...is equivalent to logs...=... f 73 =...is equivalent to log;... =... 
g 2 =...is equivalent to 1082... =... h 104 =... is equivalent to logio... =... 
і 10? =... is equivalent to logy)... =... j 27! =.. is equivalent to log,...=... 
2 Evaluate each logarithm. 
а 109,4 b log, 64 с log, 128 4 log, 4096 
е log, 1 f log, 256 8 102101000 h logs 25 
3 Evaluate: 
а 108427 b 1025625 с 102,064 d logs 64 
е 1025216 f log;l g 10241296 h logy 729 
4 Evaluate: 
a logs > b logs = с logs d logi "UT 
e logs as f log, us g log; Ч һ 1087 m 
5 Evaluate: 
а 1021010 b logig1 с 108101000 d log, 100 000 
е 102101010 f 10910 25 g 10510 0.000 0001 h logy 107 


100 
6 If a> О, what is log, a? 


7 If a> 0, what is log, 1? 


2117) $8 Use your calculator to evaluate each logarithm correct to four decimal places. 


а 10210789 b logio 0.0003 € logio 72 000 000 
d logy (5.3950 х 1073) e logy (635 х 1054) f log; 0.000123 45 
ТЭ 9 Find the value of x. 
1 

a log,64 =x b log; 243 = x c log,—— = x d logig—— =x 

82 83 84 256 810 1000 

1 
е log4x = 3 f 1005х = 2 g logo;x = -3 һ айы 
1 

i log,16=4 j log, 16=2 К log,125 = 3 1 log, - = -3 
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Review exercise 





1 Simplify: 
а (dà) xa b Qm x Gm) GR 
(ab? P 
2 Evaluate: 20 
а 4? b 6a? с 107 d (5) 


3 Simplify each expression, writing each pronumeral with a positive index. 


22 а 2000 - 


а азха? b 2а x7a$ с = 
За 


4 Write each term with positive indices only. 








a H” Б? а. с 5x” 
q E со нг 
2 е 5 = 
4 қ Да? M ome 
8 3 p? 1 бт 


5 Express each power as а fraction. 























а ORE b 43 oo а 2. e 102 
6 Simplify each expression. 
а 5% b 5а? с (5a) 
4 6+a° е (4+a)° f 2-35 
а! 2% | 4a? 
в (3 LE: > m 
7 Simplify each expression, giving your answers with positive indices. 
Dos DP Ора (20:37) 
алар шша b x 5 С === 
2ab? Gp 212 16a?p? 
2а?БЗ А 16(аЬ)? 5 809 | 4A(a?y* f 3a? 
84252 2ab ба (32) ба"! 


8 Write © Х8" inthe form 24439, 
22" x 16 


9 Write 277 x 37 x 62* х 3?* x 22* as a power of 6. 


10 Simplify each product. 
1 1 2 1 2 1 





21923526 0913 b аі ха5 ха 10 
l 2 1 1 2 
с 23х(25у а Q3yx23x25 


ICE-EM MATHEMATICS YEAR 10 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





REVIEW EXERCISE 


11 Write each number in scientific notation. 
a 4200 b 0.0062 с 740000 000 а 0.000 0002 


1) Write each number in decimal notation. 
а 5.4 x 10? В a x 107 с 68х10? d 97х10? 
е 18107 f 64x10? g 7.41х 106 h 4.02 x 102 


13 Write each number correct to the number of significant figures specified in the brackets. 


a 18 (1) b 495 (1) c 416 (2) 
d 34200 (2) e 0.00681 (2) f 0.04921 (3) 
g 4752 (2) h 5987 (2) i 0.006842 (1) 
14 Evaluate: 
а log, 8 b log, 16 с 1082 - d log; 1 
1 1 1 1 
e log; — f log, — log, — h log, — 
£5 25 84 64 5 £3 8l £7 343 


15 Evaluate: 


а 1021010 b logy, 100 000 € 102101015 
1 
d 106:0-- е 108:0-- f | 10-6 
810 10 810 100 0810 
16 Solve each equation for х. 
1 1 
a 4* = 32х+1 b Ca). а ШЕ, с 3х+1 = == 
3 81* 
6755-50-01 е 2) = : [391274 
17 Evaluate: 
1 2 1 1 1 23 6 
а 22112120 b 2% x42 x 83 с 83x325 
_2 э _3 3 
d 83x16 4 e 164x4 [D 72х7! 


18 Simplify, expressing your answers with positive indices. 


324? 27 21003 
a 2 K БЕСТЕ) b Bar Л 

b а“Ь y у 
(За?) " Cpe d (a2b)> x (ab3)"! 
Qab2y? “(зау Cor 








с 
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19 Solve for x. 


а log,x=5 b log4x 27 с logsx = 0 
1 
d logıx=2 е logox—-1 f logsx= "s 
8 log,25=2 h 1о2,81-4 i log,10 000 = 4 


20 The population of a town is initially 8000. Every year the population increases by 5%. 
What is the population of the town after: 


a 1 year? b 3 years? c n years? 


Challenge exercise 


1 a If 2" = x, what is 15 х 2773, in terms of x? 
b If 3* = 2, find 3/*. 


с If 4” = x, what is 4972, in terms of x? 


2 Find the value of x if a* = 





3 Find the value of x if t^ = 3 2 


Л 


1 


2 
4 Find the value of x if E = 
3/82 


5 а Evaluate 28 + 2!! + 2" for n between 1 and 8. 


b Find the value of л > 8 such that 28 + 2!! + 2" is a perfect square. 


6 a Prove that the index laws hold for negative integer exponents. (Use the laws for 
positive integer exponents.) 


For example, the product-of-powers result can be proved in the following way for 
negative integer exponents. 


Consider a~?a~4 where p and q are positive integers. 
1 
atad = — X — 
a? al 


1 
а?а4 
1 


= жури (Index law 1 for positive integers) 
a 





= д (Pte) 


= q^*co 
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CHALLENGE EXERCISE 


b Prove that the index laws hold for fractional exponents. 
1 1 iml 
T 
For example, а" x a" = ап т can be proved in the following way. 





1 1 m n 


ап хат = qnm х qnm 

— пт а" х nj n 
"маха" (Index law 1) 
= пт ,m*n 


m+n р 4 Р 





4 


The result can easily be extended toa” хат =an т, 








IH 
© 
& 
Е 
3 


7 Solve each pair of equations for x and y. 


2025551125 0163050800042» b 3>—] = 9*, 47 x 64* = 128 
с 10)” 2102591005 40» = qeu doa py pes 
8 Simplify: 
2 ШІ 3 2 





a? + 2a3b3 + b3 — c3 
E Шс 
a3 + b3 – c3 


b б Са = | 
x+x7!— 32 
9 Expand: 





| 2 2 1 he | 
а \3a3 = 2a 3b2 — b 2Да3- 25 





| 3 il i 1 3| 1 ! 
b (a^ +a2b2 + a4b + b2]\a4 — b2 


й qm 1 
10 Without using a calculator, list the numbers 22, 33 and 55 in order from greatest to least. 


11 Тһе areas of the side, front and bottom faces of a rectangular prism are 2x, 5 апа ху. 
Find the volume of Ше prism in terms of х and у. 


53x41 шə 53х-1 2522 


13 Find the sum of the digits of 102098 — 2008. 
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Chapter 1: Consumer arithmetic 


1 
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The sum of $10 000 is borrowed for 5 years at 9% p.a. simple interest. How much interest 
is paid? 


The sum of $7500 is borrowed at 7.5% p.a. simple interest and $1687.50 is paid in interest. 
For how many years has the money been borrowed? 





The sum of $5600 is borrowed for 4 years and $1948.80 is paid in interest. Calculate the 
(per annum) rate of simple interest charged. 


A department store is offering a 40% discount on all items in the store. Calculate the 
discounted price on the following items: 

a a jacket with a marked price of $399 

b a dress with a marked price of $120 


A pair of shoes marked at $220 is sold for $176. What percentage discount has been 
allowed? 


A music store is offering a 4596 discount during a sale. 
Calculate the original marked price of: 
a a DVD that has a sale price of $13.20 


b a boxed set of DVDs that has a sale price of $66 
Calculate the missing entries. 
Original value New value Percentage change 
120 10% decrease 
90 15% increase 


60 4096 decrease 
3096 increase 























2094 decrease 











езе ше сю 


Find the single percentage change that is equivalent to: 
а a 20% increase followed by a 20% decrease 

b a 10% increase followed by а 5% increase 

c an 8% decrease followed by a 4% increase 


d a 10% decrease followed by а 10% decrease 


Due to market demands, the cost of petrol increases by 2%, 5% and 4% in three successive 
months. By what percentage has the cost of petrol increased over the three-month period? 
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A quantity is increased by 10%. What further percentage change, applied to the increased 
value, is required to produce these changes? 


a Increase of 32% b Increase of 15.5% 
c Decrease of 12% d Decrease of 6.5% 


Calculate the amount that an investment of $30 000 will be worth if it is invested at 
6.5% p.a. for 10 years compounded annually. 


Calculate the amount that an investment of $12 000 will be worth if it is invested at 8% p.a. 
for 6 years compounded: 


a annually b quarterly (assume 2% per quarter) с monthly (assume 1% рег month) 


Chapter 2: Review of surds 


1 


1 


Simplify by collecting like surds: 




















a 242 +3V3 – 43 + 342 b 545 3+ 24/5 +7 
Simplify: 
а 418 b J128 с 4/72 а 3,27 
Simplify: 
а 450 — 34/8 b 3V12 + 44/75 с V147 + 4/243 
d 45/63 – 24/28 е 34/45 + 4/72 + 648 — 4/20 t tva 
a 
Expand and simplify: 
a V8 (4/6 - v2) b (5 + V2)(V2 -3) 
2 
с (42 - V5) (3v2 + 5) &( - v2) 
Simplify: 
2 
a 8 x vB b (Va -Vb)(Va+Vb) е (Ja + vB) 
Rationalise the denominator and simplify: 
2/27 243 + 34/2 V3 +5 
"VIS 46 ШЕГЕ 
Ре лы 5412 + 24/10 ,2/6-43 
45 e 45 343 
Express with a rational denominator in simplest form: 
45 + 42 43 + 2 242 +1 1 2010 +2 
ср ШЕГЕР; © 6-2 245 +2 
Chapter 3: Algebra review 
Simplify: 
а 6mn? — 7т + 3mn? + 4m b 2x x 3y — 6x? — 6xy + 3x x 2x 
253 3g3 5 42 
LL SEEN 6a? p? баб” sap? а 954 , 2ra* -Мра,12р4 
2ab 3ab) ғ 4  2pM 3p? 
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2 Expand and collect like terms for each expression. 


a 3(a * 2) + 2(a — 1) 
с 2x(x + 5) + Ax(x —3) 
e (2x * D(x4 5) 


b 5(b + 3) - 3(b — 2) 
а 3y(y-D - 4y2y - 5) 
f (2a+7)(3a – 2) 





g (2у + 3)(у+ 2) -(y - DO +3) 
3 Expand and collect like terms for each expression. 

a 3(х + 3)(2х + 5) b 22a + D)3a - 4) 

c 22y + D(y + 2) + 3(у - 2)(2у +3) d 5(b + 2)2b + 1) - 3(b – 1)(b – 3) 


4 Expand and collect like terms for each expression. 


h (b+ 5X3b + 1) — (2b = 3) b= 2) 

















1 1 
& (їй (ае) 95(2541-312-3) 
4 2 3 6 6 2 
2 1 9. 8 1 3 
с x(x + 5) + —x(x -3 а ие уу 
иа S P» 2 
2 1 2 5 1 1 
é xcd +— Г|-у+3|—-у+2)— -1)f> ++) 
сэрэг | зз эел [уе a 
5 Solve: 
а2х-7-10 b 5-3y -15 
c 5x+3=2x-8 47у-5-5у-3 
«35520, р2У-2,2-3у%2 
5 4 3 
g 4(x -3) 23x44 n22 
i з0х - 5)= 2(4х +5) т т у. 
2 5 2 


6 А gardener has 60 m of garden edging, which she uses to set ош a rectangular garden with 
width 5 m less than the length. Let x metres be the length of the garden. 
a Find, in terms of x, the width of the garden. 
b Hence, form an equation and solve it to find the length and width of the garden. 

7 Inan effort to catch a bus, I walked for 10 minutes and ran for 5 minutes. I know I can run 
4 times as fast as I can walk. What was my running speed, in km/h, if I travelled a total of 
3 km to catch the bus? 

8 Acompletely filled car radiator with capacity 8 L contains a mixture of 40% antifreeze (by 
volume). If the radiator is partly drained and refilled with pure antifreeze, how many litres 


should be drained from the radiator so as to have a mixture of 70% antifreeze? 


9 Solve each inequality. 
Xi 2-2 








à dq b4Qx-3)22x-1 = Еа 
40- 22 
а^+° э» 2220,22 f 43 — x) «3-3(4 - x) 


10 The power used by a furnace, P watts, is related to the resistance of the wiring, R ohms, and 
the current, J amps, according to the formula P = RI’. Find the power used by a furnace 
with wire resistance of 2.5 х 107! ohms that draws a current of 6.2 x 10? amps. 
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1 
11 Given the relationship $ = ut + 5а: 
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a calculate s when и = 20.8, t = 1.5 апа а = 9.8 


b rearrange the formula to make a ће subject 


12 Тһе formula for the time of swing, Т seconds, of a pendulum is Т = 27 (2 , where р 
& 


metres is the length of the pendulum and g is a constant related to gravity. 


a Make g the subject of this formula. 


b The time of swing is found to be 3 seconds when the length of the pendulum is 2.24 m. 


What is the value of g (correct to one decimal place)? 


13 Make x the subject of each formula. 


a ах+Ь=с 





d rx+b=tx+c 
n—p 
g m- 
x 
14 Expand: 


а (х+5)(х—5) 


d (5x + 2у)(5х — 2y) 
15 Factorise: 

а х2-36 
16 Factorise: 

a х2 – 18х 

е 28x? – 63y? 
17 Factorise: 

а х2 +5х+6 

а x?- 6x45 

g x? -3x - 10 
18 Factorise: 

а 2x? - 7x € 6 

а 2х2 - 5x 4 2 

g 3x?- 7x - 6 
19 Factorise: 

a 4х2 +8х +3 

d 4х2 - 16x +15 

g 4x? - Ax - 15 
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b а(х+Ь)=с 
x 
е |--а 
y 
ШІ 
а Ь 


b (х-2Хх-2) 


(кй 


b a? — 64 c 8152-1 

b 3x? — 18x с 185? — 50 
1 

f 54a? — 242 g rid -y 


b х2 + 8х +12 
е х2 – 9х +18 
h x? – 2х - 8 


b 3х2 + 19х +6 
е 3х2 – 13x +10 
h 5х2-6х-8 


b 6x? + 13х+6 
e 6x? — 19x +10 
h 6x? – 11x — 10 
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+b 
ax d 

e 
] 43. 1 
-4--ш- 
х у с 
yes x yes 
2 3 


d 9x? – 4y? 
d 12b? – 27 
32.12; 
4 25 
х2-3х-2 
х^—5х—6 
х2-4х-21 


5x? + 19x +12 
7x? — 23x +18 
2x* —11х- 21 


4х2 +19х +12 


f 10x? – 27х +18 


8x7 = 2x -15 
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20 Factorise: 









































a 2x? - 8x — 42 b 5x? + 25x + 30 с 4x^-— 12x - 16 
d 3x? + 12x – 15 e 6x? + 9x – 15 f 8x? +20x+8 
g 10x? — 55x — 30 h -x? + 10x — 24 i —6x? -14x -8 
21 Express with a common denominator: 
7x-1 3х-4 2 3 1 4 
a F b + c — 
5 7 х+1 х-2 x+2 x-3 
5 1 : 4 _ 3 f 3 _ 2 
2x? +3x 2х2-5х-3 oe. xl 32-9 3+2x-x? 
22 Simplify: 
х2 +4х+3 х2-4 x? +7x+6 х?—х—6 
x b 3 Жа 
х2+х-6 x274+5x4+4 хЕх-2 2x^—5x-3 
x^498x-4. x a2 3x? = 3x nm uu 
C dx x42 d2033:41 217 37:343 


Chapter 4: Lines and linear equations 


1 Find the distance between each pair of points. 


а (6, 4), (0, 0) b (3,2), (5, 4) c (-3,2),(2,5) d (-4, 23), (-1, 2) 
2 Find the midpoint of the interval AB, where: 

a А = (6, 4) and B = (0,0) b А = (3,2) and В = (5,4) 

c A=(-3, 2) and В = (2,5) d A = (-4, 3) and В = (-1, 2) 
3 Find the gradient of the line that passes through each pair of points. 

а (6, 4), (0, 0) b (3,2), (5, 4) с (-3,2),(2,5) d (-4, —3), (-1, 2) 
4 Write the gradient and y-intercept of each line. 

а y-2x-1 b у=х+3 c y2-x47 

ах-у-4 е 2x+3y=1 f 3x-4y=2 
5 Find the gradient of a line that is: 

і parallel ii perpendicular 

to the line with equation: 

ау-3х-2 b у-1-2х су=ух+2 d y=-2x+2 
6 Sketch the graph of each equation, and mark the intercepts. 

à у=2х+1 b y=3-2x c 2x+3y=6 d 3x—4y = 12 

еу--2х f y=4x g y=—4 hx=3 


7 Find the equation of the line with: 
a a gradient of 3 passing through (0, 2) b a gradient of 2 passing through (0, 1) 


1 
c a gradient of —1 passing through (0, —3) d a gradient of “> passing through (0, 4) 
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Find the equation of the line passing through the points: 


























a (2, 0) and (0, 3) b (2, 2) and (0, 1) с (1, 3) and (2, 3) 
d (5, 3) and (5, —2) e (1, 1) and (2, 3) f (—2, 3) and (2, -1) 
Solve each pair of simultaneous equations for x and y. 
ау-х-1 b y=2x-1 сх+у=1 
x+2y=8 Ax -5y = 7 3x+2y=8 
а 2х -3y 2-1 e 5x + Зу = 15 f 2x -3y = -10 
6x *6y27 Зх + 2у 28 3x+2y=7 
Find the values of a and b in the diagram shown. 
3a + 2b 
Ц 
2a- b 4 
L 
13 
ABCD is a parallelogram, as shown opposite, where a > 2. y 
a If a — 5, find the length of BC. В(2,3) С(а,3) 
b Find, іп terms of a: 
| А(0,1) 
i the length BC D ES 
0 x 


ii the coordinates of the point D 
ci Find the gradient of the line AC in terms of a. 

ii Find the gradient of the line BD in terms of a. 

iii Show that when a = 5, the gradient of the line BD 18-2. 
d For a = 5, find: 

i the gradient of the line AC 

ii the equation of the line AC 


iii algebraically, the coordinates of the intersection point of the line AC with the line BD, 
given that the equation of the line BD is у = -2x + 7 


ei Find the length of AC in terms of a. 
ii Find the exact value of a (as а surd in simplest form) so that АС - 7. 


Water was leaking from a tank at a constant rate. The 
graph shows the volume of water (V litres) remaining in 
the tank after ¢ hours. 


V (litres) 


31000 





a How many litres of water were initially in the tank? 
b How many litres were leaking from the tank per hour? 15000 (400, 15000) 


c Write a rule for finding the number of litres remaining (V) 
after t hours. 


400  t(hours) 


d When would the tank be empty if the leaking continued 
at this rate? 
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13 The graph shown represents the trips of two cars, А and B, 4(6т) A 





1 
(25,160) 


along the Hume Highway. (0, 160) + 


The vertical axis is the d axis, where d km is the distance 
from Melbourne along the Hume Highway. The horizontal 
axis is the / axis, where t hours is the time of travel. Assume 
that both cars started their trip at 9 a.m. 


a Describe these aspects of each car’s trip. 
і Where did it start? 
ii Where did it finish? 3 t (hours) 


iii What was the time taken? 








iv What was the average speed? 
b Find the equation of the graph of each car's trip (in terms of d and t). 


c Find the time at which they passed each other, giving your answer to the nearest minute. 


Chapter 5: Quadratic equations 


1 Solve: 
а x^ =16 b 7x? = 28 с 2x? -98 = 0 
а 4х2 – 25 = 0 е 4х2 -1= 0 f 12x? – 75 = 0 
2 Solve: 
а4х2-6х-0 b 27x? +9x = 0 с 5x? -3x = 0 
а 18x? = 9х е 8х = 28x? f 3х2 – 15х = 0 
g 14х- 2х2 = 0 h <x? - 6x = 0 i 24x? = -6x 
3 Solve: 
аа?-а-12=0 р £ +8t+15=0 ст2-4т-21-0 
dn? -3n-4=0 е x?-8x 416-20 f b? -6b = 27 
4 Solve: 
a 2x? – 19х + 35 = 0 b 9f? – 367 +11 = 0 c 33x? - 23х+8 = 0 
d 12y? +21 = -32y е 3х2 – 2х-1= 0 f 12x? + 8x = 15 
g 2х2 – 5х+12 = 0 h 3x? = 18х—27 
5 Solve: 
а 2 -6b+9=0 b x? + 10х + 25 = 0 с 2х2 +4х+2 = 0 
d 3b? – 24b + 48 = 0 е 4х2 + 12х+9 = 0 f 3у2 – 30у + 75 = 0 
6 Factorise, using surds: 
а х2 – 5 
b (x + 2)2 – 8 
c 2(x - 3? – 10 
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10 


11 


12 


13 


14 


Solve each equation by completing the square. 


a у'+2у-4=0 b а2—-4а-2=0 
2-021-3 d x?—7x 4220 
e T Ed Ғ2х2-х-4 
4 27 16 
gn?>=5n+4 h 16x? +8x = 1 
Solve: 
2 NT 

а 522 -10-0 ь%--5-0 цог 49-00 
4у:-8у-3-0 el=m-m f 3n+3 =n? 


In a right-angled triangle, the hypotenuse is 8 cm longer than the shortest side, and the third 
side of the triangle is 7 cm longer than the short side. Let x cm be the shortest side length. 


a Express the other two side lengths in terms of x. 

b Hence, form an equation and solve it to find the side lengths of the triangle. 

The height, h metres above sea level, to which a rocket has risen / seconds after launching 
from sea level is given by h = ut — 4.912, where и metres per second is the launch velocity. 


a Calculate the height above sea level 4 seconds after the launch of a rocket with a launch 
velocity of 115 m/s. 


b If the launch velocity can be a maximum of 500 m/s, calculate the longest possible time 
of flight, to the nearest second. 


(Hint: At the end of a flight, the height above sea level is 0 m.) 


A sheet of cardboard 24 cm long and 17 cm wide has squares of side length x cm cut from 
each corner so that it can be folded to form an open box with base area of 228 cm?. 


a Express the length and width of the base in terms of x. 
b Write an expression involving x and solve it for x. 


c Find the dimensions of the box. 





A square lawn is surrounded by a concrete path 2 m wide. If the lawn Path 
has sides of length x metres, find, in terms of x: 


a the area of the lawn Lawn 


b the area of the concrete path 











The area of the concrete path is 14 times that of the lawn. xm 





с Write an equation that can be used to find x. 


d Solve this equation to find the dimensions of the lawn. 


For the quadratic equation x? + bx + 4 = 0, find the values of Р for which the equation has: 


a one solution b two solutions с no solutions 


For the quadratic equation ax* — 4x + 3 = 0, find the values of a for which the equation has: 


a one solution b two solutions с no solutions 
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Chapter 6: Surface area and volume 
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For a rectangular prism measuring 30 cm x 20 cm х 10 cm, calculate: 
a the surface area 
b the volume 


A rectangular prism has a surface area of 550 cm?. If its length is 15 cm and its width is 
10 cm, calculate the height of the rectangular prism. 


A rectangular prism has a volume of 660 cm?. If its length is 12 cm and its width is 11 cm, 
calculate the height of the rectangular prism. 


The cross-section ABCD of the prism shown is an isosceles trapezium with AB — 8 cm, 
DC = 14 cm, AD = BC = 5 ст and AE = 20cm. Ё 


Calculate: 
a the area of ABCD А 
b the surface area of ће prism be 


с the volume of the prism D C 

A cylindrical water tank stands on its circular base. It has a diameter of 2 m and a height 
of 1.5 m. 

a Calculate the volume of the tank, to the nearest litre. 


b Calculate the depth of water in the tank, to the nearest centimetre, when it contains 
2000 litres of water. 


Find answers to these questions in cm? and ст. 
a A square-based pyramid has base side length 10 cm and perpendicular height 12 cm. 
Calculate: 
i the surface area ii the volume 
b A cone has a radius of 6 cm and a slant height of 10 cm. 
Calculate: 
i the surface area ii the volume 
In the pyramid VABCD shown, VB is perpendicular to rectangle 


ABCD, АВ = 12m, BC = 8m and VB = 5m. 


a Calculate the surface area of the pyramid in m? 


decimal place. 


, correct to one 





b Calculate the volume of the pyramid. 

The curved surface area of a cone is 80x cm? and the area of the circular base is 167 cm?. 
a Calculate the radius of the cone. 

b Calculate the exact perpendicular height of the cone. 


c Calculate the volume of the cone, correct to the nearest cm?. 
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A storage tank is constructed as a cylinder with a hemisphere at each end of 
the cylinder. The radius of the cylinder is 1.5 m and the overall length of the 
tank is 6m. 


Calculate: 


a the surface area of the tank in m? 


b the volume of the tank — 


Fill in the missing entries in the table below. 














њоро c 5 





Chapter 7: The parabola 


1 


Find the x-intercepts of the graph for each equation. 

ау-х2-4х-3 b у= 2х2 -11x-6 

с у= (х+ 4) – 3 а у = 3(х – 2)2 – 

Express each equation іп the form у = a(x — h)? + К, and hence state the coordinates of the 

vertex of each graph. 

а у=х?+6х+3 b y=x*-4x+2 

су-2х2-6х-1 4у-3х2-8х-2 

а A parabola has x-intercepts —1 and 4, and y-intercept 8. Find the equation of the 
parabola. 


b A parabola has x-intercepts 3 and 5, and passes through the point (1, 8). Find the equation 
of the parabola. 


a A parabola has vertex (3, -2) and y-intercept 16. Find the equation of the parabola. 


b A parabola has vertex (2, 5) and passes through the point (1, 2). Find the equation of the 
parabola. 


Write the equation of the parabola obtained when the graph of y = x? is: 
a stretched by a factor of 3 from the x-axis and translated 2 units to the right 
b reflected in the x-axis and then translated | unit to the left and 3 units up 


с translated 5 units to the right and 4 units down 
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10А REVIEW хүс 


6 Sketch the graph, labelling the vertex, axes of symmetry and the intercepts. 





а у= х2 – 6х +5 b y=-x?-x+6 су-4-х 
а у=(х+3)? еу-(х-1)2-4 f y=x -2 
g у = (х – 3)? +2 h у= 2 - (х + 1)2 і у= х2 +5х – 3 
j у= 10 -– бх? – 11х k у= 4х2 +7х+6 | у= 2х2 -x-7 


7 For the graph with equation y = 3x? — 2x — 1, find the coordinates of the: 
a vertex b x-intercepts 

8 А gardener is planning to establish a vegetable garden. The garden will have a wooden 
border and two wooden dividers to form three partitions, as shown in the diagram. Twenty- 
four metres of timber is used for the border and the dividers. Let x m be the length of the 
dividers and two of the sides of the garden, as indicated in the diagram. 





a Express the other side length of the garden in terms of x. 
xm 














b Let A m? be the area of the garden. Write an equation for the area 
of the garden in terms of x. 





c Find the length and width of the garden in order for the area to be a maximum. 
9 а By expressing the quadratic equation y = x? + 2x — 7 in the form y = а(х — h)? + k, 
find the coordinates of the turning point. 
b Find the points of intersection with the axes of the graph of y = x? + 2x - 7. 
с Sketch the graph of y = x? + 2x — 7, marking on your sketch the points found in a and b. 


d Solve x? + 2x — 7 < 0 for x. 


10 a Sketch the graph of y = 4x? — 8x +1, labelling clearly the coordinates of the turning 
point and the points of intersection with the axes. 


b Solve 4x? — 8x +1 < 0 for x. 


11 Solve for x: 


а х2 +х < 30 b x? + 5х2 —6 c х2 + 4х+60 < 0 


Chapter 8: Review of congruence and similarity 


1 Find the value of the pronumerals. 


a 





2 A vertical stick of length 30 cm casts a shadow of length 5 cm. Find the length of the 
shadow cast by a 1 metre ruler placed in the same position at the same time of day. 
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10A REVIEW 
3 a In the figure shown, РО Il BC. b In the figure shown, PM 1 RS and 
i Prove that ААРО is similar to AABC. DES РУ. Prove that APMR АРМ; 
P 
ii Find the value of x. 
A 
2 ст 
О 
Р 
3 ст 5 M " 
B x cm C 
4 ai State, in abbreviated form, why AABC is similar to ADEF. 
ii Calculate x. “>. 
b In the diagram, АВ апа CD are diameters of the circle with 
centre O, and AE and BF are perpendicular to CD. State, 
in abbreviated form, why AAEO = ABFO. 
5 Complete the proof that, in the figure shown, ADAE is isosceles. D 
Given: In AABC, АВ = AC, Dis on the ray from B 
through A, DF | BC and DF intersects AC at Е. A 
Prove: ADAE is isosceles. 
E 
B F € 
6 a Prove that ADEC is similar to AABC. ^ 
b Calculate x. 
c Use trigonometry to calculate œ, correct to two decimal 6 cm E 
places. 4 cm 
[1 о 
В D хыг г.г- 50 
хост 
TJ > 
8 ст 
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10А REVIEW 





7 Inorder to calculate the distance across a straight canal, some P T 


scouts place markers Q, L, M and N in the positions shown. P ” 
is a pumping station and Т is а large tree. 
a Name all pairs of similar triangles in the diagram and give Na 
the abbreviated reason why they are similar. Q i = 
b The scouts measure QL to be 60 m, LM to be 40 m and MN 
N 
P 























to be 50 m. Calculate the distance across the canal. 


8 Inthe diagram, РО || ST and QR = SR. Prove that triangles 


PQR and TSR are congruent. 
R 
47 


9 Inthe diagram, AB = BC and BM || CN. Prove that CN = 2ВМ. 


10 In this diagram, АЛ АВС is isosceles. АВ = AC and BE = CD. 


A 
Prove that EC = DB. 
E D 
B 





B С 
1 
11 ABCD is a trapezium with AB || DC and AB = ao : ^ 
The diagonals of this trapezium intersect at O. 
a Prove that AABO is similar to ACDO. 
b Hence, prove that 3AC - 4ОС. D - C 


12 Find the formula, with x as its subject, that can be used to calculate 
the value of x if a, b, c and d are known. 








13 In the diagram, AB = BC, BE = BD, BA intersects DE at right 
angles and BE intersects AC at right angles. с 


а Prove that ADFB = AEFB. 
b Prove that AABD = ACBE. 


> 
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14 


15 


ABCD is a parallelogram with the size of ZBAD < 90°. Е is оп the ray CB such that 

A ABE is isosceles with AB = AE. F is on the ray CD such that A ADF is isosceles with 
AD = AF. 

a Prove that A ABE is similar to A ADF. 

b Prove that DE = BF. 

ABC is a triangle, M is a point in the interval AB such that AB = 3AM, and N is a point in 
the interval AC such that AC - 3AN. 

a Prove that BC ll MN. 

b If BN and CM intersect at P, prove that BP = 3PN. 


Chapter 9: Indices, exponentials and logarithms - part 1 


1 


ІСЕ 
ІСЕ-ЕМ Mathematics 10 3ed 


Simplify each expression, writing your answers with positive powers. 























2 
a (42) xa? b (2х2уу x 3xy? c (2) x b? 
ar wh SEX axty^- "Oxy 
d x —— — 
a?b* ab? 4х3у у 9хЗу у? 
12ху? ” 6x?y ab? " gp i xy" V ay 
xly y? eh дь xy) yiyd 
Express each number in scientific notation. 
a 3200 b 576 000 c 0.000 267 d 0.025 


Evaluate each expression, giving your answers to four significant figures and in scientific 
notation. 


2 -2 
а 3267 x 106 x 2.76 x 102 j 25979 19 eels A107 


3.4 x 104 


7 2.34 x 10-9 x 1.76 x 10* d 1.267 x 1077 x 2.543 x (0 

















6.32 x 10> 127 x 10% + 3.276 x 1077 

Evaluate: 
а 3/27 b 4/81 с 516 а 532 e 3243 f 464 
Evaluate: 

2 3 2 3 3 2 
a 83 b 164 с 273 d 42 e 92 f 125 3 
Simplify: 

243 e ш 

= 4 6 3р3 ab3 
a iss] х p? b fH c 32. 2 

52 p? ab? а257 

Газ 272 32015 | 1 x ( 3 
e 5| —— f 3 h ia^ a^ 

p? b? 5 2ab? 
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7 Sketch the graph of each equation. 





а у= 2% b у= 3" cy=5* ау--5” 
8 Solve for x. R 

a 243* = 3 b 625* = 25 с Ө = 81 

а 10000“ = 1000 е (0.0001)* = 1000 Ғ (0.001)* = 0.000 01 
9 Solve for x. 

a 753 = 49 b 55* = 625 eget =32 

d 162*-! = 323-2x e 5-5-7х = 6253+2х £ 104-3 = 1005-22 


10 A biologist discovers that the number of organisms present іп a Petri dish increases by 8% 
each minute. If there are initially 5000 organisms present in the dish, find the number of 
organisms in the dish: 


a after | minute b after 2 minutes с after x minutes d after 20 minutes 
11 The population of a town is initially 4200, and each year the population decreases by 2%. 
a What is the population of the town after: 
i 1 year? ii 2 years? iii x years? 
b On a single set of axes, sketch the graphs of: 
i у= 4200 x 0.98* Н y = 3200 


c Use your calculator and your answer to part b to find the minimum number of years it 
will take for the population of the town to drop below 3200. 


12 Evaluate: 
а log, 16 b log; 49 с 108255 d logs 125 





Miscellaneous questions 


1 Two trains travel between towns A апа В. They leave at the same time, with one train 
travelling from A to B and the other from B to A. They arrive at their destination one hour 
and four hours, respectively, after passing one another. The slower train travels at 35 km/h. 


a How far does the slower train travel after they pass? 


b If the faster train travels at x km/h, how far, in terms of x, does the faster train travel after 
they pass? 


с Hence, find the number of hours, in terms of x, each train has travelled before they pass. 


d Hence, find the speed of the faster train. 
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ы 10B MISCELLANEOUS QUESTIONS 
AL 1: 5 0000-0- 


2 a Acarleft town A and travelled at a constant speed towards town B, 150 km away. Half an 
hour later, an express train left A travelling at a constant speed towards B, and overtook 
the car 90 km from A. The speed of the car was 80 km/h. Find: 


i the time for which the car had been travelling before it was overtaken by the train 
ii the time for which the train had been travelling before it overtook the car 
iii the speed of the train 


b A car left town A and travelled at a constant speed to town B, which is d km away. 
At a time n hours later, an express train left A travelling at a constant speed to 
B and overtook the car т km from B. The speed of the car was v km/h. 
Find formulas for: 


i the distance from town A to the point where the train passes the car 


ii the time, T hours, for which the car was travelling before it was overtaken by the train 
in terms of d, m and v 


iii the time, / hours, for which the train was travelling before it overtook the car in terms 
of d, m, v and n 


iv the speed of the train, w km/h, in terms of d, m, v and n 
v the speed of the car, v km/h, in terms of d, m, n and w 
с Given that d = 150, m = 90, n = 0.5 and w = 108, find the speed of the car. 


3 Two cyclists are riding on the same road between Distance ^ 
two points, А and B, which are 60 km apart. Cyclist X from A (km) (0, 60) 
starts first and is riding from B to A. Cyclist Y starts 
20 minutes later and is riding from A to B. The 
distance-time graph opposite shows all the information. 


Find: 


a how long it takes each cyclist to ride between A and B Travel time ¢ (hours) 











b the average speed of each cyclist on the ride 


c how far from A they pass each other 


4 Ina triathlon event, two competitors, Alan and Shen, are keen rivals. The event consists 
of an 800 m swim, a 50 km bicycle ride and a 20 km run. Alan can swim at 2 km/h, cycle 
at 35 km/h and run at 10 km/h (all average speeds). Shen can swim at 2.4 km/h, cycle at 
30 km/h and run at 12 km/h (all average speeds). Assume no time is lost when transitioning 
between legs. 


a Find the distance between Shen and Alan when Alan has completed the swim. 


b Find which of the two competitors finishes first, and the difference between their times, 
to the nearest minute. 
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10B MISCELLANEOUS QUESTIONS М 


5 Lindy is speeding in her car along a straight road at a constant speed of 20 m/s (72 km/h). 
She passes a stationary police motorcyclist, John. Three seconds later, John starts in pursuit. 
He accelerates for 6 seconds until he reaches his maximum speed, which he maintains until 
he overtakes Lindy. Let t seconds be the time elapsed since Lindy passed John. 


John’s speed, у m/s, at any time until he reaches his maximum speed at т = 9, is given by 
у = 5(7 – 3) ог3 < < 9. 


a Find John’s maximum speed. 


b Copy this set of axes. 
VV (m/s) 
30 
20 


10 


0 з 6 9 я> 145 49 
i Sketch the speed-time graph for Lindy. 
ii On the same set of axes, sketch John’s speed-time graph for 3 < t < 9. 
iii On the same set of axes, sketch John's speed-time graph for t 2 9. 
c Find the value of t when John and Lindy are travelling at equal speeds. 
d What is John's acceleration (rate of change of speed) for 3 € t < 9? 
e Given that the distance travelled by an object is equal to the area under its speed—time 
graph (above the f-axis), find: 


i the distance travelled by Lindy in the first 9 seconds 


ii anexpression for the distance travelled by Lindy after t seconds 


f Find: 
i the distance travelled by John by the time he reaches his maximum speed 
ii the total distance travelled by John when t = 12 
iii an expression for the total distance travelled by John, 7 seconds after Lindy passed 
him, for t = 9 
g i Use your answers to parts е and f to find the value of t when John draws level with 
Lindy. 
ii How far has John travelled by the time he draws level with Lindy? 
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6 Consider the lines shown in the diagram. 


a Find the gradient of: b Find the equation of: 
i AB ii CD i AB ii CD 
с Find the coordinates of Е, the point of y 






intersection of the line AB and the line CD. 
d Find the area of quadrilateral ABCD. 
e Find the area of ADBE. 


f If A and D remain fixed but В = (0, 2b) and 
= (3b, 0), find the coordinates of E, the 
point of intersection of the line AB and the 
line CD, 
commenting on the special cases when b = 0, 
b = 2 and b = –2. 


B(0, 2) 


C(3,0) 


A surveyor has drawn lines on a map to represent straight roads between towns positioned 
at O, A, P, Q, T and R, as shown. Cartesian axes have been drawn so that equations can be 
assigned to roads. Distances are measured in kilometres. 


The road through towns О and A has equation y = 2x, 
while the road through towns P and Q has equation 
y =/2x – 20. The road through towns A, О and R has 


-1 р : : 
equation у = 227 + 25. The direction due north is shown 





on the diagram. 


Express all answers in parts a to d as exact values in 





surd form. 
a Find the distance from town O to town P (OP). 
b Find the distances: 
i OT ii OR 
c Find the coordinates of town О at the intersection of the road from А to А with the road 
from P to Q. 
d A new road is to be built through towns positioned at P and R. 
i Find the coordinates of P and R. 
ii Find the gradient of the line from P to R. 
iii Find the equation of the line that runs through P and R. 


The cone shown in this diagram has an open circular top of radius 

к cm and depth h cm. The radius of the cone is equal to one-third of 
the height; that is, r = а 

a Express, in terms of r: 


і h ii V iii A 
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b If the cone holds 50 cm? of water, find: 
i the depth of water in the cone, correct to three significant figures 
ii the curved surface area of the cone covered by water, correct to three significant figures 
9 Using the diagram shown: A B 
a prove that AAGB is similar to ACGF 
b name two triangles similar to AEFD F 


c given that DF : FC = 2: 1, and using your answers to 
parts a and b, find: 



























































і AB: DF ii EF:EB * 
10 а Inthe right-angled triangle ABC, there is a square BDEF, C 
as shown. 
i What is the abbreviated reason for AEFC to be similar E T F ост 
to AABC? 
xicm 
ii Hence, find x. 
: р В 
iii Hence, find the area of the square BDEF as a fraction of an 
the area of AABC. 
b In this diagram, square BDEF is inside AABC, as shown. 
If BC = x cm, EF = y cm and AB = 2BC: E F 
i find the relationship between x and y 
ii hence, find the area of the square BDEF as a fraction of the A D B 
area of AABC 
11 a Find the exact value of x in the following diagrams. 
i ii 
3V3 cm x cm 
342 cm 343 cm 
x cm 342 ст 
iii iv 
x cm х cm 
N2 + 1 ст Nx + 1 ст 
(2-1 ст Nx — 1 cm / 
b Find the relationship between х and у, with у as the subject of the formula. 
үх Ny cm 
2\xy cm 
vx үу cm 
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12 А triangular region of land (А ACD) is divided up into two areas, D 
Block 1 and Block 2, to make way for residential development. 
Details regarding the plan are provided in the given diagram. 


a Prove that AABE is similar to A ACD. 





b By letting AB = x metres, write, in terms of x: 
i the length AC A 
ii an equation linking x with the lengths ЕВ, AC and CD 


Block 1 














Street B C 


с Solve the equation in part b ii to find the length AB. 


The subdivider now considers moving the position of the fence BE with the given 
information: AC - 30 m, BE — AB and BE 1 AC. (The length DC remains at 30 m and 
AC 1 CD.) 


d Given that AB — x metres, find, in terms of x: 
i the area of Block 1 
і the area of Block 2 















































e If the subdivider requires that the area of Block 1 is to be the Ка р 

same as the area of Block 2: De UM 

i write an equation in x to represent this situation 

H 
ii find the length AB (x metres) as а surd in simplest form B F ш 
13 А builder has been contracted to construct а deck for a y^ 
family on the corner of their house, as shown. The contract gd 
requirements are that BF = DE and BC = CD, the total A B 
length of railing is BF + BC + CD + DE = 30 metres and that 
the deck has the maximum possible area. If BF = xm and 
Ат? = area of the deck: 
О C x 

a construct a formula relating A and x with A the subject 





b hence, find the maximum possible area of the deck 


14 A weather rocket is fired so that it follows a parabolic path, just 
over weather balloons A and B, as shown. It has been fired to follow the path with 


. 1 1 "T 
equation y — P — — х?, where x and y are measured in kilometres. 


a Find how far the rocket travels horizontally from O to point C. 

b Find H kilometres, the maximum height reached by the rocket. 

Given that A and B are both at a height of 200 metres: 

c find the coordinates of A and B, expressing your answer correct to two decimal places 


d hence, find the horizontal distance, АВ, between the balloons, correct to two decimal 
places 
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15 Сіррв Road and Bells Road аге two non-intersecting roads in the country. The government 
wishes to build a road running North—South that connects these two roads. They employ 
you to work out where to build this connecting road in order to minimise its length. The 
path of Gipps Road is given by the equation y = x? — 4x + 9, while the path of Bells Road 
is given by the equation y = 2x — 2. In this model the positive direction of the x-axis 
runs due East while the positive direction of the y-axis runs due North. All lengths are in 
kilometres. 

a Sketch a graph of Bells Road. Clearly mark in the x- and y-intercepts. 
bi By completing the square, write the equation for Gipps Road in the form 
y=(x-h}? +k. 
ii What will be the y-value for Gipps Road when x = 0? 


iii Hence, on the same set of axes used to sketch Bells Road, sketch the graph for the 
path of Gipps Road. Clearly label the turning point and y-intercept. 


c Find the distance between the two points on the roads where x = 0. 
d When x = a, find, in terms of a, the y-value of: 
i Bells Road ii Gipps Road 


e Hence, show that the North-South distance, d km, between the two roads when x = ais 
given by d = a? – ба + 11. 


f Оп a new set of axes, sketch a graph of d against a. Clearly label the turning point. 


g Hence, report back to the government on how long and how far East of the origin the 
North-South connection road should be built in order to minimise its length. 


16 a Show, by completing the square, that y = 3x? + 6x — 7 can be written in the form 
y = 3(х +1)? – 10. 


A two-dimensional Space Invaders-type game involves a coordinate system whereby 
the x- and y-axes are centrally located on the screen and a space station is located at 
P(-1, -12). An enemy spacecraft approaches and attacks the space station while flying 
on the path described by y = 3x? + 6x – 7 


b Use the result from part a to complete the following. 
i Write the coordinates of the turning point of the path of the spacecraft. 


ii Find the exact coordinates of where the path of the spacecraft cuts the x-axis, leaving 
your answer in surd form. 


с Sketch a graph showing the path of the spacecraft and the position of the space station, P. 
Label the turning point and the x- and y-intercepts for the path of the spacecraft. 


d If one unit represents 100 km, find the distance between the spacecraft and the space 
station when they are closest to each other. 


A second spacecraft flies on the path y = 5x +3. 


e Show that the x-coordinates of the intersection points of the paths of the two spacecraft 
can be found by solving 3x? + x — 10 = 0. 


f Solve the equation in part e and hence state the coordinates of the intersection points of 
the paths of the two spacecraft. 
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17 Тһе cross-section through the centre of a diamond cut at The Perfect 


Diamond Company is of the shape shown in the diagram. Region A is 
semicircular and region B is an isosceles triangle. The semicircle has 
radius ғ mm and the isosceles triangle has height Л mm, slant height 

s mm and slant angle Ө, as shown. 








a Use trigonometric ratios to find a formula for: 
i hinterms of r and 0 ii sin terms of r and Ө 
b Find a formula for the area of: 
i region A in terms of r and л ii region B in terms of r and 0 
The Perfect Diamond Company's secret is to make sure that the cross-sectional areas of 
regions А and В are equal. 
€ Show that this leads to an equation that can be simplified to tan 0 — 2 к 


а Solve the equation in рагі с to find the value of Ө for diamonds cut at The Perfect 
Diamond Company. Round off your answer to the nearest tenth of a degree. 


e Find, to two decimal places, the total area of the cross-section through the centre of a 
diamond if the radius, r, is 2 mm. 
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Problem-solving 


A line with gradient —2 passes through the point (r, —3). A second line, perpendicular to the 
first, meets this line at the point (a, b). The second line passes through the point (6, 7). Find 
a and b in terms of r. 


Find all the ordered pairs of integers such that x? — у? = 140. 


a The sum of the lengths of the shorter sides of a right-angled triangle is 34. Find the length 
of the hypotenuse of the triangle if the area is: 


i 30cm? ii 32cm? 


b The area of a rectangle is 12 cm? and its perimeter is 14 cm. What is the length of the 
diagonal of the rectangle? 





A circle (shown shaded) just fits inside a 2 m x 3 m rectangle. 
What is the radius, in metres, of the largest circle that will also 
fit inside the rectangle but will not intersect with the shaded 
circle? 
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5 а The rectangle ABCD is rotated about the side AB. Find P 5 
the volume of the solid defined by this rotation. 
2cm 
A 4cm В 
. . C 
b Triangle ABC is rotated about the side AB. Find the 
volume of the solid defined by this rotation. 
2 cm 
А 4cm : 


с Acircle of radius 2 сіп is rotated about a diameter. Find the volume of the solid defined 
by this rotation. 


d A regular hexagon with side length 2 cm is rotated about the 


A 
diagonal AB. Find the volume of the solid produced. ON 
B 


6 Prove, using coordinates, that the line intervals joining the midpoints of successive sides 
of any quadrilateral form a parallelogram. 


7 If Pis any point in the plane of a rectangle ABCD, prove that 
(PAY + (РС)? = (РВ)? + (PDY. 


8 AABCis equilateral, X is on AB and АХ: XB = 1 : 2. Y ison BC 
and BY : YC =1:2.ZisonCAand CZ : ZA = 1: 2. AY, BZ and 
CX intersect at P, О and В. Prove that the area of APOR is 


A 
one-seventh of the area of AABC. Z 2а 
Y 
C 








С В 
9 ABCD is a parallelogram and Р is any point on ВС B P 
produced. Prove that: AR? = КО x RP. pU 70 
А р 
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10С PROBLEM-SOLVING 





10 ЛАВС is ап isosceles triangle. L is a point on BC produced so 


A 
that there are points N and M on AB and AC, respectively, so that N 
NM - ML. Find the ratio BN : CM. 
M 
B p s 


11 On square ABCD, an equilateral triangle ABE 18 


D G 

constructed internally and an equilateral triangle BCF E 

is constructed externally. Prove that the points D, E 

and F are collinear. F 
A B 


12 А sphere has radius 5 cm. A cone has height 10 cm and its base has radius 5 cm. 




















The sphere and the cone sit on a horizontal surface. Find the height of the horizontal 
plane above the surface that gives circular cross-sections of the sphere and the cone of 
equal area. 


13 ABCDEF is a regular hexagon. X is the midpoint of AB. XE 
and XD are drawn to meet FC at Y and Z, respectively. 


Find the ratio: F C 
Area of quadrilateral YZDE: Area of AFYX 





14 The solid shown is a regular octahedron. The distance between У; 
the vertices V; and V, is 20 cm. Find the sum of the lengths of 
the edges of the octahedron. 


20 cm 
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CHAPTER 


Number and Algebra 





A circle with centre O and radius r is the set of all points whose distance from 


the centre О is equal to ғ. 


In this chapter, we study circles using the techniques of coordinate geometry. 


We also introduce rectangular hyperbolas, and describe methods for finding the 
coordinates of the points of intersection of hyperbolas, parabolas and circles 


with straight lines. 
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1 1 Cartesian equation of а circle 





Circles with centre the origin 


Consider a circle in the coordinate plane with centre the origin and radius r. Throughout this chapter, 
we will always assume that r > 0. 





If P(x, y) is a point on the circle, then its distance from the origin is r. By Pythagoras’ theorem, this 
gives x? + y? = r°. 

Conversely, if a point P(x, y) satisfies the equation x? + y? = r?, then its distance from О(0, 0) 

is Jx? + y? = r, so it lies on the circle with centre the origin and radius ғ. 





Example 1 


Sketch the graphs of the circles with the following equations. 








а х2-у2-9 b ty 14 
а Centre is (0,0) and radius is 3. b Centre is (0,0) and radius is 414. 
УЛ y^ 
3 4| х2+у2= 14 
ES 
14 (14 х 
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11A CARTESIAN EQUATION OF A CIRCLE М 


Sketch the graph of the circle x? + y? = 25 and verify that the points (3, 4), (—3, 4), (—3,—4) 
and (4,—3) lie on the circle. 





The circle has centre the origin and radius 5. УА 


To verify that a point lies on the circle, we substitute the 
coordinates into x? + у? = 25. 


The point (3, 4) lies оп the circle, since 32 + 42 = 25, 

The point (-3, 4) lies on the circle, since (-3)? + 4? = 25. 

The point (—3,—4) lies on the circle, since =з 412—050 
The point (4,-3) lies on the circle, since (4)? + (—3)? = 25. 








Circles with centre not the origin 
Now take a circle in the coordinate plane with centre at the point C(h, k) and radius r. 
If P(x, y) is a point on the circle, then by the distance formula: 

(= Ay (=? =r? 





Conversely, if a point P(x, y) satisfies the equation (x — h)? + (y — k)? = r?, then its distance from 
(h, k)is r, so it lies on a circle with centre C(h, К) and radius ғ. 


We call (x — h)? + (y — К)? = r? the standard form for the equation of a circle. 


* The circle with centre O(0,0) and radius r has equation: 


x+y = р2 


е The standard form for the equation of the circle with centre (Л, К) and radius ғ is: 


(х= А) + (у-Е)? =r 
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11A CARTESIAN EQUATION OF A CIRCLE 











Sketch the graph of each circle, showing any intercepts. 
а (x-3? +(y +2)? =4 
b (x +1)? +(y-3) = 


а The circle has centre (3,- 2) and radius 2, and hence the circle touches the x-axis. That 
is, it meets the x-axis but does not cross it. 


The circle does not meet the y-axis. 


УЛ 





хү 


@ 





b The circle has centre (—1,3) and radius 5. 
Put у = 0 into the equation to find where the circle cuts the x-axis. 
(ЕТЕ 4(0 = 3)" = 25 

(x +1)? +9 = 25 
G+ i) = 16 
x+1=4 orx+1=-4 
x=3 of х--5 
Put x = 0 into the equation to find where the circle cuts the y-axis. 
(0 + 1)? + (у – 3)? = 25 
1+(y-3)? = 
(у – 3)? = 24 
y-3 = 24/6 огу-3--2/6 
y= 3426 or 2558006 





Note: The circle (x — 3? + (y + 2? = 4 is a translation of the circle x? + y? = 4, three units to the 
right and two units down. 


The circle (x + 1)? + (у — 3)? = 25 is the image of the circle x? + y* = 25 under a translation of 
1 unit to the left and 3 units up. 
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11A CARTESIAN EQUATION OF А CIRCLE М 


Finding the centre and radius of a circle by completing the square 


In Example За, we sketched the graph of (x — 3)? + (у + 2)? = 4. 
Expanding the brackets, we obtain: 


x? —6x+9+ y? +4y+4=4 
which simplifies to: 
x? + y? — бх+4у+9=0 


This is still the equation of the circle with centre (3, —2) and radius 2, but in this form it is not clear 
what the centre and radius are. 


Completing the square enables us to reverse the process and to express the equation in standard 
form. We can then read off the centre and radius. 


Ө Converting to standard form 






To find the centre and radius of a circle, complete the square in both x and y to write the 
equation in standard form. Then read off the centre and the radius. 






Example 4 


Express each equation in the standard form (x — A)? + (y — К)? = r? and hence write down 
the centre and the radius of the circle. 


а х2 +4х+у2 +6у+4 = 0 
b x? - 4х+ y? + 88у – 5 = 0 


а (x? + 4x) + (y? + бу) = -4 (Group together the x-terms and y-terms 
on one side of the equation.) 


(x? + 4x +4)+(y? +6y+9)=-4+4+9 (Complete the square for the quadratic in 
x and the quadratic in y.) 


(x + 2)? + (у + 3)2 = 9 
= 32 
Hence, the centre of the circle is (—2, -3) and the radius is 3. 
b (x? – 4x) + (y? + 8у) = 5 
(x? — 4x + 4) + (y? + 8y +16) = 5 +4 +16 (Complete the square.) 
(x — 2)? + (у + 4)? = 25 
= 52 


Hence, the centre of the circle is (2, — 4) and the radius is 5. 
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Бэ аг ‚>м 
e Exercise 11A 


тэ 1 Sketch the graph of each circle, marking any intercepts. 
а х2-у2-25 b x*+y=1 с x+y =2 а х2-у:-3 
2 Sketch the graphs, marking any intercepts. 


a y-4-x? b y? =-x?+10 с х2=5—у? d x? = -у2 +8 
3 Check whether or not each point lies on the circle x? + y? = 100. 
a (6,8) b (10,10) с (20,80) 
d (-6,8) e (542,542) f (10,0) 
4 Check whether or not each point lies on the circle x? + y? = 169. 
a (512) b (100,69) с (-5,-12) 
d (-5,12) e (-1342,1342) f (0,13) 


5 Sketch the graphs, showing the x- and y-intercepts. 
а (x-1? +(у- 2)2 =4 b (х- 3)2 + (у-– 4)? 225 с (х-2)-(у-3)2-9 
а (х- 3)2 + (у- 1)? = 16 е (x-1? +у2 = 4 f х2 + (у – 4) = 16 


6 Complete the square in x and у to find the coordinates of the centre and the radius of 
each circle. 


а х2 +4х+у2 + 6у+9 = 0 b х2 2х+у2 + 8у+4 = 0 
c х2 - бх + у? – 8у = 39 d х2 –- 14х + у? - 8у +40 = 0 
е х2 – 8х + у? – бу +15 = 0 f х2 - 8х + у2 – 4у+10 = 0 


7 Write down the equation of the circle with: 


a centre (1,3) and radius 3 b centre (—2,1) and radius 4 


с. 


с centre (4,—1) and radius 1 centre (2,0) and radius 2 


8 Show that the point (17,17) lies on the circle with centre (5,12) and radius 13. Find the 
equation of the circle. 


9 Find the equation of the circle with centre (3, — 4) passing through the origin. 
10 a Find the equation of the circle with centre (6,7) that touches the y-axis. 
b Find the equation of the circle with centre (6,7) that touches the x-axis. 
11 The interval AB joins the points A(2,6) and B(8,6). Find: 
a the distance AB b the midpoint of AB 
c the equation of the circle with diameter AB 
12 The interval AB joins the points A(1,6) and В(3,-8). Find: 
a the distance AB b the midpoint of AB 


c the equation of the circle with diameter AB 
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1 1 The rectangular hyperbola 





The basic rectangular hyperbola 


In Chapter 7, we called у = x? the basic parabola and then we showed how to obtain other parabolas 
from the basic parabola by using transformations. 


1 
Similarly, we shall call the hyperbola у = — the basic rectangular hyperbola. 


1 * КӨКЕ 
To see what the graph of у = — looks like, begin by considering the 
table of values below. > 











Since division by zero is not allowed, there is no y-value when x = 0. 
To see more clearly what is happening to the curve close to zero, we 


produce the table of values for y = l below. 








Can you see how these values are reflected in the graph close to the y-axis? 


And as x gets larger and larger in the positive and negative directions (moves further away from 
zero), y gets smaller and smaller. For example, when x = 100, y = 0.01 and when x = 10 000, 
y = 0.0001. Similarly, when x = —100, y = —0.01 and when x = —10 000, y = —0.0001. 


Features of y = 2 
X 


* There are no x-intercepts and no y-intercepts. 


* When x is a large positive number, y is a small positive number. 





* When x is a small positive number, y is a large positive number. 
* Similar results hold for large and small negative values of x. 


e The x-axis and the y-axis are called asymptotes to the graph. The 
graph gets very close to each of these lines, but never meets them. 





1 
* The lines y = x and y = —х are axes of symmetry for the graph of y = —. 
x 


The types of transformations applied to parabolas in Chapter 7 will now be applied to a rectangular 
hyperbola. The word ‘rectangular’ means that the asymptotes are perpendicular. 
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11В THE RECTANGULAR HYPERBOLA 








Reflection in the x-axis 
In Chapter 7, we saw that y = —x? is the reflection of y = x? in the x-axis. Similarly, y= ЕГ is the 
x 


: 1. : 
reflection of у = — in the x-axis. 
x 





Sketch the graph of y = 2 
m 


1 1 
The graph of y = —— de the reflection of y = p the x-axis. 


1 
The graph of y = E has been drawn. 





Horizontal translations 

In Chapter 7, we saw that the graph of y - x? becomes: 

* the graph of y = (x — 5)? when translated 5 units to the right 
* the graph of y = (x + 4)? when translated 4 units to the left. 


1 
In a similar way, the graph of у = — becomes: 
x 


* the graph of y = -- when translated 5 units to the right 
X — 





* the graph of y — when translated 4 units to the left. 


х +4 


Example 6 





Sketch the graph of у = —. 


The graph is obtained by translating the graph of y = х 
three units to the right. * 


The vertical asymptote has equation x — 3. 
The horizontal asymptote remains y = 0. 


The y-intercept is found by putting x = 0 into the 





1 
equation, and so it is E There are no x-intercepts. 
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11B THE RECTANGULAR HYPERBOLA М 


Vertical translations 
In Chapter 7, we saw that the graph of y = x? becomes: 
* the graph of y = x? +5 when translated 5 units up 


* the graph of у = x? — 4 when translated 4 units down. 
1 

In a similar way, the graph of у = — becomes: 
x 


* the graph of y = z + 5 when translated 5 units up 
x 


1 : 
* the graph of y = — — 4 when translated 4 units down. 
x 





Example 7 


1 
Sketch the graph of y = Ет +2. 


Тһе graph of у = L + 2 is obtained by translating the graph 
х 
Gi y = | two units up. 
Ж 


The horizontal asymptote has equation у = 2. The vertical 
asymptote remains x = 0. 


To find the x-intercept, put y = 0 into the equation. 








(с 
X 
exco 
X 
Ї 
До = == 
2 


There is по y-intercept. 


> Translations of the basic rectangular hyperbola 







* The graph of y = —— where h is a positive number, can be obtained Бу translating the 
Y- 


graph of y = 2 by h units to the right. The equation of the vertical asymptote is х = h. 
X 


* The graph of y - E + К, where К is a positive number, can be obtained by translating the 
X 


graph of y = : by К units up. The equation of the vertical asymptote is у = k. 
Xx 


* Similar statements apply for translations to the left and translations down. 
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ы 11В THE RECTANGULAR HYPERBOLA 
i41: 50 00 0000202 


The rectangular hyperbola y - = 
X 


The graph of y — E is obtained from the graph of y — 2 
x x 


1 
by transforming each point | р, 2), where p + 0, to 


2 
| р, 2| Тһе y-coordinate is multiplied Бу 2. 
P 





The rectangular hyperbola y = 5 is obtained by 
x 
stretching the basic hyperbola y = x by a factor of 2 from 
x 


the x-axis. 











Ехатріе 8 


3 3 
Sketch the graph of y = pers by first sketching the graph of y — p: 








3 
is obtained by translating the graph of y = m two units to the left. 


3 
Тһ h of y = 
e graph of y к 


е Exercise 11B 





1 
1 Given that y = —, find y when: 
х 


1 2 
2 2 3 
| 12 
2 Сіуеп that у = —, find y when: 
x 1 3 3 
а х=3 b x=4 с х--- d х--- е х-- 
2 2 4 
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11B THE RECTANGULAR HYPERBOLA М 


1 
3 Given that y 2 ——, find y when: 
x 
































1 3 3 
а x=-l b х--2 е х=—— а x=- е х=—— 
1 2 2 2 
4 Сіуеп that y = e find y when: 
a х-4 b x=2 c xe 4 х-34 e х-24 
4 
5 a Sketch the graph of y = —. 
x 
b Find the values of y when x = —4, —2, —1, 1, 2 and 4, and plot the corresponding points 
on the graph. 
6 a Sketch the graph of y — E M 
х+2 
b Find the values of y when x = —4,—3, 21, 11, —1 апа 0, and plot the corresponding points 
on the graph. 
7 On the hyperbola y = E find the value of y when x equals: 
x 
а -0.001 b -0.2 c 3 d 24 e 144 
8 On the hyperbola y = — find the value of y when x equals: 
a 0 b 1 с 2.99 d 3.01 e 1000 
12 
9 On the hyperbola у = find the value of y when x equals: 
Хот 
а 0 b -2.9 с -2.99 а -301 е -3.001 
10 Sketch each graph, and indicate two points on each graph. 
x 2x x x 
11 Sketch each graph, showing the asymptotes and any intercepts. 
1 1 1 -1 
á х-4 4 х-2 И хээ ы Хх +1 
12 Sketch each graph, showing the asymptotes and any intercepts. 
1 1 
a у=—+1 b —— c у=——+4 а peu 
3 x x x 
13 Sketch each graph, showing the asymptotes and any intercepts. 
6 6 
ail = = П == 
d x i x-3 
bi y- 10 ii у= 10 
x x-5 
c i 2 ii - 
у= x d x2 
248 -3 
d i = — ii = 
Ж IFI 
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Қы 


14 Sketch each graph, showing the asymptotes and any intercepts. 


4 12 
X X X X 





1 1 Intersections of graphs 


In this section we will look at the intersections of: 

* lines and parabolas 

* lines and circles 

* lines and rectangular hyperbolas. 

In Chapter 4, we looked at the intersections of lines. 


Two distinct lines meet at zero points or 1 point. In the situations listed above, there are 
always 0, 1 or 2 points of intersection. We find these points of intersection by solving 
simultaneous equations. 


That is, we shall be using algebra to solve problems in geometry. 


A straight line and a parabola 

















y = х? Уу y = x2 УЛ 
> > 
О x О x 
O points of intersection 1 point of intersection 2 points of intersection 
A straight line and a circle 
y y Ў 
x x x 
О points of intersection 1 point of intersection 2 points of intersection 


When there is just one point of intersection between a circle and a line, the line is called a tangent to 
the circle (see Chapter 13). 


A straight line and a rectangular hyperbola 


The following diagrams show that when a straight line and a rectangular hyperbola are drawn there 
may be 0, 1 or 2 points of intersection. 
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11C INTERSECTIONS OF GRAPHS 











y y 
O 5, x O x 
О points of intersection 1 point of intersection 
yh 
y^ 
> 
О x О 5 








2 points of intersection 


Example 9 





Find the coordinates of the points of intersection of the graphs of y = 4 — x? and y = 4 — x, 
and illustrate your answer graphically. 


To find the points of intersection, solve the equations simultaneously. 


у-4-х (1) 

y=4-x (2) 

At the points of intersection, the y-values are the same, so: 
4-х2-4-х 
ж” == 0 

x(x—1)20 


PX (0) езе =! 
When x = 0,y = 4. 
When 1155: 





So the two points of intersection аге (0, 4) and (1,3). 


Equating the two expressions for y is called eliminating y. We have used this previously for 
simultaneous linear equations. For all three curves, parabolas, circles and rectangular hyperbolas, 
a quadratic equation results from eliminating y. This equation will have 0, 1 or 2 solutions, each 
situation graphically related to 0, 1 or 2 points of intersection, respectively. 
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ON 11C INTERSECTIONS OF GRAPHS 
МАС тіс INTERSECTIONS OF GRAPHS 2002, 
Example 10 


Find the points of intersection of the circle x? + y? = 5 and the line y = x + 1. Ilustrate this 
graphically. 


We have x? + y? =5 (1) 
yaxi (2) 
Substituting the right-hand side of (2) into (1): 

х2 +(х+1)? =5 
х2 +2 +2х+1= 5 
2x? +25 -4 20 
х?+х-2=0 
(х + 2)(х —1)= 0 


хэ-201Х-1 





To find the y-values, substitute the values of x into equation (2). 
When x = —2, y = —1. 

When x = 1, y = 2. 

So the line cuts the circle at the points (—2, —1) and (1,2). 


Substituting the x-values into equation (1) does not determine the y-values. Check what happens 
yourself. 





Example 11 


Find the point of intersection of the line y = 2x + 5 and the circle x? + y? = 5. Illustrate 
this graphically. 


у= 21995 (1) 

хо угээ (2) 
Substituting from (1) into (2): 

х? + (2х + 5)2 = 5 

x? + Ax? + 20х + 25 = 5 

5x? + 20x + 20 = 0 

х2 +4х+4 = 0 











(22 2)2 2 0 
х= –2 
апа у= 2х (2) +5 = 1 


Thus the line meets the circle at one point (2,1). 
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11С INTERSECTIONS OF GRAPHS М 
Ехатр!е 12 


Show that the line y = x + 4 does not meet the circle x? + у? = 1. Illustrate this graphically. 





у =x 4 (1) 
у= (2) 
Substituting from (1) into (2): 

eae al 
x? +2x74+8x+16=1 
2x? +8х +15 = 0 
For this quadratic equation: 
A = b? - Дас = 64 - 4x 2x15 
64 — 120 


-56 < 0 
so b? — 4ac < 0 and there аге no solutions to the quadratic equation. 








Hence, the line does not meet the circle. 


Example 13 


2 
Find where the hyperbola y = А meets the line у = x + 1 and illustrate this graphically. 








2) 
усе (D 
x 
y=xtl (2 
Eliminating y from equations (1) and (2): 
2 
xcd 
х 
ху? 
х2 +х-2= 0 
(= 2) 0 = 
х= 2 огх = 1 
Thus, y=-lory=2 (either from equation (1) or (2)) 


Hence, the hyperbola meets the line at (—2, —1) and (1, 2). 
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ы 11С INTERSECTIONS OF GRAPHS 
AT a 5 ия MN 


ә) Intersection of graphs 






е To find the points of intersection of graphs, solve the equations simultaneously. 






е Aline meets a parabola, a rectangular hyperbola or a circle at О, 1 or 2 points. 





@ Exercise 11С 


1 Find the coordinates of the points of intersection of: 
а y=x*andy=4 


b y-2x?andy-1 
с у= (х- 1)? and y=2x-3 
d у= х2 and y = 7x - 12 


2 Find the coordinates of the points of intersection of: 


а y-x?cr3x*3and y 2 x 4 2 b у=х?+5х+2апду=х+7 
c y=x?+2x+4andy=x+6 d y=2x?+3x+land y = 2x 41 
e y=3x*+x+4+2and y = 3x + 3 f y=6x*+9x+5and y = 2x 4 3 
3 Find the coordinates of the points of intersection of: 
а x?-y?-4andx-2 b х2-у =9and y=0 
€ 2 +9? =32andy=x d х?+ у? = 81апа y = 2V2x 
4 For each pair of curves, find the points of intersection and illustrate with a graph. 
a x?+y* =10andy=x+2 b x?+y* =17and y=3-x 
c x+y =26andx+y=4 d x?+ y? = 20 and y = 2x 
e х2 + y?- Sand у = 2x – 3 f х2 + у2 =8andy=x+4 
g х2 +у? =18andx+y=6 h х2 + y? = 25 and 3x + 4y = 25 
і х2-у = 4апіх+у= 6 j x+y? = 9 апі у = 2х +8 


5 For each pair of curves, find the coordinates of the points of intersection and illustrate with 
a graph. 


a му 
b у= 2х -1апау = 


с y=3x-landy= 


=n ele 5 


1 
а y--—andy-- 
X 
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6 The circle x? + y? = 1, the parabola у = x? and the line у = x 
are drawn on the same axes. Let A and B be the points of 
intersection of y = x with the circle and parabola, respectively. 
XA and YB are drawn perpendicular to the x-axis. 

a Find the coordinates of A and B. 


b Find the area of triangles OAX and OBY. 





7 Where does the line 3y — x = 7 meet the circle 
(x - 3)? + y? 210? 


8 Show that the line y = 2x does not meet the circle (x — 5)? + y? = 4. 
9 Find the values of a for which the graphs of y = x +a and x? + y? = 9 intersect at: 
a one point b two points c no points. 


10 Find the points of intersection of the circles x? + y? = 9 and (x – 2? + y? = 9. 
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1 1 Regions of the plane 


When we plot a set of points satisfying an inequality, we generally obtain a region of the plane, not a 
curve or a line. 


Half-planes y 


A straight line divides the plane into three non-overlapping regions: 


* the points that lie on the line NNUS ary 
ХУ 


* the points that Пе on one side of the line 


2 


* the points that Пе on the other side of the line. 


22 


Regions consisting of all the points on one side of a line are called 
half-planes. 


The region may or may not include the points on the line. The line is 
often called the boundary line of the half-plane. 


The region of the plane defined by the inequality y > x consists of 
all the points (x, y) whose y-coordinate is greater than the x-coordinate. ) 
The points (1, 2), (1, 3) and (1, 4) are all іп this region, whereas 
(1, 0) and (1, —1) are not in the region. 














The region y > x contains all the points above the line y = x. This is 
because if you choose any point on the line y — x (for example, (1, 1)), 
then all the points (x, y) above the point (1, 1) have y > x, and those 
below have y « x. 





"Ul 


The region y > x is shown above. The line y = x is dashed to show that it is not included in the 
region y > x. 


335 







РТЕК 11. CIRCLES, HYPERBOLAS AND SIMULTANEOUS EQUATIONS 


Photocopying is restricted under law and this material must not be transferred to another party. 





11D REGIONS OF THE PLANE 











Example 14 


Sketch the region defined by the inequality y 2 2x + 1. 


We first sketch the boundary line y = 2x +1. 


The boundary line has been drawn as a solid line since it is included in the 
required region. 


Method 1 – Using the inequality with у the subject 


If you choose any point on the line y = 2x + 1, for example, (0, 1), then all 
the points above (0, 1) have y > 2x + 1 and those below have у < 2x +1. 
Hence, we shade the region above the line y = 2x + 1. 


Method 2- Using a test point not on the boundary line 


Test the point (0, 0). Since 0 € 2x 0 + 1, the point (0, 0) does not belong to the region. 
Hence, the required region is above the line. 


Example 15 





Sketch the region defined by the inequality x + 2y < 2. 


First sketch the boundary line x + 2y = 2. 
Method 1 


The inequality can be rearranged to make y the subject: 





1 
2-0! 
=; 


Hence, we shade the region below the line. 1 
We include the line, since points on the line satisfy y = то spl: 
Method 2 


Test the point (0, 0). Since 0 + 2 x 0 < 2, the point (0, 0) does belong to the region. 
Hence, the required region is below the line. 


Boundaries parallel to the x-axis 


The inequality y € 4 describes the half-plane with boundary line y — 4. AII 
of the points below y — 4 and the points on y — 4 are included in the region. 
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11D REGIONS OF THE PLANE Мм 


Boundaries parallel to the y-axis | y 
The inequality x > —3 describes the half-plane with the boundary | 

line x = —3. All of the points to the right of x = —3 are in the half-plane. ІР | 3 
The points on x = —3 are not included, so the line is dashed. | | | 


Intersection of regions 


To sketch the intersection of two regions, sketch the regions and see which points they have in 
common. Corner points are those points where the boundary lines of the half-planes meet. They 
should always be labelled in the sketch. 


Example 16 


Sketch the region of the plane defined by y < 4 and x < 2. 


Sketch the region y < 4 and the region x < 2. 


9 
ы 








== The region is у < 4and x < 2. 


Alternatively, it can be shown as: 


(2, 4) 
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11D REGIONS OF THE PLANE 








Example 17 


Sketch the region defined by the inequalities y > x and x + y <4. 


First sketch the region y > x. 


Draw the line y = x and shade the region above the line. 


р” 


х 


Draw x + у = 4 and test the origin, 0+ 0 < 4. 





To find the corner point, solve the simultaneous equations. 
y=x (1) 

х+у= 4 (2) 

Substitute (1) into (2): 


x+x=4 

Sp mE 
From equation (1): 
ye 2 


The corner point is 2 2| but it does not lie in the required region, since it is not a member of 
y > x. It is therefore indicated by an open circle. The region y > x and x + y € 4 is ==. 


е 


(2062) 
4 
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11D REGIONS OF THE PLANE 








Discs 


A circle divides the plane into three regions. The points in the plane are either on the circle, inside 
the circle or outside the circle. The set of points inside and on a circle is called a disc. 





Example 18 


Sketch the regions. 
a х2-(у-3) <9 
b х2-(у-3)2>9 


a First draw the circle x? + (y — 3)? = 9. This circle has centre (0, 3) yh 
and radius 3. The region is the set of points whose distance from 6 
(0, 3) is less than or equal to 3 units. 


The region is the shaded disc. 











22 
O x 
b The region x? + (y — 3? > 9 is the set of points whose distance 
from (0, 3) is greater than to 3. 
The region is the shaded area outside the disc. 
> 
x 





ӨТ 
1 Sketch each region. 
14,15 


а у»х-! b y<2x+3 с у<2х—1 
d у»1-х е 2х+у<4 Ғ 3х-2у>6 
g 3х+у>1 А x-2y«l i 2223 

j у>3х К х>3 l 742 

т у<2 п у<-2 о 4х-3у<12 
р 2Х-у<8 q 2x-y24 г y«3-2x 
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ON 11D REGIONS OF THE PLANE 
ХОВД | es 


2 Write down the inequalities that describe each given region. 


a yh у= 2х+4 b у--х%2 y^ 














3 
Im 5 





3 Sketch the regions satisfying the given inequalities. Find the coordinates of the corner points. 


a y>xandx+y<6 b ys2xand2x+y>4 

с x+ys4and2x+y<6 d x+2y<8and3x+y<9 
е у2 х+1апау > Зх – 5 f y$1-2xand y> >x 

g x<2andy<l h х<-2апау>2 

i x21x<3,y20andy<4 j х>0,у>0апах-у<4 


1 
k x20,y20,x+y<6 andx+2y<8 1 ыы 


4 Write down the inequalities whose intersections are the shaded region. 





(3, 3) 

















О 6 








5 Sketch each region. 


а x+y? <4 b (х-2)-у2>9 
с (х-3)7-(у-1)>16 d (х-12-(у-2)<1 


1 
6 Sketch у>-. 
х 
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Review exercise 


1 Sketch each graph. 


9 
а x+y =9 b 2х2-2у2-8 € гс d шалыг 
2 Sketch each graph. 
үү D 2 2 
a а + жє = ІМ (Ors Jue se ур = 
с (х+3)2 + (у - 4)? = 25 а х? + (у+ 4)? =16 
е (х- 3)2 + (у+ 5)2 = 4 f (x-1?-«(y-1? = 25 
3 Complete the square to find the centre апа the radius of each circle. 
а х2 +4х+ у? +8у = 0 b х2 +у2+4х+2у-5 = 0 
с 2х2 + 2у2 -8Bx c 5у+3 = 0 4 х2 + у2 – 4х + 6у – 37 = 0 


4 Write down the equation of the circle with: 
а centre (0,0) and radius = 3 b centre (—1, 4) and radius = 6 
с centre (2,5) and radius = 1 4 centre (-2, —6) and radius = 4 


5 Sketch the graph of each rectangular hyperbola. 


4 5 4 
а уз- b у=— с у--- 
5% 226 А 


6 Sketch the graph of each rectangular hyperbola. Include the asymptotes. 
1 1 1 -1 


b y= 
х+2 х-4 х+5 х—1 














7 Епа the points where each parabola meets the line. 
a y = 2x? – 3x + A and y = 12 – Зх b y-22-x-3x?and у = -7x + 2 
8 Find the points of intersection of: 
а х?2+у^=9апах=3 b x*+y? =1бапду=0 
с х2 + y? =16and у = J3x 
9 Find the points of intersection of: 
а 3y+4x = 25 and x? + y? = 25 b х2-у =29and у = 3х – 1 
10 Sketch each region. 
ay b y22x-4 с у>2-х аг2 726 
е 3x+2y>6 f y<-l ш = h y<3x 
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11 Sketch each region and find the coordinates of the corner points. 


a x»4andy s 3 b ys 2x andx S6 
с x+y<4andy<2x d ysil—2x and y>x+2 
е 205 y= Gandy. y 24 f x+y <6and y =-2x+3 


12 Sketch the regions. 
а (х= 12 +у2 <1 b (х= 3)2 + (у – 4)? < 25 
с х2 +у? > 36 d (х-2)2 +у2 > 9 


13 Find the points where the hyperbola meets the line. 


12 3 
ашк === В у-2х-7,у--- 
x 22 
с та а ЫЛ Т 
x х 


Challenge exercise 


1 By considering suitable translations, sketch the graph of: 


by=2+ 
x+4 Ni 








а у=1+ 


2 Ву considering suitable transformations, sketch the graph of: 

















2 
ау-2- b у=4+— 
й х-4 ла 5 
3 Ву considering suitable transformations, sketch the graph of: 
1 
a -1- b =3- с = 2+ а =4— 
á x+4 í nias 7 ipe í х 


4 Triangle ABC is equilateral with vertices А(0,а), В(т, 0) апа С(-т, 0). First show 
а = 43m. 


a Find, in terms of a, the equation of the perpendicular 
bisector of: 


i АС ii AB 


b Show that the two perpendicular bisectors meet at 


a 
x(o. “) С(-т, 0) В(т, 0) E 


c Find the distance AX in terms of a. 
d Find the equation of the circle with centre X (o а) and radius АХ. 
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CHALLENGE EXERCISE 





5 а XYZ is aright-angled triangle with the right angle at Y. O(0,0) is the midpoint of XZ. 
The coordinates of X and Z are (a,0) and (—a,0), respectively. 


yh 


Y(x, y) 





* 


= 
2 (-a, 0) O(0,0) Х(а,0) A 





i Use the fact that ХҮ is perpendicular to ZY to show that x? + y? = a’. 
і Hence, show that OX = OY = OZ. 
b Р(х,у) is a point on the circle x? + y? = a?. Show that PA is perpendicular to PB. 
aN 
y 


Py) lv ty 0 





"V 





А(-а, 0) 





Note: This proves the important result that the diameter of а circle subtends a right- 
angle at the circumference. You will encounter this result ag ain in Chapter 13. 


6 ABCO is a square of side length a. Show that the equation of the circle passing through 
all four vertices is x? + y? — ax — ay = 0. 
yA 


А(0, а) B(a, a) 





ООО, 0) С(а, 0) 





7 The points О(0,0), А(а,0) and В(0, b) Пе on a circle. 
а Find the equation of the perpendicular bisector of: 
i OA ii OB 
b Find the coordinates of the point of intersection of the perpendicular bisectors of OA 
and OB. 
с Show that the perpendicular bisector of AB also passes through this point. 
d Find the equation of the circle passing through O, A and B. 
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CHALLENGE EXERCISE 


10 


11 


12 


13 


14 


15 
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Find the equation of the circle that passes through the points (a, b), (a, —b) 
and (a 4 b, a — D). 


The lines y = x and у- -5x meet the circle at (2,1) and (2, —1), as shown in the 


diagram. Find the equation of the circle. 











Sketch each graph. 
ашыл уыз? 
b (х—2)(у—3)= 


Sketch each graph. 

а (= yey) = 0 

Ь (y—x*)(y + х2) = 0 
с (x? - + у?) = 0 
d (y? — x)(y? + х) = 0 


Show that the circles x? + y? – 2x – 3y = 0 and x? + y? + x - y = 6 intersect on the 
x-axis and y-axis. 


Find the points of intersection of the circles x? + y? + x — 3y = 0 and 
2x? + 2у2 - x -2y -15 = 0. 


The general equation of a circle is x? + y? + 2gx + 2/у + c = 0. Find the equation of 
the circle passing through the points (—1,3), (2,2) and (1,4). 


Show that y = ax + b, where a > 0, always meets y = l 
X 
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CHAPTER 


Measurement and Geometry 





Trigonometry begins with the study of relationships between sides and angles in 
a right-angled triangle. 


In this chapter, we will review the basics of the trigonometry of right-angled 
triangles, look at applications to three-dimensional problems, and extend our 
study of trigonometry to triangles that are not right-angled. 





ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 


1 | ) Review of the basic 
trigonometric ratios 

By similarity, the ratio of any two sides in a right-angled triangle is 

always the same, once we have fixed the angles. hypotenuse 





. opposite 
We choose one of the two acute angles and call it the 


reference angle. Г 


The side opposite the reference angle is called the opposite, the adjacent 


side opposite the right angle is called the hypotenuse and the remaining side, which is between the 
reference angle and the right-angle, is called the adjacent. 


The three basic trigonometric ratios are the sine, cosine and tangent ratios. 


opposite adjacent opposite 


hypotenuse hypotenuse adjacent 


sin 0 = 


You should learn the three ratios for sine, cosine and tangent by heart and remember them. A simple 
mnemonic is: 


SOHCAHTOA 
for Sine: Opposite/Hypotenuse, Cosine: Adjacent/Hypotenuse, Tangent: Opposite/Adjacent 


Complementary angles 


In the diagram, the angles at A and B are complementary; that is, they 
add to 90°. 


The side opposite A is the side adjacent to B and vice versa. Hence, the 
sine of Ө is the cosine of (90° — Ө) and vice versa. 


sinO = cos (90° — Ө) 
со50 = sin (90° — Ө) 





For example, sin 60° = cos 30° and cos 10° = sin 80°. 





Example 1 


Write down the sine, cosine and tangent ratios for the angle Ө in this triangle. 
13 





810 = E ey ene о 
13 13 5 


Опсе a reference angle is given, the approximate numerical value of each of the three ratios сап be 
obtained from a calculator. We can use this idea to find unknown sides in a right-angled triangle. 
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12А REVIEW OF THE BASIC TRIGONOMETRIC RATIOS 
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Find, correct to two decimal places, the value of the pronumeral in each triangle. 


a 8 cm b 
с xem 12.2 cm 
ГІ 











26° 
аст 
с 6.2 cm d 
43° 
6cm 
dcm 
E 
x cm 
a ane E oes a 
hypotenuse hypotenuse 
sin 15° = Е COSI ORE >22 
8 122 
ag = е @ = 122.20 55 (506 Ы? 
=? = 10.77 
с C ШЕН а ЕЕ 
adjacent adjacent 
tan 43° = de tan 37° = 2 
6.2 % 
d = 6.2 tan 43° xtan 37° = 6 
= 5.78 6 
х= 
(ап 379 
= 7.96 


Finding angles 


In order to apply trigonometry to finding angles rather than side lengths in right-angled triangles, we 
need to be able to go from the value of sine, cosine or tangent back to the angle. 


What is the acute angle whose sine is 0.5? 
The calculator gives sin 30° = 0.5, so we write sin "10,5 = 30°. 
The opposite process of finding the sine of an angle is to find the inverse sine of a number. 


1 


When Ө is an acute angle, the statement sin x = Ө means sin Ө = x. 


This notation is standard, but is rather misleading. The index —1 does NOT mean one over, as it 
normally does in algebra. To help you avoid confusion, you should always read sin^!x as inverse sine 
of x and tan^!x as inverse tan of x, and so on. 


For example, the calculator gives cos ^! 0.8192 = 35? (read this as inverse cosine of 0.8192 is 
approximately 35?). 
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12А REVIEW OF THE BASIC TRIGONOMETRIC RATIOS 











Example 3 


Calculate the value of Ө, correct to one decimal place. 


b с 
11 cm 6cm 7 cm 
d "Am Ca") ain 
Ө 
82т 








NU b 0020 с iuc. 
18! 14 12 
Ө = (5) Ө = со 52) Ө = апт! (2) 
14 
e 313,119 гә SAIS = 089 





| Ф Exercise 12А 


=> 2) 1 Calculate the value of each исен correct to two decimal places. 


с 5т 
51° 
14 ст bcm 72» 19 c 
cm 


d cm 8ст РРЛ 16.2 ст 




















16° 





іст 


2 Calculate the value of the pronumeral, correct to two decimal places. 


a b 7 ст 
а ст 
2.6 ст 
109 


Ь ст 

















9m 
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12А REVIEW OF THE BASIC TRIGONOMETRIC RATIOS 





3 Calculate the value of 8, correct to one decimal place. 


a b ГІ 
14 cm 
6 cm 5 cm 
0 9 cm 


c 14 cm d ON. 3.8 cm 


Ц 
8 ст 
11.6 cm 
e О f 
элеп 4.6 ст 
LI 


13.2 cm 














8 cm 


4 Calculate the value of each pronumeral. Give side lengths correct to two decimal places 





and angles correct to one decimal place. 
b 12 cm 15.2 cm 
e 


a c 
O 
26° аст 
16.2 ст 
17 cm 
0 
x cm 

8 cm 15 cm 

1 

S 5 cm 




















8.2 m 19 cm 
74% 
ат 
5 i h 8.6 cm i 
oO 36° Ц 
аст 
уст 
хт 
Г] 
10m 7.6 cm 
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5 Find all sides, correct to two decimal places, and all angles, correct to one decimal place. 


a b с 
8.4 cm 
9.2 ст 5cm 
3cm 6cm 
40° 





4 р; Exact values 


The trigonometric ratios for the angles 30°, 45° and 60° occur very frequently 
and can be expressed using surds. 








The value of the trigonometric ratios for 45° can be found from the diagram 2 1 
opposite. It is an isosceles triangle with shorter sides 1. 
The values of the trigonometric ratios for 30° and 60° N - 
сап be found by drawing an altitude іп an equilateral n 1 
triangle. 2/34“; 
The values are given іп the table. 3 ` 
695024... 
1 1 




















Check the details in the triangles and the entries іп the table. You can either learn the table or 
remember the diagrams to construct the table. 


Example 4 





Find the exact value of х. 


a b х ст 
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12B EXACT VALUES М 





а We have cos 30° = 5 
х= бсо 50° 
=o xX v3 
2 
= 443 
6 
b We have (ап 60° = — 
X 
6 а= 
50 
Непсе %- 22 
3 
- S x = (Rationalise the denominator.) 
= 243 


Alternatively, we could have worked with the complementary angle, tan 30° = 2 


Ө Ехегсїсе 12В 


1 Find the exact value of x. 


a b xcm с 
10ст - 
х ст 
H 12 mm xmm 
12 cm 


8m 











2 Find the exact values, rationalising the denominator where appropriate. 
1 
(cos 30°)? 


d sin 45? x cos 60? + cos 45? x sin 60? 


a (sin 60°)? + (cos 60°)? b (tan 30°)? — 
tan 607- tan 45° 
1-- tan 60°x tan 45? 
e 2 sin 30? x cos 30? f 2(cos 45°)? - 1 
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3 ABCD isarhombus with ZABD = 30°. Find the exact length of each diagonal if the side 
lengths are 10 cm. 


4 Find exact values of: B 
ch 

a AC b AD c BC 24 ст 

арс е BD 
5 Find the exact values of a and x. A C 

acm 
xcm 
ЕН 


6 Find the exact value of x. 


= 


7 ABCD is a rhombus with sides 10 cm. Find AX. 
B 10cm 





1 | ) Three-dimensional 
trigonometry 
We can apply our knowledge of trigonometry to solve problems in three dimensions. To do this you 


will need to draw careful diagrams and look for right-angled triangles. Sometimes it is helpful to 
draw a separate diagram showing the right-angled triangle. 





In the triangular prism shown, find: 

a the length CF 

b the length BF 

c the angle BFC, correct to one decimal place. 
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12С THREE-DIMENSIONAL TRIGONOMETRY М 





а Applying Pythagoras’ theorem to АСЕР: 

















CF? = 4? + 5? | 
= | 
Hence, CF = J/41cm | 
1 5 cm E 
b Applying Pythagoras’ theorem to ABCF: B 
BF? -3 «(Ja 3 cm 
- 50 
ІР С 
Непсе, ВЕ = 542. cm ой 
c To find the angle BFC, draw А ВСЕ and let ZBFC = Ө. B 
5 542 ст 
Now tan 0 = —— 3 cm 
УАТ 
Г] 
50 Өс 23:18 (Correct to one decimal place.) F TERDUM С 


Angles of elevation and depression 
object 






When a person looks at an object that is higher than the person’s 

eye, the angle between the line of sight and the horizontal is line of sight 
called the angle of elevation. 
angle of elevation 


On the other hand, when the object is lower than the person’s ae 


eye, the angle between the horizontal and the line of sight is horizontal 
called the angle of depression. 


In practice, ‘eye of observer’ is replaced by a point on the 


eye of horizontal 
ground. у 


observer 










angle of depression 


line of sight 
object 


Bearings 


Bearings are used to indicate the direction of an object from a fixed reference point, О. М 

True bearings give the angle 0? from north, measured clockwise. We write a true A 
bearing of 0? as 0? T, where 0? is an angle between 0? and 3609. It is customary to 60% 

write the angle using three digits, so 09Т is written 000?T, 15?T is written 015°T, and о) 140° 

so on. 


For example, in the diagram opposite, the true bearing of A from O is 060°T, and the B 
true bearing of B from O is 140°T. 
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ON 12C THREE-DIMENSIONAL TRIGONOMETRY 
AT Ee WER ge ey -- 


Example 6 





A tower is situated due north of a point A and due west of a point B. From A, the angle of 
elevation of the top of the tower is 18°. In addition, B (which is on the same level as A) is 
52 metres from A and has a bearing of 064°T from A. Find, correct to one decimal place: 


а the distance from A to the base of the tower 
b the height of the tower 
с the angle of elevation of the top of the tower from В. 


Draw the tower OT and mark the point A level with the base of the 
tower. The line AO then points north. We can then mark all the given 
information on the diagram. The triangle AOT is vertical and triangle 
AOB is horizontal. 





a In AAOB,cos 64° = 23 
52 
so OA = 52 cos 64° 
= 22.795 ... (Keep this in your 52m 
calculator for part b.) A 
ж 22.8 (Correct to one decimal place.) 


A is approximately 22.8 metres from the base of the tower. 





7 
b In AAOT,tan 18? = or 
oe 18° 
that is, OT = ОА x tan 18 A 22.795 O 


= 7.406 ... (Keep this in your calculator for part c.) 
= ТА (Correct to опе decimal place.) 


The tower is approximately 7.4 metres high. 


5 
с Іп ATOB, tan0 = GE 
Now from AAOB, OB = S2 sin 64? OF 52 sin 64° B 
Hence, їап0 = a= 
52 sin 64° 
= 0.1585 
so Ө = 9.09 (Correct to one decimal place.) 


The angle of elevation of the top of the tower from B is approximately 9.0°. 


Do not re-enter a rounded result into your calculator; it is much more accurate to store the 
un-rounded number and use it in subsequent steps. 
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12C THREE-DIMENSIONAL TRIGONOMETRY 


Ф Ехегсіѕе 12С 


И) 1 Inthe rectangular prism shown opposite, find: 


a BN 
b ZBNM (correct to one decimal place) 
c BP 








d the angle BPM (correct to one decimal place) 
е МО, where Q is the midpoint of PN 
f the angle BOM (correct to one decimal place) 


2 Inthe cube shown opposite, find: 
a CE 
b ZCEG (correct to one decimal place) 
c ZCBE 
d ZCEB (correct to one decimal place) 


3 Inthe square pyramid shown opposite, find: 
a AC b OC c VC 
d ZVCO (correct to one decimal place) 
e OM, where M is the midpoint of BC 
f ZVMO (correct to one decimal place) 





g ZVBM (correct to one decimal place) D лост € 


4 AEFD is a horizontal rectangle. ABCD is a rectangle inclined at an angle Ө to the 
horizontal. AD - 32 cm, AE - 24 cm and BE - 41 cm. Find, correct to one decimal place 
where necessary: 


a DC 
b AF 
c ZCAF 





A 32 cm D 


5 Тһе base of a tree is situated 50 metres due north of a point P. The angle of elevation of the 
top of the tree from P is 322, 


a Find the height of the tree, correct to one decimal place. 
b О isa point 100 metres due east of P. Find: 
i the distance of Q from the base of the tree 
ii the angle of elevation of the top of the tree from Q, correct to one decimal place 


iii the bearing of the tree from О, correct to one decimal place 
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ON 12C THREE-DIMENSIONAL TRIGONOMETRY 
т не Ж; 


6 Dillon and Eugene аге both looking at a tower of height 35 metres. Dillon is standing due 
south of the tower and he measures the angle of elevation from the ground to the top of 
the tower to be 15°. Eugene is standing due east of the tower and he measures the angle of 
elevation from the ground to the top of the tower to be 20°. Find, correct to one decimal 
place: 


a the distance Dillon is from the foot of the tower 
b the distance Eugene is from the foot of the tower 
c the distance between Dillon and Eugene 


d the bearing of Dillon from Eugene 


7 From a point A, a lighthouse is on a bearing of 0269Т and the top of the 
lighthouse is at angle of elevation of 20.25?. From a point B, the lighthouse is on a 
bearing of 296°T and the top of the lighthouse is at angle of elevation of 10.20°. If 
A and B are 500 metres apart, find the height of the lighthouse, correct to the nearest 
metre. 


8 From the top of a cliff that runs north-south, the angle of depression of a yacht, 200 metres 
out to sea and due east of the observer, is 209. When the observer next looks at the yacht, he 
notices that it has sailed 150 metres parallel to the cliff. 


a Find the height of the cliff, correct to the nearest metre. 


b Find the distance the yacht is from the observer after it has sailed 150 metres parallel to 
the cliff, correct to the nearest metre. 


c Find the angle of depression of the yacht from the top of the cliff when it is in its new 
position, correct to the nearest degree. 


9 Amastis held in position by means of two taut ropes running from the ground to the top 
of the mast. One rope is of length 40 metres and makes an angle of 58? with the ground. 
Its anchor point with the ground is due south of the mast. The other rope is 50 metres long 
and its anchor point is due east of the mast. Find the distance, correct to the nearest metre, 
between the two anchor points. 
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1 2? The sine rule 





In many situations we encounter triangles that are not right-angled. We can use trigonometry to deal 
with these triangles as well. One of the two key formulas for doing this is known as the sine rule. 


We begin with an acute-angled triangle, ABC, with side lengths a, bandc, as shown below. (It is 
standard to write a lower case letter on a side and the corresponding upper case letter on the angle 
opposite that side.) Drop a perpendicular, CP, of length h, from C to AB. 


С 
ü b 
B P A 
<------- 


Іп AAPC we have sin A = 1, so Л = Әсіп A. 


ЖЫР . : h . 
Similarly, in ACPB we have sin B — T so h = asin B. 


Equating these expressions for h, we have: 
bsin A = asin B 
which we can write as: 
a 5 
sinA sinB 








The same result holds for the side c and angle C, so we can write: 
a b e 











snA sing sin C 
This is known as the sine rule. 


In words, this says “апу side of a triangle over the sine of the opposite angle equals any other side of 
the triangle over the sine of its opposite angle’. 


This result also holds in an obtuse-angled triangle. We will look at that case later. 


In any triangle ABC: 


a b E 
snA  sinB sinc 








B c А 
For example, the sine rule can be used to find an unknown length of a side of a 
triangle when a side length and the angles are known. This is closely related to the 
AAS congruence test. 
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12D THE SINE RULE 


























Example 7 
In ДАВС = АВ = 9 cm, ZABC = 76° and ZACB = 58°. A 
Find, correct to two decimal places: 
a AC b BC acm 
58° 76° 
С В 
а Apply the sine rule: b To find BC, we need the angle ZCAB 
A opposite it. 
- со 2 ACABE 1807 Е 5802765 
sin 76? — sin 58° 
9зїп 76° n 
- ee Then by the sine rule: 
sin 58 BC 9 
т біп 469 іп 58° 
9 sin 46° 
BC = — 
sin 58° 
= 7.63 ст 


Example 8 


From two points А and B, which are 800 metres apart on a straight north-south road, the 
bearings of a house are 125?T and 050°T, respectively. Find how far each point is from the 
house, correct to the nearest metre. 














We draw a diagram to represent the information. ^ 
We can find the angles in AAHB. A | 1259 
&НАВ = 180° — 125° 
= 55° 800 m H 
and ZAHB = 180? — 50? — 55° P4 
= 75° В 
Apply the sine rule to AABH: 
BH 800 T AH 800 
= Similarly, — == 
БШ Sm si 30" sim 73° 
in55° 800 sin 50? 
PS 800 sin 55 ағара ХЕ Ын 
sin 759 Sim 73" 
= 678.44 m = 634.45 m 


Thus, A and B are approximately 634 metres and 678 metres from the house, respectively. 
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12D THE SINE RULE 





Finding angles 


The sine rule can also be used to find angles in a triangle, provided that one of the known sides is 
opposite a known angle. 


At this stage we can only deal with acute angled triangles. 





Example 9 


Find the angle Ө in the triangle FGH, correct to the nearest degree. 


12 ст 


Apply the sine rule to AFGH: 
8 12 


712 





To make the algebra easier, take the reciprocal of both sides: 


ѕіп Ө _ sin 75° 





8 2 
| 8sin 75? 
Hence, sin@ = ———— 
12 
- 0.6440 ... 


Hence, Ө = 40° (Correct to the nearest degree.) 


Example 10 





Find the length of OC in the diagram, correct to one decimal place. 





(8 
ЕЙ hm 
Sos 70? 
A B О 
----. 
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ON 12D THE SINE RULE 
22. a гааг 


OC = hm and BC = x m. 
ZACB + 32° = 70° (exterior angle of AABC) 
The angle ZACB = 38° 





Applying the sine rule: 
х Б 
біп 329 віп 38° 
_ 12sin 32° 
sin 38° 
= 10.3287... (Keep this in your calculator.) 
In triangle BCO: 
h 
sin 70° = — 
X 
so h = x x sin 70° 
= 9.7 (Correct to one decimal place.) 


The length OC is approximately 9.7 m. 


А : Тоша . 
Note: Alternatively, Л can be calculated directly as coe x sin 70°. 
sin 


| e Exercise 12D 





1 Find the value of Р, correct to two decimal places. 


a b b cm с 1739 829 
bcm 


61° Е 
= 9cm 9m bm 


2 Find the value of x, correct to two decimal places. 


хст 
14 ст 1109- x cm 
4cm 
40° 
83° 26° 8cm 


3 a In AABC,A = 62°, В = 54? and a = 8. Find b, correct to two decimal places. 
b In AABC, B = 47°,C = 82° and b = 10. Find a, correct to two decimal places. 
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12D THE SINE RULE 





m · 


pm 7 


=D 10 
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Find the value of 6, correct to the nearest degree. 


a b < c 
12 639 859 
10 23 
5 
76° Ө 5 8 
25 


In AABC, А = 71°,a = 18 cm and Р = 14 cm. Find, correct to two decimal places: 








а В ЫС сс 

ABCD is а parallelogram with ZADC = 50°. The A ae B 
shorter diagonal, AC, is 20 m, and AD = 15 m. Find 20g 

ZACD and hence the length of the side DC, correct T 

to two decimal places. Е 50° "S А 





Two hikers, Раш and Sayo, аге both looking at a 

distant landmark. From Paul, the bearing of the landmark is 222°T and, from Sayo, the 
bearing of the landmark is 300°T. If Sayo is standing 800 m due south of Paul, find, correct 
to the nearest metre: 


a the distance from Paul to the landmark 


b the distance from Sayo to the landmark 


An archaeologist wishes to determine the height of an ancient temple. From a point A at 
ground level, she measures the angle of elevation of V, the top of the temple, to be 37°. 


She then walks 100 m towards the temple to a point B. From here, the angle of elevation of 
V from ground level is 64°. Find: у 


а ZAVB 
b VB, correct to two decimal places 


c OV, the height of the temple, 
to the nearest metre A B О 














A hillside is inclined at 26° to the horizontal. From the bottom of the hill, Alex observes а 
vertical tree whose base is 40 m up the hill from the point where Alex is standing. If the 
angle of elevation of the top of the tree is 43° from the point where Alex is standing, find 
the height of the tree, correct to the nearest metre. 


Find h, correct to the nearest centimetre. 





5 
hm 
30° 72° 
P Q R 
Ax 
10m 
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Trigonometric ratios of 
obtuse angles 





We have seen that we can use the sine rule to find sides and angles in acute-angled triangles. What 
happens when one of the angles is obtuse? We can extend our definition of the basic trigonometric 
functions to obtuse angles by using coordinate geometry. 


We begin by drawing a circle of radius | in the Cartesian plane, 
with its centre at the origin. The equation of the circle is x? + y? = 1. y 


Take a point P (a, b) on the circle in the first quadrant and form the 
right-angled triangle POQ with O at the origin. Let ZPOQ be 0. 





OO а 
0 а —— Z — Z 
cos ӨР 1 а, апа 
sin Ө = ОР 22 = 
ОР 1 


But a is the x-coordinate of P and b is the y-coordinate of P. 





Hence, the coordinates of the point P are (cos 0, sin 0). 


We can now turn this idea around and say that if 0 is the angle 
between OP and the positive x-axis, then: 


P (cos 0, sin 0) 


е the cosine of 0 is defined to be the x-coordinate 
of the point P on the unit circle 


* the sine of 0 is defined to be the y-coordinate 
of the point P on the unit circle. 





This definition can be applied to all angles Ө, but in this chapter 
we will restrict the angle 0 to 0? € 0 € 180°. 


Now take Ө to be 30°, so P has coordinates (cos 30°, sin 30°). 


Suppose that we move the point P around 
the circle to P' so that P’ makes an angle of 7 
150° with the positive x-axis. (Recall that 

30° and 150° are supplementary angles.) шаш 

The coordinates of P’ аге (cos 150°, sin 150°). dud 
But we сап see that triangles ОРО and ОРО” 


are congruent, so the y-coordinates of P and P' 
are the same. That is: 


sin 150? = sin 30? 






P (cos 30°, sin 30°) 






The x-coordinates have the same magnitude but opposite sign, so: 
cos 150? = — cos 30? 


From this example, we can see the following rules. 
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12Е TRIGONOMETRIC RATIOS OF OBTUSE ANGLES М 


Ө Supplementary angles 


* Тһе sines of two supplementary angles are the same. 









* The cosines of two supplementary angles are opposite in sign. 
* |n symbols: 
sin Ө = sin (180? — Ө) and cos0 = —cos (180? — Ө) 


We can extend the definition of sine and cosine to angles beyond 180°. This will be done 
later in this book. 


The angles 0?, 90? and 180? y 


Р.(0, 1) 


We have defined cos 0 and sin 0 as the x- and y-coordinates 
of the point P on the unit circle. Taking the axis intercepts 
P,, P, and P, from the unit circle diagram to the right, 

we obtain the following table of values. These values P31, 0) 
should be memorised. 


P«1, 0) 
> 

















Ехатріе 11 





Find the exact value of: 


а sin 150° b cos 150° с sin 120° d cos 120° 
а sin 150° = sin (180 — 150)° b cos 150? = —cos (180 — 150)? 

= sin 30° = —cos 30° 

=. 2033 

2 2 

с sin 120° = sin (180 — 120)° 4 cos 120° = —cos (180 — 120)° 

= sin60° = —cos 60? 

_ УЗ 20 

^0 2 


Note: You can verify these results using your calculator. 
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m. 12bE TRIGONOMETRIC RATIOS OF OBTUSE ANGLES 
EXE, 
Example 12 


Find, correct to the nearest degree, the acute and obtuse angle whose sine is: 


J3 


a approximately 0.7431 b 5 


Si 


AO! 


a If sin0 = 0.7431 and Ө is acute, then the calculator gives Ө = sin! 0.7431 = 48°. 
Hence, the solutions are 48? and 132^, correct to the nearest degree, because 132? 1s the 


supplement of 48?. 
1 
b If 510 = — 
2 


Ө = 45° or 0 = 180° — 45° 
That 15, Ө = 45° or 0 = 135° 
с If sin0- ч! 
2 


0 = 60° or 0 = 180° — 60° 
14815509 -100 ог О = 120° 


More on the sine rule 


The sine rule also holds in obtuse-angled triangles. A proof is given in question 7 of Exercise 12E. 
We now see how to apply the sine rule in obtuse-angled triangles. 


Example 13 





Find the value of x, correct to B 
one decimal place. 130° 
А = G 
xm 
Apply the sine rule to AABC: 
x NE 
sin130° sin 20° 
7sin 130° 
х= —— (gin 130° = sin 50°) 
sin 20 
157 (Correct to one decimal place.) 
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12Е TRIGONOMETRIC RATIOS OF OBTUSE ANGLES М 


The ambiguous case 





You are given the following information about a triangle. 

A triangle has side lengths 9 m and 7 m and an angle of 45° 
between the 9 m side and the unknown side. 

How many triangles satisfy these properties? 


In the diagram, the triangles ABC and ABC’ both have sides 
of length 9 m and 7 m, and both contain an angle of 45° 

opposite the side of length 7 m. Despite this, the triangles are 
different. (Recall that the included angle was required in the SAS congruence test.) 








Hence, given the data that a triangle ZPQR has PQ = 9m, 
ZPQR = 45° and PR = 7 m, the angle opposite РО is not 
determined. There are two non-congruent triangles that satisfy 
the given data. 


Let PR’ = 7 m so that Ө = ZPRQ is acute and Ө’ = ZPR'Q is obtuse. 








Applying the sine rule to the APRQ, we have: 





9 7 
810 145° 
. Әсіп 45? 
sin Ө = ———— 
7 
- 0.9091 ... 


The calculator tells us that sin“! (0.9091 ...) is approximately 65°. Hence Ө = 65°. 


The triangle РЕ” В is isosceles, so ZPR'R is 65° and Ө” = 180? — 65° = 115°. Since 
sin 65? = sin 115°, the triangle PR'Q also satisfies the given data. 


m Exercise 12E 


1 Copy and complete: 


asinll5?-sin b cos 123° = —-cos 2 

с sin 138° = sin ___ а cos 95° = —cos ___ 
2 Find the exact value of: 

a sin 135° b cos 135° 


1 
тэ 3 а Find the acute апа the obtuse angle whose sine is 
b Find, correct to the nearest degree, two angles whose sine is approximately 0.5738. 


с Find, correct to the nearest degree, an angle whose cosine is approximately — 0.8746. 
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12Е TRIGONOMETRIC RATIOS ОҒ OBTUSE ANGLES 








4 Copy and complete: 








30° 1202 150° 90° 1352 
УЗ 20 
2 2 
ИЕ" 
2) 


5 Use the sine rule to find the value of x, correct to two decimal places. 


10° b 
ч 18° 
хт 
х ст 7m 
12 cm 
95? 


6 Given that Ө is an obtuse angle, find its value, correct to the nearest degree. 


a 0 8 cm b 
ЖЕ чш. Чӣ 13m 
15 cm 
9m 











7 Suppose that ZA in triangle ABC is obtuse. 
a Explain why sin ZA = sin ZCAM. 


b Use triangle ACM to find a formula for Л 
in terms of A and b. 


c Use triangle BCM to find a formula for Л 
in terms of B and a. 





b 
sinA sinB 








d Deduce that 
That is, we have proved the sine rule holds in obtuse-angled triangles. 


8 The angle between the two sides of a parallelogram is 93°. If the longer side has length 
12 cm and the longer diagonal has length 14 cm, find the angle between the long diagonal 
and the short side of the parallelogram, correct to the nearest degree. 


9 ABCD isa parallelogram.ZCDA = 130°, B C 
the long diagonal AC is 50 m and AD = 30 m. 
Find the length of the side DC, correct to one 


decimal place. 
30m D 
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NEN I 


10 Sonia starts at O and walks 600 metres due east to point A. She then walks on a bearing 
of 250?T to point B, 750 metres from O. Find: 


a the bearing of B from O, correct to the nearest degree 





b the distance from A to B, correct to the nearest metre 


11 A point M is one kilometre due east of a point C. A hill is on a bearing of 028°T 
from C and is 1.2 km from M. Find: 


a the bearing of the hill from M, correct to the nearest degree 


b the distance, correct to the nearest metre, between C and the hill 


1 2? The cosine rule 





We know, from the SAS congruence test, that a triangle is completely determined if we are given 
two of its sides and the included angle. If we want to know the third side and the two other angles, 
the sine rule does not help us. 


You can see from the diagram that there is not enough information to 3 

apply the sine rule. This is because the known angle is not opposite 50° 

one of the known sides. 

Fortunately there is another rule called the cosine rule which we can 7 

use іп this situation. Ө 


Suppose that АВС is a triangle and that the angles А апа С аге 
acute. Drop a perpendicular from B to AC and mark the side В 
lengths as shown in the diagram. 


In ABDA, Pythagoras’ theorem tells us that: Р 
с? = В? + (Ь – х)? 
Also in ACBD, by Pythagoras’ theorem we have: 
2 2 2 A b-xD x C 
h =a -x е —= 


Substituting this expression for h? into the first equation and expanding: 


Finally, from ACBD, we have > = cos C. That is, x = а cos C and so: 


c? = а? + b? – 2abcos С 
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12F THE COSINE RULE 








Notes: 
e By relabelling the sides and angle, we could also write a? = b? + c? — 2Ьс cos A 
and b? = a? + c? — 2ac cos В. 


* [f C = 90°, then, since cos 90° = 0, we obtain Pythagoras’ theorem. Thus the cosine rule can be 
thought of as *Pythagoras' theorem with a correction term'. 


* The cosine rule is also true if C is obtuse. This is proven in the exercises. 





Ехатріе 14 


Find the value of x, correct to one decimal place. 


a 10m A b 7 cm 
B 
xm 8 cm 
х cm 
15m 
(E 
a Applying the cosine rule to AABC: b Applying the cosine rule: 
20002152 25 TOT x cos SU" у = 8? = 2x 7 x8 x cos 110° 
= 132.16... = 151.30... 
sox =115 so x = 12.3 (Correct to one decimal place.) 


Note that in Example 14a, x? < 10? + 15? since cos 50° is positive. In Example 14b, x? > 7? + 8? 
since cos 110? is negative. 





Example 15 


A tower at A is 450 metres from О on a bearing of 340?T and a tower at B is 600 metres 
from O on a bearing of 060?T. Find, correct to the nearest metre, the distance between the 


two towers. 
We draw a diagram to represent the information. A юэ 
Now ZAOB = 80°. Let AB = x m. B 
Applying the cosine rule: 450 т 
x? = 450? + 600? - 2 x 450 x 600 x cos 80° 4 Y 600 m 
= 468 729.98... О 


that is, x = 684.63... 


Hence, the towers are 685 metres apart, correct to the nearest metre. 
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12Р THE COSINE RULE 








ә) The cosine rule 
In any triangle ABC: 





a? = b? + c? — 2bccos A, 


where A is the angle opposite a. 


The cosine rule can be used to find the length of the third 
side of a triangle when the lengths of two sides and the 
size of the included angle are known. 





e Exercise 12F 





1 Ineach triangle, calculate the unknown side length, giving your answer correct to two 


decimal places. 
8 cm 
21° 
10 cm 
4 cm 
4 cm 





a b 
7 ст 
9 cm 
c d 
10 cm 
8 cm 


2  ABCD is a parallelogram with sides 15 cm and 18 cm. 


D 
The angle at A is 659. Find the length of the shorter л 
cm 
diagonal, correct to two decimal places. 
22 В 


А 





18 ст 


3 А vertical pole OV is being held in position by two ropes, УА апа 


V 
VB. If VA = 6m, VB = 6.5 m, ZOVB = 32° and ZOVA = 27° find, 
correct to one decimal place, the distance AB. 
A О В 


4 A ship is 300 km from port оп а bearing of 070°Т. А second ship is 400 km from the same 
port and on a bearing of 140°T. How far apart, correct to the nearest kilometre, are the two 
ships? 





5 A pilot flies a plane on course for an airport 600 km away. Unfortunately, due to an error, 
his bearing is out by 2°. After travelling 700 km he realises he is off course. How far from 
the airport is he, correct to the nearest kilometre? 
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М 


6 Arhombus PQRS has side lengths 8 m, and contains ап angle of 128°. 
a Find the length of the longer diagonal, correct to two decimal places. 
b Find the length of the shorter diagonal, correct to two decimal places. 


c Find the area of the rhombus, correct to two decimal places. 


7 Prove the cosine rule when the included angle, A is obtuse. 





1 2 Finding angles using 
the cosine rule 





The SSS congruence test tells us that once three sides of a triangle are known, the angles are 
uniquely determined. The question is, how do we find them? 


Given three sides of a triangle, we can substitute the information into the cosine rule and rearrange 
to find the cosine of one of the angles and hence the angle. 


If you prefer, you can learn or derive another form of the cosine rule, with 
cos C as the subject. A 


Rearranging c? = а? + b? — 2ab cos С we have: 
2ab cos С = a? + b? – с? 
а? +b? – с? 
2ab B a 


cos С = 





с 





Ехатріе 16 


A triangle has side lengths 6 cm, 8 cm and 11 cm. Find the smallest angle in the triangle. 





The smallest angle in the triangle is opposite the smallest side. 8 
Applying the cosine rule: 6 
6 = 8? +117 —2 x 85€ 110€ созе 
82-12-62 11 
соөӨ-------- 
2x8xl1l 
2149 
172 


andso Ө = 32.22 (Correct to one decimal place.) 
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12G FINDING ANGLES USING THE COSINE RULE М 


There is по ambiguous case when we use the cosine rule to find an angle. In the following example, 
the unknown angle is obtuse. 


Example 17 


In ABC, a = 6, b = 20 and c = 17. Find the size of ZABC, correct to one decimal place. 











Applying the cosine rule: © 
202 = 62 +172 -2х6х17совВ 20 
6 
62 +172 – 20? 
со в = А 
2Хх0 17 17 В 

EE: 

2204 
and so B = 111.6? (Correct to one decimal place.) 


Ф) Using the cosine rule to find an angle 





* The cosine rule can be used to determine the size of € 

any angle in a triangle where the three side lengths 

are known. " 

a? + b? — c? а 
* In any triangle cos C = - ia where C is the opposite 
a 
angle C. 
B с А 


| 8 Exercise 12G 





1 Copy and complete the statement of the cosine rule. 


a Q b : А СА r B 
B 
x Р b 
a р 4 
Р С 
у R C 
Z = 2 


х= р? = p = 
2 Calculate о, giving the answer correct to one decimal place. 


a 8 ст b с 10ст 
11 cm 
7 cm 
9 cm 
14 cm 
5 ӨЛІП 12 cm 
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3 Find all angles. Give answers correct to one decimal place. 


a 10 cm A ВА с А 


14 ст 


8 ст 8 cm 


9 ст 14 ст В 16 ст 


4 Calculate the size of the smallest angle of the triangle whose side lengths аге 30 mm, 
70 mm and 85 mm. Give your answer correct to one decimal place. 


5 А triangle has sides of length 9 cm, 13 cm and 18 cm. Calculate the size of the largest 
angle, correct to one decimal place. 


6 Find all the angles of a triangle whose sides are in the ratio 4 : 8 : 11, to the nearest degree. 


7 А parallelogram has sides of length 12 cm and 18 cm. The longer diagonal has length 22 cm. 
Find, correct to one decimal place, the size of the obtuse angle between the two sides. 
8 In AABC, AB = бст, AC = 10 ст, BC = 14 cm and X is the midpoint of side BC. 
a Find, correct to one decimal place: 
i ZACB ii the length AX 


AX is called a median of the triangle. A median is 
the line segment from a vertex to the midpoint of the 
opposite side. 


b Find the length of the other two medians, correct to one 
decimal place. C X B 


1 р; Area of a triangle 


If we know two sides and an included angle of a triangle, then by the SAS congruence test the area is 
determined. We will now find a formula for the area. 











In AABC on the right, drop a perpendicular from A to BC. E 
Then in AAPC: 
h . a М 
— = sin С һ 
а 
That is: 
A 
h = asinC ы” 4 > 





Hence, the area of AABC = А bh = 5 absin С 


Thus, the area of a triangle is half the product of any two sides times the sine of the included angle. 
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12H AREA ОЕ A TRIANGLE 





> Area of a triangle 





Area = 5 absin C, where C is included angle. 


1 
Note that if C = 90°, then since sin 90° = 1, the area formula becomes — ab. The formula also 
applies when the angle is obtuse. This is proved in the exercises. 








Example 18 
Calculate the area of the triangle ABC, B 
correct to one decimal place. 
9cm 
(С 
15 ст 
А 
Area of AABC = ix 9 x 15 x sin 42° 
= 45.2 (Correct to one decimal place.) 
So the area of the triangle is 45.2 cm?. 
Ехатріе 19 
The triangle shown has area 34 cm?. A 
Find the length of BC, correct to two 7 cm 
decimal places. 
С 
В 
Let BC = x cm A 
1 7 ст 
Шш Ee DU 
cs 3 
Tsin 61° = 
ЕИ (Correct to two decimal places.) 
Be = Ili ст 
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Example 18 3 1 


Example 19 ) 6 
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12H AREA OF A TRIANGLE 





Exercise 12H 





Calculate each area, correct to one decimal place. 














a b 6 ст с 
9 cm 8 cm 
126? 
12 cm 10 cm 15 cm 
Calculate each area, correct to two decimal places. 
a B b B c c B 
< = > 
5.6cm “Зэс 
5 cm ын 
ац 10 ст 
70% я 
4 А 5 D 
10 
5.6 cm C ын Ї 
А C 


In AABC shown opposite, ZCAB is an acute angle. 


A 
a Use the sine rule to find ZCAB, correct to one decimal place. 
16 cm 
b Find ZABC, correct to one decimal place. 
c Find the area of the triangle, correct to the nearest square 


centimetre. 5 20 ст В 
In AABC shown opposite: 5 
a use the cosine rule to find ZBAC 
6 cm 8 cm 
b find the area of the triangle, correct to the nearest square 
centimetre A doom C 


Calculate the area of each triangle, correct to the nearest square centimetre. 





a 12 cm b с 
11 cm 223 
10 ст 
18 ст 
18 ст 649 
7 ст 
In AABC shown opposite, the area of the triangle is 40 cm?. A 
Find, correct to one decimal place: 
a AB b AC c ZACB 42? 
C 14 cm : 
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12H AREA ОЕ A TRIANGLE 





7 Anacute-angled triangle of area 60 cm? has side lengths of 16 cm and 20 cm. What is the 
magnitude of the included angle, correct to the nearest degree? 














8 Anirregular block of land, ABCD, has dimensions shown C 
opposite. Calculate, correct to one decimal place: 
a the length AC өт 
b ZABC 
B 130m 
c the area of the block 
65m 
A 80 т р 


9 ABCDE is a regular pentagon with side lengths 10 cm. Diagonals AD and AC аге 


drawn. Find: 

a ZAED А 

b the area of AADE, correct to two decimal places 

c AD, correct to two decimal places E B 
d ZADE e ZADC f ZDAC 


g the area of AADC, correct to two decimal places 


h the area of the pentagon, correct to two decimal places D C 


10 А quadrilateral has diagonals of length 12 cm and 18 cm. If the angle between the diagonals 
is 65°, find the area of the quadrilateral, correct to the nearest square centimetre. 


11 The sides of a triangle ABC are enlarged by a factor, k. Use the area formula to show that 
the area is enlarged by the factor, k?. 


1 
12 Prove that the formula Area = » ab sin C gives the area of a triangle when C is obtuse. 


13 A triangle has sides of length 8 cm, 11 cm and 15 cm. 
a Find the size of the smallest angle in the triangle, correct to two decimal places. 
b Calculate, correct to two decimal places, the area of the triangle. 
c Calculate the perimeter of the triangle. 


d Let s = half the perimeter of the triangle. The area of the triangle can be found using 


Heron’s formula: Area = ./s(s — a)(s — b)(s — c), where a, b and c are the lengths of the 
three sides. Use this formula to calculate the area of the triangle, correct to two decimal 
places. 


e Check that your answers to parts b and d are the same. 
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Review exercise 


1 Calculate the value of the pronumeral in each triangle. Give all side lengths correct to 
two decimal places and all angles correct to one decimal place. 























a P b 15 cm 
9 
бст 18 ст 
Ө 
R 10 cm Q 
с а © 8 ст Т 
225 
36 18 ст 
х ст 
x cm U 


2 Find the exact value of the pronumeral in each triangle. 
a b x cm c x cm 
20 cm 45° 
U pue 
50 cm 
30° 36 cm 60° 


3 АВ = 8ст, ВС = 6 cm and АС = 12 cm. Find the magnitude В 


of each of the angles of triangle ABC correct to one 
decimal place. 
@ 


А 

















4 A triangular region is enclosed by straight fences of lengths 42.8 metres, 56.6 metres 
and 72.1 metres. 


a Find the angle between the 42.8 m and the 56.6 m fences, correct to the nearest degree. 
b Find the area of the region, correct to the nearest square metre. 
1 
5 Inatriangle ABC, sin A = —, sin B = 3 and a — 8. Find, using the sine rule, 
the value of b. Ё 


6 Inatriangle, ABC, a = 5, b = 6 and соѕС = 2 Find с. 


7 Find the area of triangle XYZ, correct to two decimal places. x 


8.3 cm 
6.2 cm 
2 


ү 
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8 Fora triangle ABC, AC = 16.2 ст, АВ = 18.6 cm апа ZACB = 60°. Find, correct to one 
decimal place: 


a ZABC b ZBAC 
c the length of CB d the area of the triangle 
9 The angle of depression from a point A to a ship at A 


point B is 10°. If the distance BX from B to the foot 
of the cliff at X 1s 800 m, find the height of the cliff, 
correct to the nearest metre. 





X 800 m B 


10 Calculate the lengths of the unknown sides and the sizes of the unknown angles, correct 
to two decimal places. 














a Є b C с C 
4 cm 10 cm 5 7 ст 
2019 389 489 
А 7 В А В 
cm 6cm A B 
d (С е @ f B 
15cm 4 © 
8 ст 
12 ст 15 ст 
25 ст 
А В 
А 10cm В 
А 
1 Write down two formulas for the area of triangle АВС and deduce A 
the sine rule from those two formulas. Ж b 
B a (С 


2 Simi is standing 200 metres due east of Ricardo. From Ricardo, the 
angle of elevation from the ground to the top of a building due north of Ricardo is 12°. 
From Simi, the angle of elevation from the ground to the top of the building is 9°. 


a Let the height of the building be Л metres. Express the following in terms of h: 


i the distance from Ricardo to the ii the distance from Simi to the foot 
foot of the building of the building 
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CHALLENGE EXERCISE 


b Use your answers to part a and Pythagoras’ theorem to find the height of the building 
correct to one decimal place. 


с On what bearing is the building from Simi? 
3 For triangle ABC, show that 
a’ sin B їп С 

2sin А 


Атеа = 





4 Неге is an alternative proof of the cosine rule. Assume A АВС 
is acute-angled. 


a Prove that a = bcosC + ссоѕ В. 


b Write down corresponding results for b and c. 











с Show that а? = a(bcosC + ccos B) and, using 
corresponding results for b? and c?, prove the cosine rule. 


d Check that a similar proof works for an obtuse-angled triangle. 


5 ABC is an isosceles triangle, with AB = AC = 1. A 
Suppose ZBAC = 20. Су 


a Show that ВС? = 2(1- cos 20). 

b Show that ВС = 2 sin0. 

с Deduce that 1 — cos 20 = 2(sin9)?. B С 
а Deduce that cos 20 = cos? 0 — sin? 0. 








6 a Usethe cosine rule to show that A 
b 22 42 
2bc 
e С 
1—cosA = ыы ы ved В а 
2bc 
-ь- 
b Let s = Шы 
Show that 1+ cosA = а, 
bc 
2(s — b)(s – 
and 1 — cosA = S ш. 
bc 


с Use the fact that (sin A)? = 1 — (cos А)? to show that the square of the area of 
AABC is s(s — a)(s — b)(s — c) and deduce Heron's formula for the area of a 
triangle: 


Area = ,/s(s a)(s — b)(s — c) 











7 Given two sides and a non-included angle, describe the conditions for 0, 1, or 2 
triangles to exist. 
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CHAPTER 


Measurement and Geometry 





You have already seen how powerful Euclidean geometry is when working with 


triangles. For example, Pythagoras’ theorem and all of trigonometry arise from 
Euclidean geometry. 


When applied to circles, geometry also produces beautiful and surprising results. 
In this chapter, you will see how useful congruence and similarity are in the 
context of circle geometry. 
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1 3 Angles at the centre 
апа the circumference 





A circle is the set of all points that lie a fixed distance (called the radius) from 


a fixed point (called the centre). ae 
While we use the word ‘radius’ to mean this fixed distance, we also use ‘radius’ 

to mean any interval joining a point on the circle to the centre. The radii (plural 

of radius) of a circle radiate out from the centre, like the spokes of a bicycle 

wheel. (The word radius is a Latin word meaning ‘spoke’ or ‘ray’.) 


A chord of a circle is the interval joining any two points on the circle. The 


word chord is a Greek word meaning ‘cord’ or ‘string’. A tightly stretched Ze 
string that is plucked gives out a musical note, which is the origin of the word 


chord in music. 


A chord that passes through the centre of the circle is called a diameter. diameter 


Angles in a semicircle 


We will start this chapter with an important result about circles. The discovery of this result was 
attributed to Thales (~ 600 BC) by later Greek mathematicians, who claimed that it was the first 
theorem ever consciously stated and proved in mathematics. 


In each diagram below, the angle ZP is called an angle in a semicircle. It is formed by taking a 
diameter AOB, choosing any other point P on the circle, and joining the chords PA and PB. 


These diagrams lead us to ask the question, ‘What happens to ХР as P takes different positions 
around the semicircle?' Thales discovered a marvellous fact: ZP is always a right angle. 


Theorem: An angle in a semicircle is a right angle. 
Proof: Draw the radius OP. P 
Because the radii are equal, we have two isosceles p^ B 


triangles AAOP and ABOP. 

Let ZBAP = а and ZABP = В. 

Then ФОРА = о (base angles of isosceles ЛОРА) 
and ZOPB = p (base angles of isosceles AOPB). 


Adding up the interior angles of the triangle AABP, 
а+а+ В + В = 180° 
œ + В = 90? 
So ZAPB = 90°, which is the required result. 
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13A ANGLES AT THE CENTRE AND THE CIRCUMFERENCE 


С 
В 
А 





ә) Angles in a semicircle (Thales' theorem) 





An angle in a semicircle is a right angle. 


Two slightly different proofs of this result are given in Exercise 13A. 





Example 1 


In the diagram shown, О is the centre of the circle. 7 
щш 122 

А В 
b Prove that APBQ is a rectangle. 2. 


a First, ZP = 90° (angle іп a semicircle) 
so & = 65° (angle sum of А АРВ) 


b Also, ZQ = 90° (angle in a semicircle) 
so ZPAQ = 90° and ZPBQ = 90? (co-interior angles, AQ ll BP) 


so АРВО is a rectangle, being a quadrilateral with interior angles that are all 90°. 


major 
segment 
minor 
segment 


Similarly, the points A and B divide the circumference into two pieces major 
called arcs. arc AB 


Arcs and segments 
Our next result needs some additional words. 
A chord AB divides the circle into two regions called segments. A 


If AB is not a diameter, the regions are unequal. The larger region is called 
the major segment and the smaller region is called the minor segment. 





If AB is not a diameter, the arcs are unequal. The larger piece is called the 

major arc and the smaller piece is called the minor arc. Notice that the 

phrase “һе arc АВ” could refer to either arc, and we often need to clarify A 
which arc we mean. 
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13A ANGLES AT THE CENTRE AND THE CIRCUMFERENCE 





Angles at the centre and the circumference 
Thales’ theorem about an angle in a semicircle is a special case of a more general result. 


Consider a fixed arc AFB. Consider a point P on the other arc. Join the chords АР and BP to form 
the angle ZAPB. 


We call this angle ZAPB an angle at the circumference subtended by the arc AFB. The word 
subtends comes from Latin and literally means ‘stretches under’ or ‘holds under’. We also say 
ZAPB stands on the arc AFB. 


As with angles in a semicircle, we ask, ‘What happens to ZAPB as P takes different positions 
around the arc?’ 


We will begin our study by focusing on ZAPB in relation to ZAOB, the angle subtended at the 
centre of the circle by the arc AFB. There are four cases to consider. 


P Р Р Р 
[S BN N AZ TS, В 
A 
F A 4 А f F 


Case 1 Case 2 Case 3 Case 4 


In the first three cases, AFB is a minor arc and ZAPB is acute. However, іп the fourth case, AFB is a 
major arc and ZAPB is obtuse. 


Case 1 


Suppose that AFB is a minor arc, and A, B and P are located as in the diagram. 
We draw all three radii, AO, BO and PO, and produce PO to X. 


Since AO and РО аге radii, AAOP is isosceles. Let the equal angles be a. 
Similarly, ABOP is isosceles. Let the equal angles be D. 





Next, using the fact that an exterior angle of a triangle is equal to the sum of the 
two opposite interior angles, ZAOX = 20 and ZBOX = 2p. 


Hence, ZAOB = 20 + 2B and ZAPB = o + В. The following result has now been proved for case 1. 


Theorem: The angle at the centre subtended by an arc of a circle is twice an angle at the 
circumference subtended by the same arc. 


The proof for Case 4 is the same as the above proof for Case 1. It relates the obtuse angle ZAPB to 
the reflex angle ZAOB. The other two cases will be dealt with in question 7 of Exercise 13A. This 
will complete the proof of the theorem. Some examples of the relationship between angles at the 
circumference and at the centre, when subtended by a common arc, are illustrated in the following 
diagrams. 


r NUT зыр 
@) G3 
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1ЗА ANGLES AT THE CENTRE AND THE CIRCUMFERENCE М 


Semicircles 


As we can see from the fourth example from the previous page, when the arc is a semicircle, the 
angle at the centre is 180° and the angle at the circumference is 90°. You will recognise that this is 
precisely the situation covered by Thales’ theorem, which is thus a special case of our new theorem. 


Thus, the two theorems are an excellent example of a theorem and its generalisation. This situation 


occurs routinely throughout mathematics. For example, the cosine rule can be thought of as a 
generalisation of Pythagoras’ theorem. 


> Angles at the centre and the circumference 






The angle at the centre subtended by an arc of a circle is twice an angle at the 
circumference subtended by the same arc. 





Find о and В in the diagram shown, where О is the centre 


of the circle. i> 
Q P 


a = 60° (angle at the centre is half the angle at the circumference on the same arc АОВ) 


Next, reflex ZAOB = 240° (angles in a revolution at O) 


so B = 120° (angle at the centre is half the angle at the circumference on the same arc АРВ) 


@ Exercise 13A 





Note: Points labelled O in this exercise are always centres of circles. 


1 ai Use compasses to draw a large circle with centre О, and draw a diameter АОВ. 
ii Draw an angle ZAPB in one of the semicircles. What is its size? 
b i Draw another large circle, and draw a chord AB that is not a diameter. 


ii Draw the angle at the centre and an angle at the circumference subtended by the 
minor arc AB. How are these two angles related? 


iii Mark the angle at the centre on the major arc AB and draw an angle at the 
circumference subtended by this major arc. How are these two angles related? 
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13A ANGLES AT THE CENTRE AND THE CIRCUMFERENCE 








2 Find the values of о, В, ү and Ө, giving reasons. 





a b 
Р О 
65° 
" 
c d 
e f 





=> 3 Find the values of œ, В, ү and Ө, giving reasons. 


a b B С 
А 28 mx 
889 Р " 
ag 
C 
d 
g 





384 


ICE-EM MATHEMATICS YEAR 10 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





13A ANGLES AT THE CENTRE AND THE CIRCUMFERENCE 








4 Find the values of a, В, ү and Ө, giving reasons. 








6 Thales’ theorem states that: An angle in a semicircle is a right angle. x 
This question develops two other proofs of Thales’ theorem. We must 


prove, in each part, that ZAPB = 90°. A 

a (Euclid's proof) Join PO, and produce AP to X. ~S B 
Let ZA = а and ZB = B. 
i Prove that ZAPB = о + В, and that ZXPB = о + В. á 


ii Hence, prove that о + B = 90°. 
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b Join PO and produce it to M. Р 
i Prove that ZAOM = 20 and ZBOM = 2p. 17 - 
ii Hence, prove that 20+ 2B = 180°. 
iii Deduce that a+ B = 90°. A 
M 


7 Prove that: An angle at the centre subtended by an arc is twice an 
angle at the circumference subtended by the same arc. 


We proved Case 1 of this and noted Case 4 follows in the same manner. We pointed out that 
there are two other cases to consider. 


i prove that ZAPB = В 


а Using the diagram to the right: 
ii prove that ZAOB = 2p 3 


b Using the diagram to the right: Р 
i prove that ЛАРВ-0-0 Қ 


ii prove that ZAOB = 2(B — о) 


8 The converse of Thales’ theorem is established by proving the following result: 


The midpoint of the hypotenuse of a right-angled triangle is equidistant from the three 
vertices of the triangle. 

Let AABP be right-angled at P, and let O be the midpoint of the 
hypotenuse AB. Draw PO and produce it to Q so that PO = OQ. 
Draw AQ and BQ. 


a Explain why APBQ is a parallelogram. 





b Hence,explain why APBQ is a rectangle. 





c Hence, explain why АО = BO = PO and why the circle with 
diameter AB passes through P. 


9 (An application of the angle at the centre and circumference theorem) A horse is travelling 
around a circular track at a constant speed. A punter standing at the very edge of the track 
is following him with binoculars. Explain why the punter's binoculars are rotating at a 
constant rate. 
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1 3 Angles at the circumference 


and cyclic quadrilaterals 


Let us look at three angles at the circumference, all subtended by the same arc AFB. 
P 


We know already that all three angles are half the angle ZAOB at the 
centre subtended by this same arc. 


It follows immediately that all three angles are equal. This result is important 
enough to state as a separate theorem, in the box below. 





> Angles at the circumference 






Angles at the circumference of a circle subtended by the same arc are equal. 


This is often stated as ‘Angles in the same segment are equal’. 





Example 3 


Find о, В and Тіп the diagram to the right. 








First, & = 60° (angles on the same arc AB) 
Second, В = 20° (angles on the same arc PQ) 
Third, y = 80° (exterior angle of AAPM) 
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Cyclic quadrilaterals 


A cyclic quadrilateral is a quadrilateral whose vertices all lie on a circle. 


We also say that the points A,B,P and Q are concyclic. 


The opposite angles ZP and ZQ of the cyclic quadrilateral APBQ are 
closely related. 


The key to finding the relationship is to draw the radii AO and BO. 


First, ZP is half the angle ZAOB at the centre on the same arc AQB; we 
have marked these angles © and 2a. 


Second, ZQ is half the reflex angle ZAOB at the centre on the same arc 
АРВ; we have marked these angles B and 2p. 


2a+ 28 =360° (angles in a revolution at О) 
50 œ+ В 2180? 


Hence, the opposite angles СР and ZQ are supplementary. 


The diagram could also have been drawn as shown, but the proof is 
unchanged. 


We usually state this as a result about cyclic quadrilaterals. 


The opposite angles of a cyclic quadrilateral are supplementary. 


13B ANGLES AT THE CIRCUMFERENCE AND CYCLIC QUADRILATERALS 















An interesting alternative proof is given as question 8 in Exercise 13B. Every cyclic quadrilateral is 
convex because none of its angles are reflex, but not every convex quadrilateral is cyclic. 





Example 4 


Find o, B and Y in the diagram shown. 
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a + 70° = 180° (opposite angles of cyclic quadrilateral ABCD ) 
a = 110° 
В + 100° = 180° (opposite angles of cyclic quadrilateral ABCD ) 
D = F 
y+ B = 180° (straight angle at B) 
y= 100" 


The converse of Thales' theorem 


We began this chapter by proving Thales’ theorem: © 
An angle in a semicircle is a right angle. : к : 
Thales’ theorem has an important converse, which was proved іп ЖШҒ 


question 8 of exercise 13А. It elegantly uses the diagonal properties of 
rectangles. 


> Converse of Thales’ theorem 







If an interval AB subtends a right angle at a point P, then P lies on the circle with 
diameter AB. 


Here is a diagram that illustrates the converse of Thales’ theorem very 
nicely. Suppose that AB is a line interval. A person walks from A to B 
in a curved path APORSB so that AB always subtends a right angle at 
his position. 





The converse of Thales’ theorem tells us that his path is a semicircle. 





| Ф Exercise 13B 





Note: Points labelled O in this exercise are always centres of circles. 


1 а Draw а large circle, and draw a chord AB that is not a diameter. 


b Draw two angles at the circumference standing on the minor arc AB. How are these two 
angles related? 


c Draw two angles at the circumference standing on the major arc AB. How are these two 
angles related? 
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3 Find the values of o, В, y and 9, giving reasons. 


b 
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і Prove that i Find a, В and Y. 
LP = “О = 25 = ZT. ii Prove that РО L GR. 
ii Prove that PT = SQ. 





i Find a, В and Y. i Find o, Вапа Y. 
ii Prove that PS 11 QT. ii Prove that AB Il PQ. 
lii Prove that AP = ВО. 


7 Thecentres of the circles are О and P. 
a i Find ZABS and ZABT. 


ii Hence, prove that $,B and Т are collinear. 





b i Find ZABC and ZABD. B D 
ii Hence, prove that C,B and D are collinear. C 
iii Why is AC a diameter? 
“А 
М 


8 Here is an alternative proof that: The opposite angles of a 
cyclic quadrilateral are supplementary. 


In the cyclic quadrilateral ABCD, draw the diagonals AC and BD. 
Let a = ZDAC and В = ZBAC. 

а Prove that ZDBC = a and ZBDC = В. 

b Hence, prove that ZDCB = 180? — (a+ Б). 

с Deduce that ZDAB + ZDCB = 180°. 
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9 а Prove that: А cyclic parallelogram is a rectangle. 
In the cyclic parallelogram ABCD, let ZA = 0. 
i Give reasons why ZC = 180° — Ө and why ZC = Ө. 
ii Hence, prove that ABCD is a rectangle. 


b Use part a to prove that: A cyclic rhombus is a square. 


10 Prove that: /n a cyclic trapezium that is not a parallelogram, 
the non-parallel sides have equal length. 


Let ABCD be a cyclic trapezium with AB ll DC and ADJ BC. 
Suppose DA meets CB at M and let ZDAB = Ө. 


a Prove that AABM and ADCM are isosceles. 
b Hence, prove that AD = BC. 








1 3 Chords and angles 
at the centre 


Take a minor arc AFB of a circle and join the radii AO and BO. The angle 


A 
ZAOB at the centre is called the angle subtended at the centre by the arc 
AFB. It is also called the angle at the centre subtended by the chord AB. 4 
ОА = ОВ (radii of a circle) 3 
Therefore, А АОВ is isosceles. This is the key idea in the results of this B 
section. 


Equal chords and equal angles at the centre 


Suppose now that two chords each subtend an angle at the centre of the circle. Two results about this 
situation can be proved. 


Theorem: Chords of equal length subtend equal angles at the 
centre of the circle. 


Proof: Та the diagram, AB and РО are chords of equal length. A 
OA = OB = OP = ОО (radii of a circle) 


From the diagram, 


Уу 


AAOB = APOQ (SSS) 
1 ж” ч 
Hence, ZAOB = ZPOQ (matching angles of congruent 
triangles) 4 
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Theorem: Conversely, chords subtending equal angles at the 
centre have equal length. 


Proof: Па йе diagram, AB and РО subtend equal angles at О, A Cl ow 
B 
so AAOB - APOQ (SAS) “> 
Hence, AB = PQ (matching sides of congruent 
triangles) > Q 
P < 


> Chords and angles at the centre 







* Chords of equal length subtend equal angles at the centre of a circle. 


* Conversely, chords subtending equal angles at the centre of a circle have equal length. 


The midpoint of a chord 


Three theorems about the midpoint of a chord are stated below. The proofs are dealt with in 
question 6 of Exercise 13C. 


Theorem: Тһе interval joining the midpoint of a chord to the centre of 
a circle is perpendicular to the chord, and bisects the angle at 
the centre subtended by the chord. 


Theorem: Тһе perpendicular from the centre of a circle to a chord 
bisects the chord, and bisects the angle at the centre 
subtended by the chord. 


Theorem: Тһе bisector of the angle at the centre of a circle subtended 
by a chord bisects the chord, and is perpendicular to it. 


ж 


AS 278 


Chords and calculations 


The circle theorems stated above can be used in conjuction with Pythagoras’ theorem and 
trigonometry to calculate lengths and angles. 
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1 HORDS AND ANGLES AT THE CENTRE 
3C CHORDS [019 37 С 
A chord of length 12 cm is drawn іп а circle of radius 8 cm. 
а How far is the chord from the centre (that is, the perpendicular distance from the centre to 
the chord)? 
b What angle, correct to one decimal place, does the chord subtend at the centre? 
а Draw the perpendicular OM from O to the chord. By a midpoint of the chord 
theorem, M is the midpoint of AB, so AM = 6. 
Hence, OM? = 82 – 62 (Pythagoras theorem) 
OM - 428 
= 24/7 cm 
b Let0 = ZAOM 
Then, ѕіпӨ = г 
Ө = 48.59° 
So, /АОВ = 20 = 97.2° 
9») The midpoint of a chord 
* The interval joining the midpoint of a chord to the centre of a circle is perpendicular to 
the chord, and bisects the angle at the centre subtended by the chord. 
е The perpendicular from the centre of a circle to a chord bisects the chord, and bisects the 
angle at the centre subtended by the chord. 
* The bisector of the angle at the centre of a circle subtended by a chord bisects the chord, 
and is perpendicular to it. 
Finding the centre of a circle 
Suppose that we have a circle. How do we find its centre? 
The first midpoint-of-a-chord theorem above tells us that the centre lies on 
the perpendicular bisector of every chord. Thus, if we draw two chords that A B 
are not parallel, and construct their perpendicular bisectors, the point of 
intersection of the bisectors will be the centre of the circle. 
The circumcircle of a triangle AC 
Here is an important fact about circles. Е 
Suppose that three points А, В апа С form a triangle, meaning that they are not 
collinear. Then there is a circle passing through all three points. The circle is 
called the circumcircle of AABC, and its centre is called ће cireumcentre of 5-2 
the triangle. 
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Неге is а simple construction of the circumcentre and circumcircle. 





Construct the perpendicular bisectors of two sides AB and BC, and let them 
meet at O. Then O is the circumcentre of AABC, and we can use it to draw 
the circumcircle through А,В and С. 





Here is the theorem that justifies all the previous remarks. 


Theorem: The intersection of the perpendicular bisectors 
of two sides of a triangle is the centre of a circle 
passing through all three verticles. 


Proof: Let ABC be a triangle. 


Let M be the midpoint of AB, and let N be the 
midpoint of BC. A M B 








Let the perpendicular bisectors of AB and BC meet at О, and join AO, ВО and CO. 
Then AAOM - АВОМ (SAS) 
50 AO = ВО (matching sides of congruent triangles), 
and ACON = ABON (SAS) 
so CO = BO (matching sides of congruent triangles), 
so AO = BO=CO 


Hence, O is equidistant from A, B and C, so the circle with centre O and radius AO 
passes through A,B and C. 


> The centre of a circle and circumcentre of a triangle 





e To find the centre of a given circle, construct the perpendicular bisectors of two non- 
parallel chords, and take their point of intersection. 


* To find the circumcentre of a given triangle, construct the perpendicular bisectors of two 
sides, and take their point of intersection. 


e Exercise 13C 


Note: Points labelled O in this exercise are always centres of circles. 


1 a Drawa large circle (and ignore the fact that you may be able to see the mark that 
the compasses made at the centre). Draw two non-parallel chords AB and РО, then 
construct their perpendicular bisectors. The point where the bisectors intersect is the 
centre of the circle. 


b Draw a large triangle ABC. 


i Construct the perpendicular bisectors of two sides, and let them intersect at O. Construct 
the circle with circumcentre O passing through all three vertices of the triangle. 


ii Construct the perpendicular bisector of the third side. It should also pass through O. 
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=> 2 Find the exact value of x, as а surd if necessary. Then use trigonometry to find the value 
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of Ө, correct to one decimal place. 


a B b < с 





а А сһога subtends an angle of 90° at the centre of a circle of radius 12 cm. 

і How long is the chord? 

ii How far is the midpoint of the chord from the centre? 
b Inacircle of radius 20 cm, the midpoint of a chord is 16 cm from the centre. 

i How long is the chord? 

ii What angle does the chord subtend at the centre, correct to one decimal place? 
c Inacircle of radius 10 cm, a chord has length 16 cm. 

i What is the perpendicular distance from the chord to the centre? 


ii What angle does the chord subtend at the centre, correct to one decimal place? 
Find the values of а, D, y and Ө, giving reasons. 


QA, 


с 








Let two circles of radius 1 апа centres О and Р each pass 


F 
through the centre of the other, and intersect at F and G. /А 
Let FG meet OP at М. 
a Find ZFPO, ZFGO and ZFMO. М 


b Find the length of the common chord FG. G 
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6 This question leads you through the proofs of the three theorems in the text about the 
midpoint of a chord. 


а Prove that: The line joining the midpoint of a chord to the centre 
is perpendicular to the chord, and bisects the angle at the centre 
subtended by the chord. 


Let M be the midpoint of the chord AB. ЖА 
E NAP 

і Prove that AAOM = ABOM. 

ii Hence, prove that OM 1 AB and that OM bisects ZAOB. 


b Prove that: The perpendicular from the centre to a chord bisects the chord, and bisects 
the angle at the centre subtended by the chord. 


Let M be the foot of the perpendicular from O to chord AB. 
i Prove that AAOM = ABOM. 


ii Hence, prove that M is the midpoint of AB and that OM ДА 
bisects ZAOB. A B 
iu < 





c Prove that: The bisector of the angle at the centre subtended by 
а chord bisects the chord, and is perpendicular to it. 


Let the bisector of ZAOB meet the chord AB at M. 
i Prove that AAOM -АВОМ. 
ii Hence, prove that M is the midpoint of AB and that OM L AB. 





7 a P b 
G 
9 + 
A ET B 
F 
Q 
i Prove that AAOP =AAOQ. i Prove that ZFSO = ZTFS. 
li Provethat AP - AQ. ii Provethat FT l| OS. 
c 5 Р а 
D | 
О 
ae 
R 
7 
i Prove that APST = А QST. i Prove that ZOST = ZOTS. 
ii Prove that ZP = ZQ. ii Prove that ZORU = ZOUR. 
iii Prove that ZP + ZQ = 180°. iii Prove that AORT = A OUS. 
iv Prove that ST is a diameter. iv Prove that RS = TU. 
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8 Prove that: When two circles intersect, the line joining their 
centres is the perpendicular bisector of their common chord. 


Let two circles with centres О and Р intersect at F and С. pz 
Let OP meet the common chord FG at M. CX 


a Prove that AFOP - AGOP. 
b Prove that AFOM - AGOM. 
c Hence, prove that FM = GM and OP 1 FG. 


9 Let AB be an interval with midpoint M, and let P be a point in the plane not on AB. 


a Prove that if P is equidistant from A and B, then P lies on the perpendicular 
bisector of AB. 


b Conversely, prove that if P lies on the perpendicular bisector of AB, then P is equidistant 
from A and B. 


с Use parts a and b to prove that a circle has only one centre. 
d For these questions you will need to think in three dimensions. 


i A circle is drawn on a piece of paper that lies flat on the table. Is there any 
other point in three-dimensional space, other than the centre of the circle, that is 
equidistant from all the points on the circle? 


ii What geometrical object is formed by taking, in three dimensions, the set of all 
points that are a fixed distance from a given point? 


iii What geometrical object is formed by taking, in three dimensions, the set of all 
points that are a fixed distance from a given line? 


iv What geometrical object is formed by taking, in three dimensions, the set of all 
points that are a fixed distance from a given interval? 


v What geometrical object is formed by taking, in three dimensions, the set of all 
points that are equidistant from the endpoints of an interval? 


vi How could you find the centre of a sphere? 





1 3 Tangents and radii 


The diagrams show that a line can intersect a circle at two points, one point or no points. 


B tangent 
T 
A 
secant 
two points one point no points 
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* A line that intersects a circle at two points is called a secant, because it cuts the circle into two 
pieces. (The word secant comes from Latin and means 'cutting'.) 


* A line that intersects a circle at just one point is called a tangent. It touches the circle at 
that point of contact, but does not pass inside it. (The word tangent also comes from Latin and 
means ‘touching’.) 


Constructing a tangent 


In the diagram, OT is a radius of a circle. The line PTQ is perpendicular 
to the radius OT. 





Could PQ intersect the circle at a second point (other than 7)? The 
symmetry of the diagram about the line OT suggests that it cannot, and 
here is the proof. 


Theorem: Тһе line through a point on a circle perpendicular to 
the radius at that point is the tangent at that point. 


Proof: Let OT bearadius, and let РТО be perpendicular to OT. P 
Let X be a point other than Т on РТО. 


Then OX? = OT? + TX?  (Pythagoras’ theorem) 








OX? » OT? since TX is non-zero, 
50 OX > ОТ, апа OT is the radius of the circle 





and thus X lies outside the circle. 


Hence, PTQ intersects the circle at only the one point, Т, and so РТО is a tangent to 
the circle. 





Example 6 


In the diagram, 7P is a tangent to the circle with centre O. 


a Find OP and MP. 


b Find ZTOP, correct to one decimal place. > M 
p iM Р 


а Weknow that OT | TP (radius and tangent), 
so OP? = 10? + 152 (Pythagoras' theorem) 
= 325 
oP = ПИ 
Hence, МР = 5413 – 10 
b reto = УТОР 


Then, (ап Ө 218 
10 
025685 
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Tangents from an external point 


P 
Let P be a point outside a circle. The diagram shows how 
different lines through P intersect the circle at two, one or no 
points. You can see that there are clearly exactly two tangents to 
the circle from P. 
We now prove that these two tangents from the point P to the 
circle have equal length. 


Theorem: Тһе tangents to a circle from a point outside have equal length. 


Proof: Let P be a point outside the circle with centre O. 


Let the tangents from P touch the circle at 5 and T. А 
In the triangles OPS апа ОРТ, 
OP = OP (common) 
OS = OT (radii) 5 ay Т 
ZPSO = ZPTO = 90° (radius and tangent) 
50 AOPS = AOPT (RHS) 


Hence, PS = PT (matching sides of congruent triangles) 


Alternative proof: APST and APTO are right-angles 
Therefore, PS? = PO? — OS? (Pythagoras’ theorem) 
= PO? — OT? (radii of a circle) 
= PT? (Pythagoras theorem) 





Example 7 
The intervals PS and PT are tangents. S х cm Р 
127 
Find Ө and x. 
7 ст 
г 


First, x = 7 (tangents from an external point) 
Hence, ZT - 0 (base angles of isosceles APST) 
so 0 - 70? (angle sum of APST) 
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Common tangents and touching circles 


The five diagrams below show all the ways in which two circles of different radii can intersect. Start 
with the smaller circle inside the larger, and move it slowly to the right. Notice that the two circles 
can intersect at two, one or no points. 


The various lines are all the common tangents to the two circles. There are 0, 1, 2, 3 and 4 
common tangents in the five successive diagrams. 


In the second and fourth diagrams, the two circles touch each other, and they have a common 
tangent at the point of contact. 


> Tangents to a circle 





Tangent and radius 


* The line through a point оп a circle perpendicular to the radius at that point is the 
tangent at that point. 


Tangents from outside the circle 
* The tangents to a circle from a point outside һауе equal length. 





Ф Exercise 13D 


Note: Points labelled O in this exercise are always centres of circles. 


1 Find the values of о, В, y and 0, giving reasons. In each diagram, a tangent is drawn at Т. 
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2 Find the values of o, В, y and Ө, and the values of x, y and z. In the diagrams, tangents аге 
drawn to the circle at S, T and U. 


a b 
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3 Find the values of x, y and Ө correct to two decimal places, where tangents are 
drawn at S and T. 





4 Prove that: The tangents at the endpoints of a diameter Q 
are parallel. A 
Let PAQ and UBV be the tangents at the endpoints of a p 
diameter АОВ. Prove that РО ll UV. v 
B 
U 


5 The tangents at the four points P,Q, R and 5 on a circle form 
a quadrilateral ABCD. Prove that AB + CD = AD + BC. 


6 This question describes the method of construction of tangents 
to a circle from an external point P. 


a Draw a circle with centre O and choose a point, P, outside the 
circle. Let M be the midpoint of OP, and hence draw the circle 
with diameter OP. Let the circles intersect at S and Т, and join 
PS and PT. 


b Prove that PS and РТ are tangents to the original circle. 
с Deduce that PS = PT. 


7 Let PS and PT be the two tangents to a circle with centre О from 
a point, P, outside the circle. 


a i Provethat APSO = АРТО. 


ii Hence, prove that the tangents have equal length, and that OP 
bisects the angle between the tangents and bisects the angle 
between the radii at OS and OT. 


b Join the chord ST and let it meet PO at M. 
i Prove that ASPM = ATPM. 
ii Hence, prove that OP is the perpendicular bisector of ST. 
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13D TANGENTS AND RADII 


10 


11 


12 





The circle in the diagram is called the incircle of triangle 


A 
ABC. It touches the three sides of AABC at P,Q and R. 
Prove that: R Q 
1 : : 
Area of triangle = 2% (perimeter of triangle) x (radius of circle) 
You will need to join the radii OP, OQ, and OR and the 
C 
B Р 


intervals ОА, ОВ and OC, where О is the centre of the 
incircle. 


a b 





1 
i Prove that œ = 30°. i Prove that sin a = 2 


ii Find p. ii Prove that B = 60°. 


Prove that: When two circles touch, their centres and their 
point of contact are collinear. A 
a Lettwo circles with centres O and P touch externally at T. 

Let ATB be the common tangent at T. 

i Find ZATO and ZATP. 

ii Hence, prove that O, T and P are collinear. B 

F 
| ) | 


b Draw a diagram of two circles touching internally, and 
prove the theorem in this case. 


a Each tangent, FR and GS, in the diagram is called а 
direct common tangent because the two circles lie on 
the same side of the tangent. Produce the two tangents 
to meet at M. 


i Prove that MF = MG and MR - MS. 
ii Hence, prove that FR = GS. 


b Draw a diagram showing indirect common tangents, and prove that they also have 
equal length. (Note: Indirect common tangents cross over, and intersect between the 
two circles.) 


Let AB be a direct common tangent of two circles touching Xx 8 
externally. Let the common tangent at the point of contact, А 

Т, meet АВ at М. 

а Ргоуе that МА = МВ = МТ. 

b Hence, deduce that ZATB is a right angle. 
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4 3 The alternate segment theorem 





Consider the secant XY that intersects a circle at points A and Q. Consider also points P and B and 
the angles subtended at P and Q by the arc AB. 


x 


> 








к 





As you can see from the images above, as О approaches A along the circumference, ZXQB апа СР 
remain equal. It therefore seems reasonable to suppose that as Q coincides with A, and XY becomes 
tangent to the circle at A, ZXAB and ZP are equal. 


This is in fact the case, and 15 the alternate segment theorem. 


The alternate segment ('alternate' here simply means ‘other’) is the segment of the circle on the 
other side of the chord AB from ZXAB. The angle ZP is an angle in the alternate segment. 





Theorem: Тһе angle between a tangent and a chord is equal to any angle in 
the alternate segment. 


Proof: Let AB be a chord of a circle and let XAY be a tangent at A. 
Let P be a point on the circle on the other side of the chord AB 
from ZXAB. Let ZP = Ө. 


We must prove that ZXAB - ZP. 

Draw the diameter AON, and join BN. 

Then ZN = Ө (angles on the same arc AB) 

and ZNBA = 90° (angle in the semicircle NBA) 
and МАХ = 90? (radius and tangent) 

Hence, ZNAB - 90? — 0 (angle sum of A NAB) 





so ZXAB = Ө (adjacent angles in а right angle) 


Note: This proof is only valid when ZXAB is acute. In the exercises we will prove the result when 
ZXAB is obtuse. 
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Example 8 


Find о, В, y and Ө in the figure shown to the right. 





a = 70° (alternate segment theorem) 
В = 70? (alternate angles, DE ЇЇ AC) 
ү = 70° (alternate angles, DE || АС) 
Ө = 40° (angles in a straight angle at В) 


> The alternate segment theorem 






The angle between a tangent and a chord is equal to any angle in the alternate segment. 


@ Exercise 13E 





Note: Points labelled O in this exercise are always centres of circles. 


1 Draw а large circle and a chord AB. At one end of the chord, 


C 
draw the tangent to the circle. 
a Mark one of the angles 0 between the tangent and the chord AB, 
then draw any angle in the alternate segment. How are these two S 
angles related? A Ye B 
b Mark the angle о between the tangent and the chord AC. Which 


angle is equal to 0? 


2 Find the values of o, D, ү and Ө, giving reasons. In each diagram, а шэг is drawn at Т. 


| 


MESS 





"U 
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1ЗЕ THE ALTERNATE SEGMENT THEOREM 





f 125° Q 





3 Find the values of о, D, ү and 0, giving reasons. In the diagrams, tangents are drawn 
at S, T and U. 


a 





4 Here is a different proof of the alternate segment theorem. 


Let AB be a chord of a circle, and let SAT be the tangent at A. 
Let0 = ZBAT be an acute angle. We must prove that ZAPB = Ө. ^ Хө В 


а Join the radii OA and ОВ. What is the size of ZBAO? 
b What is the size of ZAOB? 
с Hence, prove that ZAPB = 0. 


5 Show that the alternate segment theorem holds when the angle 
between the tangent and the chord is obtuse. 


Let ZP = о. We must prove ZSAB = а. 


a Construct diameter AN and chord NB. Show that 
ZANB = 180? — о. 
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b Show that ZNAB = a — 90°. 
c Using ZSAB = ZSAN + ZNAB, show that ZSAB = о. 


а Use the technique used in question 4 to prove the alternate segment theorem for ап 
obtuse angle. 


6 Choose T on the smaller circle. Let FTG be the tangent 
at T and construct lines KAT and TBL as shown in the 
diagram. Let ZLKT = 0. 


а Prove that ZGTA = Ө. 
b Hence, prove that LK || FG. 


7 The two circles in the diagram touch externally at T, with 
common tangent АТВ at the point of contact, апа FTP and 
СТО are straight lines. 


a Let ZF = 0. Prove that ZGTB = 0 and ZOTA = 0. 
b Hence, prove that FG 1 ОР. 


8 The two circles іп the diagram touch externally at Т, with 
common tangent АТВ at the point of contact. Suppose P, Т 
and F are collinear and GF 1 OP. 


a 1е0 = ZF. Prove that ZP = Ө. 


b Hence, prove that the points G, Т and О are collinear. 








í 3 Similarity and circles 


Intersecting chords 


Take a point, M, inside a circle, and draw two chords, AMB and QMP, 
through M. Each chord is thus divided into two subintervals called 
intercepts. In the following, we shall prove that: Q 5 
АМ х BM = PM x ОМ 
This is a very interesting and useful result called the intersecting chord A Р 
theorem. 
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13F SIMILARITY AND CIRCLES 





Theorem: When two chords of a circle intersect, the product of the intercepts on one chord 
equals the product of the intercepts on the other chord. 


Proof: Draw the intervals AP and BQ to make two triangles 
AMP and QMB. 


AAMP is similar to АОМВ (ААА). Q J 
Hence, ус 


AM PM A 
—— = —— (matching sides of similar triangles) 
QM BM 
so, AM x BM = PM x QM. 
Note: If we have a family of chords passing through a point, we can apply 
the theorem to see that ab = cd = ef. 


М 


A point М оп an interval AB divides that interval into two subintervals АМ and МВ, called 
intercepts. 


Intercepts 


e В 





e 
M 
For the next two theorems, we will need to apply this definition to the situation where the dividing 
point M is still on the line AB, but is outside the interval AB. 


Ae v e M 
B 





The intercepts are still AM and BM. Everything works in exactly the same way provided that both 
intercepts are measured from M. 


Secants from an external point 


Now take a point, M, outside a circle, and draw two secants, MBA and MQP, 
to the circle from M. Provided that we continue to take our lengths from M to 
the circle, the statement of the result is the same. That is: 


AM x BM = PM x OM 


Theorem: When two secants intersect outside a circle, the product of the 
intercepts on one secant equals the product of the intercepts on the 
other secant. 





The proof by similarity is practically the same as when M is inside the circle, 
and we will address this in question 2 of Exercise 13F. 
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13F SIMILARITY AND CIRCLES 
3 CIRC 
Example 9 
Find x in each diagram. 
a © В b М 
ж 20 
2: 
р о 
R 
P 
а Using intersecting chords: b Using secants from an external point: 
2527 =O <a! 8 x (8+ x) = 6 x (6 + 10) 
12-18 8(8 + x) = 96 
8+x=12 
yad 
Tangent and secant from an external point p 
As the point Q moves towards Т, the line МОР becomes the tangent at T. B aN 
Thus, the previous product PM x QM has become the square TM?. That is: T 
AM x BM - TM? 
We therefore have a new theorem. For completeness, we give another proof. 
A P 
Theorem: When а secant and a tangent to a circle intersect, the product of 
the intercepts on the secant equals the square of the tangent. 
Thatis, AM x BM - TM? 
Proof: Let M be а point external to a circle. M 
Let TM be a tangent from M. Suppose a secant from M cuts the 
circle at A and B. p 
Draw the intervals AT and BT, and look at the two triangles Т 
АМТ апа ТМВ. 
ХАМТ = ZTMB (common angle) 4 
ZMAT = ZMTB (alternate segment theorem) 
so AAMT is similar to ATMB (ААА). 
ТМ 
Hence, — = — (matching sides of similar triangles) 
TM BM 
so AM x BM = TM? 
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13F SIMILARITY AND CIRCLES 








Example 10 


Find x in each diagram, given that MT is a tangent to the circle. 








a T x M b 
v 5 
Є 
т 
Б 
6 
В 
А X 
M 
We use the tangent and secant theorem in each part. 
am =) b ххх) 67 
2 = 100 хе A= 
x = 10 (since x is positive) (x + 9)(х — 4) = 0 


x = 4 (since x is positive) 


ә) Chords, secants and tangents 







Q 


AM x BM = PM x OM AM x BM = PM x OM AM x BM = TM2 





| e Exercise 13F 


Note: Points labelled O in this exercise are always centres of circles. 


| шә 1 Ineach Pli find the value of x, giving reasons. Tangents are drawn at the e Т. 
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13F SIMILARITY AND CIRCLES 

















2 Let secants from a point, M, external to the circle cut the circle at 


M 
points A and B and P and Q, as shown in the diagram. Prove that 2 
АМ х ВМ = РМ хОМ. S 
This is the proof of the theorem stated on page 410. 
3 Prove the result of Question 2 by drawing a tangent MT and using the : 
‘tangent and secant’ theorem. A 
G 


4 Let AOB be a diameter of a circle, and let GH be a chord perpendicular 
to AB, meeting AB at M. 


a Why is M the midpoint of GH? 


b Let g = СМ, а = AM and b = BM. Prove that g? = ab. A 


с Explain why the radius of the circle is atb 
atb 2 
d Prove that Vab < —— 2 


This is the well known Arithmetic mean—Geometric mean inequality. 
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5 Let P be a point оп the common secant AB of two intersecting 


circles. Let PS and PT be tangents from P, one to each circle. 5 zc 
Prove that PS = PT. 
7 


6 Inthe diagram, MS and MT are tangents from an external point, M. 
a Prove that AMSA is similar to AMBS 


Ы 5 
b Hence, prove that = LA 
x m : 
с Similarly, prove that ^ zu " 
= 8 Эс 2 t 
У T 


а Hence, prove that ар = ху. 


ps 





Review exercise 


1 Find the values of the pronumerals. 





413 





РЕБ 2322 СИВЕ » ОоЕСЦЛЕ Л 







Photocopying is restricted under law апа this material must not be transferred to another party. 





414 





REVIEW EXERCISE 





3 


10 


11 





Find the values of the pronumerals. 








ABCD is acyclic quadrilateral. Its diagonals AC and BD intersect at P. Prove that 
AAPD is similar to ABPC. 


The quadrilateral ABCD has its vertices on a circle with centre O. The diagonal AB is a 
diameter of the circle and AC = BD. Prove that AD = BC. 


ABCD is acyclic quadrilateral with AD parallel to BC. The diagonals AC and BD 
intersect at P. Prove that ZAPB = 2ZACB. 


ABCD is a cyclic quadrilateral. Chord AB is produced and a point Е is marked on the 
line AB so that B is between A and E. Prove that ZEBC = ZADC. 


PQRS is a cyclic quadrilateral. The diagonal PR bisects both ZSPQ and ZSRQ. Prove 
that ZPQR is a right angle. 


In the diagram opposite, the two circles intersect at B and Е. 


Prove that AF is parallel to CD. 





Two circles intersect at 7 and V. The intervals PTQ and RTS 
are drawn as shown. Prove that ZPVR = ZQVS. 








In the figure, AOB is the diameter of the circle ABC with 
centre O. The point Q is the centre of another circle that 
passes through the points A, O and C, and ОХ 1 AC. 


а Prove that ZAQX = 2ZABC. 
b Show that AB? = BC? + 4(AQ? – XQ?). 
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Challenge exercise 


1 Here is a form of the sine rule that shows its connection with the circumcircle of a 
triangle. 

aa en CES 

snA sing С | 





Іп any triangle ABC, 2R, 


where R is the radius of the circumcircle of triangle ABC. Assume 
that A is acute. 


A 
ГА 
Draw the circumcircle of А АВС, and let O be the circumcentre. SS 
A 


a Hence, prove that vs XR? 


a 
sin A 
b Prove the result when ZA is obtuse. 
2 Prove that: In any triangle ABC, the bisectors of the vertex 
angles are concurrent, and the resulting incentre is the centre 
of a circle that touches all sides of the triangle. 


Let the angle bisectors of ZB and ZC meet at J, and draw ГА. 
Draw the perpendiculars ІР, IQ and JR to the sides BC, CA 
and AB, respectively. 





a Use congruence to prove that JR = ІР, and that JP = 10. 
b Use congruence to prove that /A bisects ZA. 
c Why does the circle with centre / and radius JR touch all three sides of the triangle? 


3 Prove that: /n any triangle ABC, the altitudes are concurrent 
(their intersection is called the orthocentre of the triangle). 


Let the altitudes AK and BL meet at H. Draw CH and produce 
it to meet AB at M. 


a Prove that C, K, H and L are concyclic. 
b Let ZACM = Ө. Prove that ZAKL = Ө. 


c Prove that B, K, L and A are concyclic, and hence prove that 
224 8540) 


4 Hence, prove that СМ is an altitude of the triangle. That is, we have proved that the 
three altitudes are concurrent. 











4 Euler discovered a wonderful theorem that the Greeks had missed: 


The orthocentre, the centroid and the circumcentre of a triangle are collinear, with 
the centroid dividing the interval joining the orthocentre and 
circumcentre in the ratio 2:1. A 


(This line is called the Euler line.) 


Note: The centroid is the point of intersection of the medians 
of a triangle, which are the lines drawn from any vertex of a 
triangle to the midpoint of the opposite side. 





Let O and G be the circumcentre and centroid, respectively, 
of AABC. Draw OG and produce it to a point, M, such that с i: B 
OG : GM - 1:2. 
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CHALLENGE EXERCISE 





10 





a Let F be the midpoint of BC. Use the fact that the centroid, G, 
divides the median AF in the ratio 2 : 1 to prove that AGOF is similar to AGMA. 


b Hence, prove that M lies on the altitude from A. 
с Show that point М is the point H constructed in Question 3. 
Prove the following converse of the cyclic quadilateral theorem: 


If the opposite angles of a quadrilateral are supplementary, then the 
quadrilateral is cyclic. 


Let the opposite angles of the quadrilateral ABCD be supplementary. Draw the circle 
through the points A, B and C. Let AD, produced if necessary, meet 
the circle at P, and draw PC. 


a Prove that ZP = ZD. 
b Hence, prove that the points P and D coincide. БСГ 
Prove the following converse of the intersecting chords theorem: 


Suppose that two intervals AB and CD intersect at M, and that AM x BM = CM x DM. 
Then the points A, B, C and D are concyclic. с 


Draw the circle through the points А, В and C. Let CD, produced if Й 
necessary, meet the circle at Р. 


a Prove that PM x CM = AM x BM. A 
b Hence, prove that the points P and D coincide. 


Take two non-intersecting circles in the plane with centres O and O’. Draw two indirect 
common tangents AA’ and BB’, and one direct tangent CC’, where A, B and C lie on the 
first circle, and A’, B’ and С” lie on the second circle. 
Produce AA’ and BB’ to meet CC’ at X and Y. 


a Prove that AA’ = BB’. 
b Prove that AA’ = XY. 








с Describe what happens when the two circles are 
touching each other externally. 





Two circles intersect at A and B. A straight line passing through A meets the two circles 
respectively at C and D. 


a Show that any two triangles CBD formed in this way are similar. 
b Which of these triangles has the larger area? 


Two circles touch externally at P, and a common tangent touches them at A and B. Let 
the common tangent at P meet AB at C. 


a Show that C is the midpoint of AB. 


b A line passing through P meets the two circles at D and E. Draw the tangents to each 
circle at D and at Е. Show that the tangents are parallel. 


If AABC has side lengths a, b and c, prove that: 
2x(Areaof AABC) sin С  sinA sin B 


abc © а Ь 
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CHAPTER 


Number and Algebra 





In Chapter 9, starting with integer powers of numbers, we developed the ideas 
of the exponential function and the logarithmic function. We learned basic 
properties, such as: 

2^2У = 2^+У апа log» (ху) = log; x + log» y 


In this chapter, we will investigate the change of base formula and meet a range 
of new applications, especially applications to science. 
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Logarithm rules 





In Section 9G, we introduced logarithms. Logarithms are closely related to indices. Recall that the 
logarithm of a number to base a is the index to which a is raised to give this number. For example: 


3+ = 81 is equivalent to log; 81 = 4 
106 = 1 000 000 is equivalent to 102101 000 000 = 6 
T7. ЕЛ is equivalent to lo Е 8 -3 

125 4 85 


125 
3 


x : . 3 
164 = 81s equivalent to 102,68 = 4 


In general, the logarithmic function is defined as follows: 
Ifa > 0, a + land у = a’, then log, y = x 


Logarithms obey a number of important laws. Each one comes from a property of indices. 


If a апа b are positive numbers and х and y are rational numbers, then: 


Index law 1 аа) = a**» Index law 2 


Indexlaw 3 (a*)" = a” Index law 4 (ab): = арт 


a x 
| | 5 = 
ndex law (2) 





The first three index laws have a direct correspondence to the first three logarithmic laws, which are 
developed below. 


Suppose а > 0 and а # 1 for the rest of this section. 


Logarithmic Law 1 If x and y are positive numbers, then log, xy = log, x + log, y. 
That is, the logarithm of a product is the sum of the logarithms. 


Suppose that log, x = c and log; y = d 


That is, x = at andy = a 
Then xy ear xg 

- аста (by Index law 1) 
So log, ху = Іова 

=с+4 


= log, x + log, y 
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14А LOGARITHM RULES М 


Logarithmic Law 2 If x and y are positive numbers, then log, - = log, x — log, у. 


That is, the logarithm of a quotient is the difference of their logarithms. 


Suppose that log, x = c and log, y = d 


That is, x = a£ and y =a? 
с 
Тһеп a ын 
y a 
= ас 4 (by Index law 2) 
So log, Жы log, а 
У 
= с-а 


Logarithmic Law 3 If x is a positive number апа л is any rational number, then 
log, (x") = nlog, x. 


This follows from index law 3. Suppose that log, x = c. That is, x = a*. 


Then P E (ас y" zog (by Index law 3) 
So log, (x^) = log,(a^") 
Hence, log,(x") = сп 


n log,x, as required 
1 
Logarithmic Law 4 If x is a positive number, then log, — = —log, x. 
x 


This follows from logarithm law 3. 
1 2 
log, — = log, x^! (definition) 
x 


= —log,x (logarithm law 3) 
Logarithmic Law 5 log;1— 0 and log,a = 1 


Let the base a be a positive number, with a # 1. 
Since a? = 1, we have log, 1 = 0. 


1 


Similarly, since a’ = a, we һауе log, a = 1. 


Example 1 


Write each statement in logarithmic form. 
a2 = 16 p 5 = 125 © 10> = 0001 а 24 =— 


419 







CHAPTER 14 INDICES, EXPONENTIALS AND LOGARITHMS - PART 2 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 
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> 221 


а 2* =16s0 log, 16 =4 b 5° = 125 so log, 125 = 3 
1 1 
с 10? = 0.001 so беу 0.001 = -3 ДЕ? = т ПЕЕ = —4 


Evaluate each logarithm. 


а log, 256 b log, 4/2 с 108481 
1 1 
d 106081 e 102:- f log; — 
89 85 5 87 49 
Method 1 
1 
= 1 
а 256 = 28, so log, 256 = 8 р 2-2 so log, V2 = = 
с 81-34 so 102381 = 4 d 81 = 92, so logy 81 = 2 
1 1 
logs — = logs 5"! f log; — = log; 7? 
е 1085 5 85 87 49 87 
Method 2 
The following method introduces a pronumeral x. 
а Let x = log, 256 b Let x = log, 4/2, 
СО? = 256 = 2 : 
so 2* = 3/2 = 23 
x=8 
1 
р =з = 
3 
с Letx = 108581 а Letx = 102981 
ЗОЗ ЕЕЗ. ЕЕ 
y= 4 x= 2 


Solve each logarithmic equation. 


а loggx = 5 b l1og;(x - 1 = 2 € log, 64-6 d log, — = 2 
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а І02:Х-5 b log; (x - 1 22 
D es © х-1-7 
=з? = 49 
EXE 50 
с log,64=6 d ЕЕ 
25 
шог DE. 
P vut im 
x = 2, since x > 0 x? = 25 


x= 5, sincëx > (0) 


Example 4 


Write each statement in logarithmic form. 


3 
a y=b* b а= М с 70 =1 d 343 =32 
а у= b* becomes х = log, y b а" = N becomes х = log, М 
3 
= 3 
с 70 = 1 becomes 10851 = 0 d 343 = 32 becomes log; 34/3 = 5 


Given log; 2 = 0, log;3 = В and log; 5 = y, express each in terms of o, D and Y. 


15 
а 10276 b log; 75 c 155177 
а 10256 = log; (2x 3) b log, 75 = log; (3 x 25) 
= log; 2-4 log; 3 ES log; З + log; 52 
= + = log; 3 + 21og; 5 


= В + 2ү 
15 
с log; ~ log; 15 — log; 2 
= log; (3 x 5)- log; 2 
= 10925 3 + log; 5 - log; 2 
-рғуү-а 


421 










CHAPTER 14 INDICES, EXPONENTIALS AND LOGARITHMS - PART 2 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


c4 2 1 2 
e Exercise 14A 


1 Calculate each logarithm. 





а 10859 b log; 27 с log52048 d log;1 

e log5625 f log; 343 g 1021010 000 h 10201 000 000 
2 Calculate: 

a log: b Ce с ТЕЗ а 10200.01 

16 27 10 

е logs = f logs = g log» 1024 h 10210 0.0001 
3 Evaluate: 

а log, 2V2 b log; 9V3 с log, 36/6 d log, 442 

e log. (2743) f өше 1827 в logs (5? x 3/5) h log, /2 

4 Solve each equation for x. 
а logyx = 5 blog4x = 6 с logjiox = 3 
а logio x = -3 е І050Х--4 f logsx = 4 


g log;(x -3)-1 h 100›(х +4) = 6 i log;(x -5) = 3 


5 Solve each equation. 
с, 


а 108,81-2 b log,8 = 6 с log, 1024 = 5 
а log, 1024 = 10 е 102,9 = 2 f log, 1000 2 3 
6 Write each statement in logarithmic form. 
р 
а2- (72). b 0.001 = 10? с (5) = 2 а 1024 = 322 
3 
е 10: = М f 54/2 = 52 г 50-1 һ 13! = 13 
7 Write each statement in exponential form. 
а log,32 = 5 b 102381 = 4 с logy) 0.001 = -3 
d log 2743 = 7 е log, y =x f log,N =x 
8 Simplify: 
a log47 + log45 b log, 3 + log. 5 с log59 + logs 7 
1 
а 10210 5+ 10210 20 е 1026 4- 1026 9 f log37 + logs 7 
9 Simplify: 


а 1023100 – 100310 Ы 1og;20 – 102510 с log; 21 – 1025 3 
а 1002317 – log; 51 е 1005100 – 100510 Ё 100510 – log; 2 
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NEN а 


10 Simplify: 
а log53 + log55 + log,7 b log; 100 — log310 – log; 2 
с logs 7 + logs 343 – 2log; 49 d log; 25 + log; 3 — log; 75 





11 Given that 102102 = «, logio 3 = В, logio 5 = y and 1097 = 6, express in terms 


of o, В, y and 6: 

а 1021012 b 1021075 с 10210210 
d 108:06 000 000 е 108:01875 f 100101050 
в 1og;9 (27355774) h What does о + y equal? 


12 Finda relation between x and y that does not involve logarithms. 
a log; x + log; y = log3(x + y) b 21og;o x — 3logio y = -1 
с log; y = 3 + 2log; х а log;(1 + y) – log;(1—- у) 2 x 


4 
13 У- m is the volume of a sphere of radius r. Express log» V in terms of log) ғ. 
14 If y = a x 10, express x in terms of the other pronumerals. 


15 Solve logio A = bt + logio P for A. 





1 4 Change of base 


In Section 14A we studied logarithms to one base (which was a positive number other than 1) and 
their relationships, such as: 


log,x + log, y = log, xy 


Often we need to work with different bases апа, in particular, calculate quantities such as log; 8, 
which is clearly between 1 and 2. It is of 1mmediate concern that some calculators do not have the 
capacity to calculate logs 8 directly, but they can calculate 102108 and 10210 5. 





1 
We will show that log; 8 = logi S = 1.2920. 
108105 
This is а special case of the change of base formula: 
log, с 
log,c = 
dá log, b 


where а, b and c are positive numbers, a # land b # 1. 


The change of base formula is very important in later mathematics. 
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ы 14В CHANGE OF BASE 
мо eA SSS ш ш 





Proof 1 Proof 2 
Let x = log, c so, b* = с If log, b = e, then а = 
Taking logarithms to base a of both sides: Similarly, if log, c = f, then bf = c 
log, b* = loga c€ Hence, c = bf = (a*)/ = af 
xlog, b = log,c (Logarithm law 3) So log, c = ef = log, b x log, c 
= eas and log, c = Pu 
log, c 





That is, log, c = 
d log, b 


> Change of base formula 





e |f a, b and c are positive numbers, а + 1 апар # 1 then: 


log, c 


lo = 
ave log, b 


e This formula can also be written as: 


log, c = log, b x log, c 


These formulas are called ‘change of base’ formulas, since they allow the calculation of logarithms 
to the base b from knowledge of logarithms to the base a. 


Example 6 


By changing to base 2, calculate 102168. 


log, 8 = 3 and log, 16 = 4, 
10028 
108» 16 





hence, 102168 = 


5 
50 logis E 4 


3 3 
As a check, 164 = (24)4 = 23 =8 
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14В CHANGE OF BASE М 


Ехатріе 7 


Calculate log, 8, correct to four decimal places, using base 10 logarithms 


Changing from base 7 to base 10: 
1 

10 7 i = шинэ 5 
logio 7 


= 1.0686 
As a check, 712686 = 7,0997 with a calculator. 


Example 8 


If 3* - 7, calculate x, correct to four decimal places. 


logio 7 
logio 3 


21117712 


x = log; 7 = 


Ехатр!е 9 


Suppose that а > 0. Find the exact value of 1ор„ аг. 





3 
As acheck, (а2)2 =a? 
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Ф | Exercise 14B 


In this exercise, а, b and c are positive and not equal to 1. 


Example 6 
Example 7 


1 а By changing to base 3, calculate logy 243. 
b By changing to base 2, calculate logg 32. 


2 Use the change of base formula to convert to base 10 and calculate these logorithms, correct 


to four decimal places. 


a log;9 b 10843 с 10845 
1 
d log313 е 1021917 f 0872 
3 Solve for x, correct to four decimal places. 
a2’ =5 b 3* = 18 cy =2 
d 5 = 17 e2*=7 potes 
4 Solve for x, correct to four decimal places. 
а (0.01) 2 7 b 5-7: 23 с ages d 33*-3 = 55*-5 
5 Simplify: 


a (log, b)X(log, a) b (log, blog, с)(105, a) 


Change to base a and simplify. 


штэ. 


а log, a? b log; a? с Іов а d log, Wa 
Уа 


e log, а – log, a’ + log, a!! f log z Va + logy, Va + logy; Уа 


14 


We saw the basic shape of the graph of an exponential function in Chapter 9. 


Graphs of exponential and 


logarithm functions 





For example, у = 2" is graphed to the right. 
The graph has the following features: 

* The y-intercept is 1. 

* There is no x-intercept. 


* The y-values are always positive. 





* As x takes large positive values, 2* becomes very large. 
е As x takes large negative values, 2* becomes very small. 


* The x-axis is an asymptote to the graph. 
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14C GRAPHS OF EXPONENTIAL AND LOGARITHM FUNCTIONS 





Неге are the graphs of у = 3* and у = 375 drawn on the same axes. 


Notice that y = 37 is the reflection of y = 3^* in the y-axis. 








Simple logarithm graphs 


We can also draw the graph of y = log, x. As usual, we begin with 
a table of values. 

















How аге the graphs of y = logy x and у = 2" related? 


Here is a table of values of y = 2*. The graphs of y = 2* 
and у = log, х are shown on the one set of axes. 











If the point (a, b) lies on у = 2^, then b = 24, 
Hence, we can write a = log» Б, so (b, a) lies on the graph of у = log» x. 

Thus, each point on у = log; х can be obtained by taking a point on у = 2* and interchanging the x 
and y values. 


The midpoint of (a, b) and (b, a) is [ns m 2 pea) and thus always lies on the line y = x. 


Graphically this means (а, b) is the reflection of (Р, a) in the line у = x and vice versa. This is 
evident in the above pair of graphs. 


From this we can list some of the features of the graph of y = log» x. 

* The graph is to the right of the y-axis. (This is because the function is only defined for x » 0.) 
• The y-axis is a vertical asymptote to the graph. 

* The x-intercept is (1, 0), corresponding to log, 1 = 0. 

* The graph does not have a y-intercept. 

e As x takes very large positive values, log, x becomes large positive. 

• As x takes very small positive values, 108» x becomes large negative. 


e The graph is a reflection of y = 2" in the line y = x. 
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ON 14C GRAPHS OF EXPONENTIAL AND LOGARITHM FUNCTIONS 
N 
Example 10 


Use the graph of y = 3* to assist in sketching y = log; x. 


First draw the graph of y = 37. 








The two graphs are reflections of each other in the line y = x. 


Example 11 


Sketch the graph of y = log) (x — 3). 


Translate the graph of y = log, x three units to the right. 


y = log, (x - 3) 





Note that the line x = 3 is an asymptote to the graph. 
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14C GRAPHS ОҒ EXPONENTIAL AND LOGARITHM FUNCTIONS М 
Ехатріе 12 


Sketch the graphs of у = log; x and у = logs x on the same set of axes. 























yh y = log; x 
log; 5 = 108105 = 1.46 
102103 


log, 25 = 1орз5? = 21025 = 2:93 





1 
logs 5 = —log35 = –1.46 


1 
log; ыт 1003572 = -21og4 5 = —2.93 








The table of values shows that: 


log; x > logs x ifx > land logs x »log4xifO« x «1 


e Ехегсісе 14С 


1 а Use the graph of y = 4* to draw the graph of y = log, x. 
b Use the graph of y = 57% draw the graph of y = logs x. 





2 Foreach of these logarithm functions, produce a table of values for (x, y), using the 
following y-values: —2, —1, 0, 1, 2. Use the table to draw the graph of the function. 


ayc-logiox b y = loge x 
3 Draw each set of graphs on the same axes. { 
ау-3%,у-3%:1,у-3”%-2 Bier диз уа ыз" 


ite тү* 
= 2* = 2* ау-|- ‚у=|]— 
сс id B 4 G 


4 а Sketch the graphs of у = log, x and у = log; x on the same set of axes, for y values 
between —3 and 3. 


b In what ways are the graphs similar? 
c How do the graphs differ? 
d Without using a table of values, sketch the graph of у = log, x on the same set of axes 


used in part a. 
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V 


5 Sketch the following graphs. 
ayc-log4x, x > 0 b у = log3(x – 1), х>1 с у = log;(x + 5), x > —5 
а у = 2100; х, x > 0 е у = 102з(х) + 2, x > 0 


6 Sketch y = 27^, y = 3", у = log? x and у = log; x on the one set of axes. 





1 Д Applications to science, 

population growth апа finance 
In Section 9F of you saw that in a given experiment, the growth in bacteria could be described using 
an exponential function, such as № = 1000 x 2’. 


Here, N is the number of bacteria at time t, measured in hours. 


Equations of this type arise in many practical situations in which we know the value of N, but want 
to solve for f. 


Logarithms are needed for such calculations. 


Example 13 


Initially there are 1000 bacteria in a given culture. The number of bacteria, N, is doubling 
every hour, so N = 1000 x 27, where t is measured in hours. 


а How many bacteria are present after 24 hours? Give your answer correct to three 
significant figures. 


b How long is it until there are one million bacteria? Give your answer correct to 
three significant figures. 


a After 24 hours, № = 1000 х 224 





= 168 010) 
b IfN = 106, then 10° = 1000 x 2' 
2 = 1000 
102102! = 102101000 
1102102 = 3 
3 
5 logio 2 
= 9.97 hours 


There are one million bacteria after approximately 9.97 hours. 
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14D APPLICATIONS ТО SCIENCE, POPULATION GROWTH AND FINANCE М 


The following example illustrates the use of logarithms in estimating the age of fossils. 


Example 14 


The carbon isotope carbon-14, C!^, occurs naturally but decays with time. Measurements of 
carbon-14 in fossils are used to estimate the age of samples. 





If М is the mass of carbon-14 at time t years and My is the mass at time t = 0, 
then M = М01074 where k = 5.404 488 252 x 102. 


AII 10 digits are needed to achieve reasonable accuracy in these calculations. 
a Calculate the fraction left after 100 years as a percentage. 

b Calculate the fraction left after 10 000 years as a percentage. 

с Calculate the half-life of C^. That is, after how long does M = „М 0? 


а Whent = 100, M = Myg10-100€ 


M = 107100 
Мо 
= 0.987 63 
= 98.76% 


That is, the fraction left after 100 years is 98.76%. 
b When: = 10000, M _ 10:10 000k 
Mo 
= 0.28811 
= 28.81% 
That is, the fraction left after 10 000 years is 28.81%. 


с М- ly, vient = 10-6 
2 2 


1 
logre сн —kt 


kt = 10912 
102102 


k 
= 5570.000 001 


= 5570 years 
That is, the half-life of С!* is about 5570 years. 
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ON 14D APPLICATIONS TO SCIENCE, POPULATION GROWTH AND FINANCE 


Compound interest 
In Section 1D, we introduced the compound interest formula: 
A, = P(1 + В)" 


where A, is the amount that the investment is worth after n units of time, P is the principal 
and R is the interest rate. 


Logarithms can be used to find the value of n in this formula given R, P and A,. 


Example 15 


$50 000 is invested on 1 Jan at 896 per annum. Interest is only paid on 1 Jan of each year. 
At the end of how many years will the investment be worth 


a $75000? b $100 000? 


a А,-Р(1- №)" 
А, = 75 000, Р = 50 000 and R = 0.08, so 
75 000 = 50 000(1.08)" 


2 
— = (1.08)" 
2 (1.08) 


10210 3 = nlog;o(1.08) (Take logarithms of both sides.) 


3 
1 югь[ 5) 


~ logio(1.08) 


= 5.268 44... 
At the end of the sixth year, the investment will be worth $50 000(1.08)° = $79 343.72. 
At the end of the fifth year, the investment will be worth $50 000 (1.08)° = $73 466.40. 
The investment will be worth more than $75 000 at the end of the sixth year. 


b A, = P( + №)" 
А, = 100000, P = 50 000 and В = 0.08, so 
100 000 = 50 000(1.08)" 


2 - (E08)? 
10210(2) = nlog; (1.08) (Take logarithms of both sides.) 
_ _logio@) 
log; 9 (1.08) 
= 9.006 46... 


At the end of the tenth year, the investment will be worth $50 000(1.08)'° = $107 946.25. 
At the end of the ninth year, the investment will be worth $50 000(1.08)? = $99 950.23. 
The investment will be worth more than $100 000 at the end of the tenth year. 
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14D APPLICATIONS ТО SCIENCE, POPULATION GROWTH AND FINANCE М 
@ Exercise 14D 


1 А culture of bacteria initially has a mass of 3 grams and its mass doubles in size every hour. 
How long will it take to reach a mass of 60 grams? 





2 А culture of bacteria initially weighs 0.72 grams and is multiplying in size by a factor of 
five every day. 


a Write down a formula for M, the weight of bacteria in grams after t days. 
b What is the weight after two days? 
c How long will the culture take to double its weight? 


d The mass of the Earth is about 5.972 х 1027 kg. After how many days will the culture 
weigh the same as the Earth? 


e Discuss your answer to part d. 
3 The population of the Earth at the beginning of 1976 was four billion. Assume that the rate 
of growth is 2% per year. 
a Write a formula for P, the population of the Earth in year t, t > 1976. 
b What will be the population in 2076? 
c When will the population reach 10 billion? 
4 The population of the People's Republic of China in 1970 was 750 million. Assume that its 
rate of growth is 496 per annum. 
a Write down a formula for C, the population of China in year t, t > 1970. 
b When would the population of China reach two billion? 


c With the assumptions of question 3, when would the population of China be equal to half 
the population of the Earth? 


d When would everyone in the world be Chinese? (Discuss your answer.) 
5 The mass M of a radioactive substance is initially 10 g and 20 years later its mass is 9.6 g. 
If the relationship between M grams and t years is of the from M = М,1074, find: 
a M,and k 
b the half-life of the radioactive substance 
тэгээ 6 An amount of $80 000 is invested on 1 Jan at a compound interest rate of 7% per annum. 


Interest is only paid on 1 Jan of each year. At the end of how many years will the investment 
be worth: 


a $110 000? b $200 000? 


7 А тап now owes the bank $47 000, after taking out a loan n years ago with an interest rate 
of 1096 per annum. He borrowed $26 530. Find n. 
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8 Тһе formula for the calculation of compound interest is А, = P(1 + К)". Find, correct to 


one decimal place: 

a A, if = $50 000, R = 8% andn = 3 

b Pif A, = $80 000, А = 5% andn = 4 

c nif A, = $60 000, R = 2% and Р = $20 000 
d nif A, = $90 000, R = 4% and P = $20 000 


Review exercise 


1 Calculate each logarithm. 


а log, 16 b logs 125 


1 
f я] 
2 Solve each logarithmic equation. 
a log, 16 = 2 
с log, 2048 = 11 
eor 23.9 
3 Write each statement in logarithmic form. 
а 1024 = 219 
eel 
е 3* =b 
4 Write each statement in exponential form. 
а 10281- 4 
с 108:00.01--2 
eulos Dc 
5 Simplify: 
а 109511 + log55 
с 100611 + 10067 
е logs 200 – logs 40 
6 Simplify: 
а log, 5+ log, 4 + log, 7 
с log; 7 + log; 343 – 3 log; 49 
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с log, 512 d log;1 


g 1021910 000 h 1о210(0. 001) 
b log, 64 = 6 

d 102, 512 = 3 

K oe 175 —5 


Һ10%-а 
dit 11 
£5: = 625 


b log, 64 = 6 
а log,c =a 


b log, 7 + log, 5 
d log; 8 — log; 32 
f logs 30 – logs 6 

b logs 1000 - logs 100 – 102510 
d log; 25 + 2log; 5 – 2108: 75 


Cambridge University Press 


REVIEW EXERCISE М 


7 Use the change of base formula to convert to base 10 and calculate each to 
four decimal places. 





а 102511 b logs 7 € log424 

d log; 35 е 102168 f logs 
8 Solve for x, correct to four decimal places. 

qo = 7 b 3* = 78 

со = 20 diay — 2 

ед — 0 feo [5 


9 Solve for x. 


а log,(2x – 3) = 4 b log; 3x = 4 
c log? (3 -x)= 2 4 logio x -4 
е log4(5 - 2x) 23 f logz(x -6) 22 


10 Sketch each graph. 
а 1002720 
b у = log3(x – 2), х> 2 
с у = log,(x + 4), x > -4 
й y= 152000) 5,40 


11 Express уіп terms of x when: 
а logio y = 1 + logio x 
b logig(y + 1) = 2 + logio x 


8 3 3 
12 Simplify I -1 2il == = ||: 
шаг, өв (55 oe (3) өв (3) 


| 


13 Піогццх- 0.6 and 10210 у = 0.2, evaluate өв 


e 


14 a Express 3 + log, 5 as a single logarithm. 
b Express 5 — log, 5 as а single logarithm. 


15 An amount of $120 000 is invested on 1 Jan at a compound interest rate of 8% per annum. 
Interest only paid on 1 Jan of each year. At the end of how many years will the investment 
be worth: 


a $160 000? b $200 000? 
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Challenge exercise 


Throughout this exercise, the bases а and b are positive and not equal to 1. 


1 


10 


11 


436 





Consider a right-angled triangle with side lengths a, b and c, with c the hypotenuse. 


1 1 
Prove that 102104 = 5095118 +b)+ Е - b). 


Simplify log, (a? + а) – Іов, (а + 1). 





1 522 
Show that 3logio x + 21090 y — 20020 z= lool } 


Solve for x: 

а logo(x * І)-109-(х- 1) = 3 

b (logio x)logio x?) + logio x? - 5 = 0 
Clogs) солу = 0s 

d (log; x)? = log; x? — 6 


Solve each set of simultaneous equations. 
аа: о 

hi8 s 0005 сеу 

pub ou LU 

d Б = д 1» 


Solve the equation (log, x)(log; x) = log, b for x where а and b are positive numbers 
different from 1. 


If a = logg 225 апар = log, 15, find a in terms of b. 


а Show that 10210 3 cannot be a rational number. 


b Show that log), cannot be a rational number if n is any positive integer that is not a 
whole number power of 10. 


Prove that log, | 2) aP loga ( 2 3 + log, | а) = log, x + log, y + log, z- 
2 х y 


If x and y are distinct positive numbers, a > 0 and 
loga x _ ын _ logaz 
Veg. ipm 220) 


“Зпоу хуг = Палату = 1. 


If 2log, x = 1 + log,(7x – 10a), find x in terms of a, where а is a positive constant and 
x is positive. 
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In this chapter, we continue our study of probability. In particular, we introduce 
the important ideas of sampling with and without replacement. The other 
important new ideas in this chapter are the concepts of conditional probability 


and independence. 
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1 5 Review of probability 


We first review the basic ideas of probability that we introduced in Chapter 12 of ICE-EM 
Mathematics Year 9. 





Sample spaces with equally likely outcomes 


Іп ІСЕ-ЕМ Mathematics Year 9, we looked at the experiment of throwing two dice and recording the 
values on the uppermost faces. The results can be displayed in an array, as shown here. 





The sample space, £, for this experiment is the set of ordered pairs displayed in the array. 
That is, é = {(1,1), (1, 2), ..., (6,6)). The 36 outcomes of this experiment are equally likely and 


1 
each outcome has probability D 


Example 1 


Two dice are thrown and the value on each die is recorded. Find the probability that: 


a the sum of the two values is 5 
b the sum of the two values is less than or equal to 3 


The sample space 6 is as described as above. The size of € is 36. 


a Let A be the event that the sum is 5. 
ZA es baby (22.535 (95 27 (5:10)] 


4 1 
Р(Ау----- 
(al у 9 


b Let B be the event that the sum is less than or equal to 3. 
В = {(1,1), (1,2), Q.D] 
1 


3 
ше се 
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15A REVIEW OF PROBABILITY хүс 


Sample spaces with non-equally likely outcomes 





We can change the experiment to: Two dice are thrown and the sum of the values on the uppermost 
faces is recorded. 


This leads to a different sample space: 
E = (2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12] 


The outcomes аге по longer equally likely, since, for example, we can only obtain а total of 2 by 
throwing a | and a 1, but there are 5 ways to obtain a sum of 6. 


We can determine the probability of each of these outcomes from the array on the previous page. 


The probabilities are listed in the table below. 


| 2 | Se ee 





The sum of the probabilities of the outcomes is 1. 





Events 


An event is a subset of the sample space. For example, in the experiment of throwing two dice and 
recording the sum of the uppermost faces, an event is a subset of: 


E = {2, 3, 4, 5, 6, 7, 8,9, 10, 11, 12] 


For example, the event B {outcomes whose sum is divisible by 3} is the subset: 





= {3, 6, 9, 12} 
We will often use a more colloquial description of such 5 
events. For example, we will say В is the event ‘the sum is B 2 d? 
divisible by 3’. 8 26 
An outcome is favourable to an event if it is a member of 
that event. For example, 6 е B and 5 € B. The event В can 7 11 








be illustrated with a Venn diagram. 





Probability of an event 
The probability p of an outcome is a number between 0 and 1 inclusive. 


Probabilities are assigned to outcomes in such a way that the sum of the probabilities of all the 
outcomes in the sample space С is 1. 


The probability of the event A is written as P(A). Thus, P(A) is the sum of the probabilities of the 
outcomes that are favourable to the event A. 


Hence, 0 € P(A) < 1, for each event A. That is, the probability of an event is a number between 0 
and 1 inclusive. In particular, Р(4) = 1. 
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ON 15A REVIEW OF PROBABILITY 
т С a mem 22 


For the event B {outcomes whose sum is divisible by 3} in the previous example: 
P(B) = P(3) + P(6) + P(9) + Р(12) 


2 5 4 1 
=—+—+—+ 
36 36 36 36 





For ап experiment іп which all of the outcomes are equally likely: 


ЭР number of outcomes favourable to that event 
Probability of an event = ——————————————————————————— 
total number of outcomes 


This is not the case for the experiment of throwing two dice and recording the sum, as we learned 
that such an event had non-equally likely outcomes. 


If a die is rolled, what is the probability that a number greater than 4 is obtained? 


When a die is rolled once, there are six equally likely outcomes 
б = (1, 2, 3, 4, 5, 6) 


Let А be the event ‘a number greater than four is obtained’. 
Then A - (5, 6) 


Непсе, Р(А) - 5 - E 
6 3 


A standard pack of playing cards consists of four suits: Hearts, Diamonds, Clubs and 
Spades. Each suit has 13 cards consisting of an Ace, 2, 3, 4, 5, 6, 7, 8,9, 10, Jack, 
Queen and King. 


The pack is shuffled and a card is drawn at random. 
For this experiment the size of 6 is 52. 


a What is the probability that it is a King? 
b What is the probability that it is a Heart? 


a Let K be the event ‘drawing a King’. b Let H be the event ‘drawing a Heart’. 
There are four Kings in the pack of There are 13 Hearts in the pack of 
52 cards. 52 cards. 
4 1 13:21! 
К) 82 1 ш) 52 4 
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15A REVIEW OF PROBABILITY М 
Ехатр!е 4 


Опе box contains 4 discs labelled as shown. 


CU 


A second box contains 5 discs labelled as as shown. 


OU 


A disc is taken from each of the boxes and the larger of the two numbers is recorded. 





a Whatis a sample space for the experiment? 
b Find the probability of each outcome. 
c Find the probability that the number obtained is less than 5. 


There are 20 different pairs that can be drawn from the two boxes. Each of these pairs is 
equally likely to occur. The larger of the two numbers is recorded in the array. 











а The sample space 18  — (2, 3, 4, 5, 6, 7, 8, 9) 
b From the array: 


1 1 2) 2 
Р(2) = —, PB) ---,Р(4)---,Р(5)---, 
15) 20 e 20 5 20 2 20 
3 3 4 4 


DO 20" JAT) = 20: ш) = 20: ша a 


с P({2, 3, 4) = PQ) + P(3) + P(A) 


1 1 2 
=—+—+— 

20 20 20 
21 

8) 


> Review of probability 







e A sample space, С, consists of all possible outcomes of an experiment. 
е Each outcome has a probability p between 0 and 1. That is, O € p < 1. 
* The sum of the probabilities of all outcomes is 1. 
e An event, A, is a subset of 2. A member of A is called an outcome favourable to A. 
e P(A) is the sum of the probabilities of all outcomes favourable to A. 
e For an experiment in which all the outcomes are equally likely: 
number of outcomes favourable to that event 
total number of outcomes 





Probability of an event = 
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МАС 154 REVIEW OF PROBABILITY 220202022. 
ӨТӨГ 


1 David has 13 marbles. Five of them are pink, three are blue, three are green and two аге 
black. If he chooses a marble at random, what is the probability that it is green? 


=> 2 A debating team consists of five boys and seven girls. If one of the team is chosen at 
random to be the leader, what is the probability that the leader is a girl? 


3 A basketball team consists of five players: Adams, Brown, Cattogio, ОЛ Leary and Nguyen. If a 
player is chosen at random, what is the probability that his name starts with a consonant? 


4 Slips of paper numbered 1, 2, 3, ..., 10 are placed in a hat and one is drawn at random. 
What is the probability that the number on the slip of paper is not a multiple of four? 


5 А bag contains 11 balls. Three of these are black and eight are blue. A ball is taken from 
the bag at random. What is the probability that it is blue? 


6 One box contains 4 discs labelled as shown. 


(2) 0) (0) (9 


A second box contains 5 discs labelled as shown. 


(2) (9 О) @ (9 


A disc is taken from each of the boxes and the larger of the two numbers is recorded. 
a List the sample space for the experiment. 

b Find the probability of each outcome. 

c Find the probability that the number obtained is greater than 6. 


7 А box contains 3 discs labelled as shown. 


(1) (2) (9 


A second box contains 3 discs labelled as shown. 


000 


A disc is taken randomly from each box and the result is recorded as an ordered pair, 
for example, (1, 7). 


a List the sample space for the experiment. 
b Find the probability of each outcome. 


c Find the probability that there is an even number on both of the selected discs. 
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15A REVIEW OF PROBABILITY М 


8 А box contains 4 discs labelled as shown. 


YOO (9 


A second box contains 3 discs labelled as shown. 


(1) (2) (9 


А disc is taken randomly from each box and the sum of the numbers оп the two discs is recorded. 





а List the sample space for the experiment. 
b Find the probability of each outcome. 
c Find the probability that the sum is less than 5. 
9 Two dice are thrown and the values on the uppermost faces recorded. What is the 

probability of: 
a obtaining an even number on both dice? 
b obtaining exactly one 6? 
с obtaining a 3 on one die and an even number on the other? 

10 Two dice are thrown and the difference of the values on the uppermost faces is recorded: 
outcome = value on die 1 — value on die 2 
a Listthe sample space for this experiment. 
b What is the probability of obtaining a negative number? 
c Whatis the probability of obtaining a difference of 0? 
d Whatis the probability of obtaining a difference of —1? 
e Whatis the probability of obtaining a difference that is exactly divisible by 3? 

11 А bag contains six balls: three red balls numbered 1 to 3, two white balls numbered 1 and 


2, and one yellow ball. Two balls are selected one after the other, at random, and the first is 
replaced before the second is withdrawn. 


a Listthe sample space. 
b Find the probability that: 
i both balls are the same colour 
ii the two balls selected are different colours 


12 Тһе surnames of 800 male students on a school roll vary in length from 3 letters to 11 letters 
as follows: 








If a boy is selected at random from those in this school, what is the probability that his 
surname contains: 


a four letters? b more than eight letters? c less than five letters? 
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1 5) The complement, union 
and intersection 





The complement of A 


In some problems, the outcomes in the event A can be difficult to count; whereas the event ‘not A’ 
may be easier to deal with. 


The event ‘not A’ consists of every possible outcome in the 
sample space ё that it is not in A. The set ‘not A’ is called the 
complement of A and is denoted by A*. 


Every outcome іп the sample space € is contained in exactly one of 
A or АС. 


Therefore: 
P(A) + P(A^) = 1 and so P(A‘) = 1 - P(A) 


This can be illustrated with a Venn diagram. 








A card is drawn from a standard pack. What is the probability that it is not the King of 
Hearts? 





Let A be the event ‘the King of Hearts is drawn’. 
Then А“ is the event ‘the King of Hearts is not drawn’. 


1 
P(A) = — 
(A) 52 
P(A‘) 21- P(A) 
es 
52 
23 
52 


: ; Eres 
The probability that the card drawn is not the King of Hearts is 27 


Union and intersection 
Sometimes, rather than just considering a single event, we want to look at two or more events. 


We return to our example of throwing two dice and taking the sum of the numbers on the 
uppermost faces. 


Recall that é = [2, 3, 4; 5, 6, 7, 8,9, 10, 11, 12}. 
Let A be the event ‘a number divisible by 3 is obtained’. 


Let B be the event ‘a number greater than 5 is obtained’. 
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15B THE COMPLEMENT, UNION AND INTERSECTION 





The events A and B are: 
A = {3, 6, 9, 12} 
B = {6, 7, 8, 9, 10, 11, 12] 
and A A В = (6, 9, 12} 


Here is the Venn diagram illustrating these events. 


5 














The outcomes favourable to the event “һе number is divisible by 3 and greater than 5’ is the 
intersection of the sets A and В; that is, A © B. The event A A B is often called ‘A and В’. 


The outcomes favourable to the event ‘the number is divisible by 3 or greater than 5’ is the union of 
the sets A and B; that is, A U B. The event A U B is often called ‘A or В’. 


5 5 


ар 9 


A AB is shaded A U B is shaded 

















For an outcome to be in the event A U B, it must be in either the set of outcomes for A or the set of 
outcomes for B. Of course, it could be in both sets. 


For an outcome to be in the event A r^ B, it must be in both the set of outcomes for A and the set of 
outcomes for B. : 





> 
со 


We recall the addition rule for probability. 
For any two events, A and B: 
P(A U B) = P(A) + P(B) - P(A В) 


This is clear from the Venn diagram. 











Two events are mutually exclusive if they have no outcomes in common. That is: 


A r^ В = ©, where Ø is the empty set 
5 














Іп this case, when А and В are mutually exclusive, the addition rule becomes: 
P(A U В) = P(A) + P(B) 


Here are some examples using these ideas. 
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ON 15B THE COMPLEMENT, UNION AND INTERSECTION 
UN 
Example 6 


Two dice are thrown and the sum of the numbers on the uppermost faces is recorded. What is 
the probability that the sum 15: 


a even? b greater than 7? 
c less than 5? d greater than 7 or less than 5? 
e even and greater than 7? f even or greater than 7? 


Бесаһша 2-2 512 6 9] ЕО О ie 2} 


2 за ЕДІ Ба ЄЛ аа ӨЙ Т 2 
d42]8]|4]|9)]|6]|/9)|4]|531]2]1 
36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 | 36 36 











Let A be the event ‘the sum is even’ 
B be the event ‘the sum is greater than 7’ 
C be the event ‘the sum is less than 5’ 
hen A — 12:426. 8-107 12} 
ВЕ 010211 12| 
С- 222241 
а Using the table: 
P(A) = P(2) + P(4) + P(6) + P(8) + P(10) + P(12) 
1 SS 5 3 1 
з G2 em em eo 





23 

2 
That is, the probability that the sum is even is L 
2 


b P(B) = P(8) + P(9) + P(10) + P(11) + P(12) 
5 ал у 3 1 
=—+—4+—4+—4+— 
36 56 36 36 36 
22 
Е 
5 


That is, the probability that the sum is greater than 7 is —. 
12 
с P(C) = РО) + PG) + P(4) 


1 2 3 
= — + +> 
20 J 36 


That is, the probability that the sum is less than 5 is 1 
6 


(continued over page) 
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15B THE COMPLEMENT, UNION AND INTERSECTION Мм 





d P(the sum is greater than 7 or less than 5) = P(B UC) 
Now B r^ С = ©, so B and С are mutually exclusive events 
PUB OC) PB) PC) 

7 
212 

e P(the sum is even and greater than 7) = P(A A B) 

P(A r^ B) = P(8) + Р(10) + P(12) 


5 3 1 
=—+—+— 

36 36 36 
2! 

4 


f P(the sum is even or greater than 7) = P(A U В) 
P(A о В) = P(A) + Р(В) – P(A В) 


EC 
2 A 
22 
3 


Example 7 


The eye colour and gender of 150 people were recorded. The results are shown in the table 
below. 




































































What is the probability that a person chosen at random from the sample: 


a has blue eyes? b is male? 
c is male and has green eyes? d is female and does not have blue eyes? 
e has blue eyes or is female? f is male or does not have green eyes? 
Let A be the event ‘has blue eyes’ M be the event ‘is male’ 

B be the event ‘has brown eyes’ F be the event ‘is female’ 


G be the event ‘has green eyes’ 


(continued over page) 
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ON 15B THE COMPLEMENT, UNION AND INTERSECTION 





a Р(Ау= 2 =2 кои ар 
150 SS 15029985 
5 1 A 3515-10 
e PUDO EUMD E 
250 
7150 
К оо лаа ash 
150 3 
_ 110 
7 180 
E 
215 


Alternatively, using the addition rule, 
P(A U Е) = P(A) + P(F) - Р(А т Р) 
2 3 40 


= £4- С Note: P(F) = 1— РМ 
cuc visa OLD о 


21 
15 


20 + 25 +5 + 10 + 40 + 35 + 10 


IOPOMOS GO 150 





_ 145 
150 
_29 
30 
Note: This can also be calculated using the addition rule or by noting that this 


is the complement of the event ‘The person has green eyes and is female’, 


IS EC) = a 
150 30 


ә) Complement, ог, and 






е The event ‘not А” includes every outcome of the sample space 5 that is not in A. The 
event 'not A' is called the complement of A and is denoted by A*. 


P(A‘) 21- P(A) 

An outcome іп the event A U B, is either in A or B, or both. 
An outcome in the event A с\ B, is in both A and В. 

For any two events A and B: 

P(A U B) = P(A) + P(B) – P(A A B) 


Two events А and В are mutually exclusive if A^ B = © and in this case 
P(A U В) = P(A) + P(B). 
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15В THE COMPLEMENT, UNION AND INTERSECTION М 
ӨГ: 


1 A number is chosen at random from the first 15 positive whole numbers. What is the 
probability that it is not a prime number? 


2 Acard is drawn at random from an ordinary pack of 52 playing cards. What is the 
probability that it is not a King? 


3 А number is chosen at random from the first 30 positive whole numbers. What is the 
probability that it is not divisible by 7? 


4 Шага е, 1000 tickets are sold. If you buy 50 tickets, what is the probability that you will 
not win first prize? 


5 Aletter is chosen at random from the 10 letters of the word COMMISSION. What is the 
probability that the letter 15: 


a N? b S? с avowel? d not S? 
6 Acard is drawn at random from a pack of playing cards. Find the probability that the card chosen: 
а isaClub 


b isa court card (i.e. ап Ace, King, Queen or Jack) 

с isa Club and a court card d isa Club or a court card 
e has a face value between 2 and 5 inclusive and is a court card 

f hasa face value between 2 and 5 inclusive or is a court card 


7 А standard die is thrown and the uppermost number is noted. Find the probability that the 


number is: 

a even and a six b even or a six 

с less than or equal to four and a six d less than or equal to three or a six 
e even and less than or equal to four f oddorless than or equal to three 


8 A survey of 200 people was carried out to determine hair and eye colour. The results are 
shown in the table below. 


Hair colour 


Eye colour 





Blue 
Brown 
Green 




















What is the probability that a person chosen at random from this group has: 


a blue eyes? b red hair? 

с fair ог brown hair? d blue or brown eyes? 

e red hair and green eyes? f eyes that are not green? 
g hair that is not red? h fair hair and blue eyes? 


i eyes that are not blue or hair that is not fair? 
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ON 15B THE COMPLEMENT, UNION AND INTERSECTION 


In the following questions, use an appropriate Venn diagram. 


9 Ina group of 100 students, 60 study mathematics, 70 study physics and 30 study both 
mathematics and physics. 


a Represent this information on a Venn diagram. 


b One student is selected at random from the group. What is the probability that the 
student studies: 


i mathematics but not physics? 
ii physics but not mathematics? 
iii neither physics nor mathematics? 


10 Ina group of 40 students, 26 play tennis and 19 play soccer. Assuming that each of the 
40 students plays at least one of these sports, find the probability that a student chosen at 
random from this group: 


a plays both tennis and soccer b plays only tennis 
c plays only one sport d plays only soccer 


11 Ina group of 65 students, 30 students study geography, 42 study history and 20 study both 
history and geography. If a student is chosen at random from the group of 65 students, find 
the probability that the student studies: 


a history or geography b neither history nor geography 
€ history but not geography d exactly one of history or geography 


12 Anumber is selected at random from the integers 1 to 1000 inclusive. Find the probability 
the number is: 


a divisible by 5 b divisible by 9 
€ divisible by 11 d divisible by 5 and 9 
e divisible by 5 and 11 f divisible by 9 and 11 


g divisible by 5, 9 and 11 


13 Ina group of 85 people, 33 own a microwave, 28 own a DVD player and 38 own a 
computer. In addition, 6 people own both a microwave and a DVD player, 9 own both a 
DVD player and a computer, 7 own both a computer and a microwave and 2 people own 
all three items. Draw a Venn diagram representing this information. If a person is chosen at 
random from the group, what is the probability that the person: 


a does not own a microwave, a computer or a DVD player? 
b owns exactly one of the three items? 
c owns exactly two of the three items? 
14 Ifacard is drawn at random from a pack of 52 playing cards, what is the probability that it will be: 
а a Heart or the Ace of Clubs? 
b aHeart or an Ace? 
c aHeart or a Diamond? 


15 Froma set of 15 cards whose faces are numbered 1 to 15, one card is drawn at random. 
What 15 the probability that it is a multiple of 3 or 5? 
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1 5 Conditional probability 





The probability of an event, A, occurring when it is known that some event, B, has occurred is called 
the probability of A given B and is written P(A | B). This is the 
idea of conditional probability. 





Suppose we roll a fair die and define event A 


2 
as ‘rolling a one’ and event B as ‘rolling an odd number’. 

4 
The events A and B are shown on the Venn diagram to the right. 

6 


What is the probability that a one was rolled given the information 
that an odd number was rolled? 


We are being asked to find P(A | B). 














The knowledge that event B has occurred restricts the sample space for this calculation to B = {1, 3, 5}. 
Since the outcomes of a fair die are equally likely to occur, we can calculate P(A | B): 


P(AIB) = = 


The understanding that an event has occurred requires us to adjust our probability calculations in the 
light of this information. 





Example 8 


In a group of 200 students, 42 study French only, 25 study German only and 8 study both. 
Find the probability that a student studies French given that they study German. 








The sample space ё is the set of 200 students. 
Let F be the event ‘a student studies French’. 
Let G be the event ‘a student studies German’. 


This information can be represented in a Venn diagram. 











P (a student studies French given that they study German) is 
written as P(F | С). 

To find this, we consider G as a new sample space. 

The corresponding Venn diagram is as shown. 


| G I =33 and | F AG 1-8. Hence, PF | G) = =. 


In this problem, we are regarding G as a sample space in its own right and calculating the probablity 
of F r^ С as an event in the sample space G. Thus, we have: 


| ЕсҮС | 


PF | G) = IGI 
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15C CONDITIONAL PROBABILITY 








Example 9 





A bowl contains blue and black marbles. Some of the marbles have A marked on them and 
others have B marked on them. The number of each type is given in the table below. 


50 27 





22 18 


A marble is randomly taken out of the bowl. Find the probability that: 
a itis a marble marked A 

it is a marble marked A given that it is blue 

it is a blue marble 


a0 = 


it is a blue marble given that it is marked B 


There are 112 marbles. 


11 

a P(a marble marked A) = БЕЙ mae 
ПО О 35 
b P(a marble marked A | it is blue) = 20 


с P(ablue marble) = aoe 
ie IA 


il 
d P(a blue marble | itis marked B) = E 


33 


1 
Note that in Example 9, P(Is blue ^ Marked B) = ТЕ and P(Marked В) = 1 


P(Is blue © Marked В) 13 35 _13 





Hence Pr(Is blue | Marked В) = 


P(Marked B) 112 12 35 


In general: 


ә) Conditional probability 






Suppose that A and B are two subsets of a sample space €. Then for the events A and B 
Р(А с\ В) 


P(AgivenB) = Р(А 1 B) = P) 
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15C CONDITIONAL PROBABILITY М 
Ехатр!е 10 


Given that for two events, Aand B, P(A) = 0.6, P(B) = 0.4 and P(A U В) = 0.8, find: 
а P(AI B) b P(BI A) 


P(A ^ B) 


а Р(АТВ)- P 


We know P(B), but P(A A B) is required. 


The addition rule states, P(A U В) = P(A) + P(B) – P(A A B). 


Therefore, P(A r^ B) = P(A) + P(B) – P(A UB) 


= 0.64+04-08 
202 
Hence, P(A | B) = aa 
_ 02 1! 
04 2 
аз е 
P(A) 
_ 0.2 1 
06 3 


Ө ГАН. 


1 А bowl contains green and red normal jelly beans and green and red double-flavoured jelly 
beans. The number of each type is given in the following table. 





Normal jelly bean 
Double-flavoured jelly bean 














A jelly bean is randomly taken out of the bowl. Find the probability that: 
а itis a double-flavoured jelly bean 

b itis a green jelly bean 

с itis a green normal jelly bean 

d itis a green jelly bean given that it is a normal jelly bean 

e itis a double-flavoured jelly bean given that it is a red jelly bean 


f itisa double-flavoured jelly bean given that it is a green jelly bean 
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2 A die is tossed. What is the probability that an outcome greater than 4 is obtained, 
given that: 


а ап еуеп number is obtained? 
b anumber greater than 2 is obtained? 


3 Two coins are tossed. What is the probability of obtaining two heads given that at least one 
head is obtained? 


4 Acard is drawn from a standard pack of cards. What is the probability that: 
a a court card is drawn given that it is known that the card is a Heart? 


b the 8 or 9 of Clubs is drawn given that it is known that a black card is drawn? 


5 Ina traffic survey during a 30-minute period, the number of people in each passing car was 
noted, and the results tabulated as follows. 








Total: 165 
a Whatis the probability that there was 1 person in a car during this period? 
b Whatis the probability that there was more than 1 person in a car during this period? 


c Whatis the probability that there were less than 2 people in a car during this period 
given that there were less than 4 people in the car? 


d Whatis the probability that there were 5 people in a car during this period given that 
there were more than 3 people in the car? 


6 A group of 2000 people, eligible to vote, were asked their age and candidate preference in 
an upcoming election, with the following results. 








What is the probability that a person chosen at random from this group: 


is from the 26— 40 age group? 


b prefers Candidate B? 
€ is from 26—40 age group given that they prefer Candidate A? 
d prefers Candidate B given that they are in the 18-25 years age group? 
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7 A prize is going to be awarded at the end of a concert. It is announced that the winner will 
be chosen randomly. 





The number of people at the concert in different age groups is given in the following table. 





What is the probability that the prize winner is: 
а 40 or less? 

b between 12 and 29? 

с older than 11? 

d older than 18 given they are older than 11? 

e 29orless given that they are 40 or less? 


8 Agame is devised by two friends, Aalia and Rachael. They roll two dice and take the 
smaller number from the larger, or they write 0 if the numbers are the same. Aalia wins if 
the difference is less than 3. 


a Complete the table of differences. 





Draw up a table giving the outcomes of the experiment and their probabilities. 


b 

c Find the probability that Aalia wins. 

d Find the probability that Rachael wins. 

e Find the probability that Aalia wins given that the difference is less than 4. 

f Find the probability of Rachael winning given that the difference is less than 4. 


9 An urn contains 25 marbles numbered from 1 to 25. A marble is drawn from the urn. What 
is the probability that: 


the marble numbered 3 is drawn given that it is odd? 
a marble with a number less than 10 is drawn given that it is less than 20? 


a marble with a number greater than 10 is drawn given that it is greater than 5? 


a о c 


a marble with a number greater than 10 is drawn given that it 1s less than 20? 


e amarble with a number divisible by 10 is drawn given that it is divisible by 5? 
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10 Ina group of 85 people, 33 own a microwave, 28 own a DVD player and 38 own a 
computer. In addition, 6 people own both a microwave and a DVD player, 9 own both a 
DVD player and a computer, 7 own both a computer and a microwave and 2 people own all 
three items. If a person is chosen at random from the group, what is the probability that the 
person: 


a owns а microwave given that they own a DVD player? 


b owns а computer given that they own a DVD player? 


с owns а computer given that they own a DVD player and a microwave? 

11 Given that for two events A and B, P(A) - 0.2, P(B) - 0.6 and Р(А B) - 0.7, Find: 
a Р(А1В) 
b Р(ВІА) 


12 Given that for two events A and B, P(B) = 0.5, P(A | B) = 0.2 and P(A U B) = 
Find P(A). 





1 5 Independent events 


Consider the situation where a coin is tossed twice. 








If we define A as the event ‘the second toss is a head’ and B as the event ‘the first toss is a head’, 
then A = {(T,H),(H, H)} and B = {(H, T),(H, H)}. What is P(A | B)? 


Р(А ^ B) 


By definition, P(A1B) = PO 


Hence, P(A | В) = P(A). This is unsurprising since there are two separate coin tosses driving events 
A and B and one does not impact upon the other. That is, the probability of event A occurring is 
unaffected by event B having occurred. This is an example of independent events. 


Two events A and B are independent if the occurrence of one event does not affect the probability 
of the occurrence of the other. That is, if: 


P(AIB) = P(A) or Р(ВІА) = Р(В) 
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Thus when two events А and В аге independent: 





P(A ^ B) 


Р(А1В) = 277 


= P(A), if P(B) 40 


Therefore: 
P(A A В) = P(A) x P(B) 
This equation provides a convenient alternative to testing whether two events A and B are independent. 


In the special case that one event or the other is impossible to occur, i.e. P(A) = 0 or P(B) = 0, 
this rule is also satisfied since both sides of the equation are zero. In this special case, we say that 
A and B are also independent. 


ә) Independent events 


Events A and B are independent if and only if: 







P(A с\ В) = P(A) x P(B) 


Example 11 





200 teenagers and young adults less than 23 years old were interviewed about their use of the 
social medium, Snapchatter. The results, as well as their ages are given in the following table. 


13 SA < 18 18 € A < 23 





77 63 





28 32 





105 95 





Is the use of Snapchatter independent of age among teenagers and young adults? 


From the table: 
РОЗЕ А08 Ае) = Е 01935 
200 


Pee TAE TSK Pies) = ын х саг - 22 - 0.3675 
200 200 400 


Hence, 
P(13 < A «18 ^ Yes) = P(13€ A < 18) х P(Yes) 
Therefore, these events are not independent. 


That is, Snapchatter use is not independent of age among teenagers and young adults. 


457 







CHAPTER 15 PROBABILITY 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


ON 15D INDEPENDENT EVENTS 
c I2: »7»ssn 
Example 12 


In a certain rural town, the probability that a randomly selected person has more than one 
sibling (S) is 0.6 and the probability that they live “іп the east of town' (between the north 
east and south east of the centre) (Е) is 0.3. If these events are independent, then find the 
following probabilities. 

а A person from the east of town has more than one sibling. 

b A person has no more than one sibling and does not live in the east of town. 


а А person from the east of town who has more than one sibling is represented by E A S, 


P(E OS) = P(E) x P(S) (E and S are independent) 
= 0.6 x 0.3 = 0.18 
b A person not from the east of town who has no more than one sibling is represented 
by ES 


P(E*r» $) = P(E‘) x Р(59 (E and S are independent, therefore Е and 5% are independent.) 
= 0A x O7 = 02 


Confusion often arises between independent and mutually exclusive events. As discussed previously, 
two events А and В are mutually exclusive means that A r^ В = Ø and hence that P(A A B) = 0 
Therefore, two events will only be mutually exclusive and independent if the probability of at least 
one of them is zero. 


Example 13 


Consider rolling a die. Define event А as ‘rolling a number divisible by 3” and event B as 
‘rolling an even number’. 


a Are events А and B independent? 
b Are events A and B mutually exclusive? 


a Favourable outcomes for the these events are A = {3, 6}, B = {2, 4, 6}. 
Therefore, A ^ B = {6}. 
Since all outcomes {1, 2, 3, 4, 5, 6} are equally likely, 


3e. 3 il 
Р(А)|----,Р(В)-2-- and P(ANB)= 
(A) ze (B) 2-2 8 ( ) 


This means, P(A n B) = P(A) x P(B) = 


хүм es 


LN 
22 


Z 


Hence, events A and В аге independent. 


b P(A A B) = 0. Therefore, events A and В are not mutually exclusive. 
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1 100 people were surveyed about their attitudes to the use of headgear in professional boxing 
and classified according to sex. The results are shown in the table below. 


Should the use of headgear be mandatory in professional boxing? 

















Is attitude to the use of headgear in professional boxing independent of sex? 


2 80 adults were surveyed about whether they play computer games more than once a week 
and their age category was recorded (30 years or older’ and ‘less than 30”). The results are 
shown below. 


Play computer games Age (years) 
>1 рег week <30 >30 








35 20 





10 15 














45 55 





Is playing computer games multiple times a week independent of age category? 


3 200 road accidents recorded by the Traffic Authority were studied in terms of vehicle speed 
at the time of collision, relative to the local speed limit, and the accident severity. The 
results are shown below. 


Speed of vehicle at collision 





< 10 km/h > 10km/h 


Not speedin 
Р 8 over limit over limit 





88 17 





31 21] 

















38 





Find the probability that а randomly selected accident in the study is classed as ‘major’. 


Find the probability that an accident was classed as major given that it collided at a 
speed greater than 10 km/h over the local speed limit. 


c Hence, explain why accidents in this study classed as ‘major’ are not independent of the 
event that they were travelling at a speed greater than 10 km/h over the limit. 


d By focussing on the events, ‘Minor’ accident апа ‘Not speeding’, conduct an alternative 
test to that used in part с to show that they are also not independent events. 
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228 
4 The probability that a person does their grocery shopping at Colesworth is 5° апа Ше 


1 
probability that a person is left-handed is —. If these events are independent, find the 
following probabilities. 7 


a A person does their grocery shopping at Colesworth and is left-handed. 
b A person is not left-handed but does their grocery shopping at Colesworth. 
с A person is not left-handed and does not do their grocery shopping at Colesworth. 


d A person does their grocery shopping at Colesworth or is left-handed. 


5 Events A and B are shown in the Venn diagram. Show that A and B are independent. 





15 





6 Consider rolling a die on two separate occasions. Define event A as ‘rolling a 4 on the first 
throw’ and event В as ‘rolling at least 10 as the sum of the two numbers shown’. 


a Create a table (array) showing the sample space of a die rolled twice. 
b Determine whether events A and B are independent. 


c Determine whether events A and B are mutually exclusive. 


1 Б Sampling with replacement 





and without replacement 


A random experiment is any repeatable procedure with clear but unpredictable outcomes like, for 
example, tossing a coin or rolling a die. Sampling is a type of experiment that concerns making a number 
of random selections from a set of things. This set from which random selections are drawn is known as 
the population. We will be considering sampling with replacement and without replacement. 


As we know, the conditional probability of an event A given that event B has already occurred is 

given by: 

P(A A B) 
P(B) 

The formula can be re-arranged to give the multiplication rule of probability: 


Р(А г В) = P(A | B) x P(B) 


Р(А1В) = if P(B) #0 
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15E SAMPLING WITH REPLACEMENT AND WITHOUT REPLACEMENT М 


This rule сап be used when calculating probabilities in multi-stage experiments. Sampling with 
replacement involves making a selection, observing the outcome and then returning the item to the 
population before another selection is made. Since replacement occurs, the outcome at one stage is 
not affected by the outcome at any other stage. 





Multi-stage sampling with replacement 


A bag contains three red balls, А, В; and R}, and two black balls, B; and B5. A ball is 

drawn at random and its colour recorded. It is then put back in the bag, the balls are mixed 
thoroughly and a second ball is drawn. Its colour is also noted. The sample space is shown in 
the array below. 


(Ry, Ry) (Ry, Ro) | (Ry, R3) (К, By) (Кл, Вэ) 
(Rp, Ry) (Б, Ro) | (Ro, R3) (Rp, By) (А, B2) 





(Rs, Ку) (Аз, R2) | (Аз, R3) (R3, B1) (Аз, B2) 
(Bi, Ry) (B, А) | (B, R3) (B4, B4) (B4, B3) 


(B5, В) (B5, R2) (B5, R3) (B5, В)) (B5, B2) 











The sample space < contains the 25 pairs listed above. They are equally likely and each outcome has 
1 

probability - of occurring. 

Let A be the event ‘both balls are red’, B be the event ‘the first ball is red’ and C be the event ‘the 

second ball is red’. 


From the array: 
9 15 3 15 3 

P(A) = —, P(B) = — = = and P(C) = — == 

(A= AIO = 5575 (05255 
The event В с\ С is ‘the first and second balls аге red’, which is the same as event A. That is, 
А = Вс\ С. 

9 9 
We note that P(A) = — and P(B) x P(C) = —. 
e that P(A) j; (B) x P(C) 25 

P(A) = P(B r^ С) = P(B) x P(C) is true. 


Multi-stage sampling without replacement 


We start with the same bag of coloured balls as previously described. A ball is drawn at random and 
its colour recorded. The ball is not put back in the bag. А second ball is drawn at random from the 
remaining balls and its colour recorded. 


The sample space £ is listed in the array on the next page. There are the 5 x 4 = 20 outcomes in the 
sample space 4. 
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ON 15E SAMPLING WITH REPLACEMENT AND WITHOUT REPLACEMENT 





The — indicates that the pair cannot occur. 


Again, let A be the event ‘both balls are red’, B be the event’ ‘the first ball is red’ and C be the 
event ‘the second ball is red’. It is also the case that event B r^ C is the same as event A. That is, 


А = В тС. 
From the array, P(A) = а = 2 P(B) = = = E and P(C) = 2 E 5 
20 10 20 5 20 5 


3 9 

We note that P(A) = — апа P(B) x P(C) = —. 

e note that P(A) Tra (B) (C) 25 
So in this case P(B Aœ C) = P(B) x P(C). 


The events B and C are not independent. The result of the second draw is not independent of the 
result of the first. This should not be a surprise since, if the first ball drawn is red, there are two reds 
and two blacks left. On the other hand, if the first ball drawn is black, there are three reds and one 
black left. 


To apply the multiplication principle in this case, we need to calculate P(C | B). We note that if B 
has occurred then there are four balls left; two of them are red and two black. 


Tiesto PCI SS ua 
4 2 
Р(В с\ С) = P(B) x P(C | B) 
3. 1 
ш-Х-ч 
572 
_ 3 
10 


= P(A), as expected 


Tree diagrams and probability 


Drawing an array containing all possibilities is only sensible for small cases such as those dealt with 
earlier in this section. For example, if one draws two cards from a pack of cards without replacement 
then there are 52 x 51 possibilities. 


Another useful method for calculating probabilities is a tree diagram. 


Tree diagrams were introduced іп /CE-EM Mathematics Year 9 as a means of methodically listing 
the sample space of a multi-stage experiment involving equally likely outcomes. However, they can 
also be used to visually support the multiplication rule of probability in any multi-stage experiment 
via branches of the tree. 
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15E SAMPLING WITH REPLACEMENT AND WITHOUT REPLACEMENT хүс 


Consider again the experiment of drawing two balls from a bag containing 3 red and 2 black balls 
without replacement. 





2 
On the first draw, the probability of choosing a red is : апа the probability of choosing a black гу 


If a red ball is chosen first, then there are 2 red апа 2 black balls to choose from on the second draw. 
This means we can determine the following conditional probabilities: 


2 1 
P(red second | red first) =—ж=— 
4 2 
А 2 1 
Р (black second | red first) —— = 
4 2 
If a black ball is chosen first, then there are 3 red and 1 black ball to choose from on the second draw. 


Therefore: 


P(red second | black first) = - 


P(black second | black first) = А 


Overall, there аге four possible events involving colour in this two-stage event; red first – red second 
(R, R), red first — black second (R, B), black first — red second (B, R) and black first — black second 
(B, B). These events are represented in the four branch tree diagram below. Respective probabilities 
are placed along each arm, with conditional probabilities placed along the second arms, as shown. 
Event probability is then determined by multiplying probabilities along the respective branch. This is 
justified by the multiplication rule of probability. 


First draw Second draw Event Probability 
3.1. 3 
1 R ЕВ PIRR)= 5 Х;-% 
2 
қ 3.1.3 
3 1 R,B P(R,B) = 5 X279 
5 = B 
2 
3 R =, 2 3.3 
: 2 ВЕ  PBR-2xZ2-4 
5 
В 
1 2 1_1 
1 В ВВ РВ8-2х1-1 


А 20 branch tree diagram (5 x 4) could have been used to model the situation іп а similar manner to 
the array on page 464, in terms of equally likely outcomes (А, К, R3, Bj, В). This however, would 
have been far less efficient. 


Consider the following example that does not concern sampling. 
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ON 15E SAMPLING WITH REPLACEMENT AND WITHOUT REPLACEMENT 
Example 14 


A coin is tossed three times and the uppermost face is recorded each time. 


a List the sample space. 
b Find the probability of obtaining two heads. 


a e = {ННН, HHT, HTH, THH, TTH, THT, HTT, ТТТ} 
b Method 1 


Let A be the event two heads are obtained. 
А = { HHT, HTH, THH} 


3 
P(A)=- 
5 8 


Method 2 


We draw а tree diagram. It is clear in this case that each throw is independent of each of 
the others, so probabilities along successive branches remain fixed. 


Probability 

il 

н HHH £i 
T HHT 1 
8 

ql 

HTH $ 

: 

HiT 2 

: 

н THH i 
T THT 4 
8 

1 

TH $ 
T тт 3 
8 





[| 
The probability of a head ог a tail at each stage is 2 


The three required arms of the tree are HHT, HTH and THH with two heads. 


P (two heads) - кы 22011522 
ТЫ p Ue m 





olju |н 


Note: The above example involves equally likely outcomes, so a tree diagram may be only 
useful for methodically listing the sample space. 
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Cards 


A deck of cards consists of 52 cards -13 Hearts, 13 Diamonds, 13 Spades and 13 Clubs. Each suit 
consists of a 2, 3, 4, 5, 6, 7, 8, 9, 10, J, О, K and А. 


If one card is drawn, then the probabilities are easy to calculate. For example: 





1 1 1 
P(King of Hearts is drawn) = —, Р(а Heart is drawn) = ы Жу 
52 52 4 
4 1 
P(a King is drawn) = — = — 
eine 37: 
If two cards are drawn with replacement then, for example: 
1.1 1 
P(two Hearts are drawn) = — x — = — 
4 4 16 


On the other hand, if two cards are drawn without replacement, then the conditional probabilities 
vary depending on the first drawn card. For example, if the King of Hearts is drawn, then on the 
second draw: 


P (Heart) = = P(Club) = ze P(Spade) - z and P(Diamond) = = 


In this type of situation, a tree diagram is useful for assisting with the application of the 
multiplication principle. 


Example 15 


A card is taken at random from a pack and not replaced. A second card is then taken from 
the pack and the result noted. 

a What is the probability that the two cards are Aces? 

b Whatis the probability that the two cards are Hearts? 

c Whatis the probability of obtaining one Heart and one Club? 





48 


51 not Ace 


52 not Ace 

4 1 
P(two Aces) 2 — x Es = — 
52 Sl 221 


(continued over page) 
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ON 15E SAMPLING WITH REPLACEMENT AND WITHOUT REPLACEMENT 


b P(two Hearts) = — x — = — 







not Heart 


51 


not Heart 


52 


с P(one Heart and one Club) 

= P (the first сага is a Heart and the second card a Club) 
+P (the first card is a Club and the second card a Heart) 
ІЗ 12-12-15 

= х + х 
977 sl Æ Jl 

D 
102 


not Club 
H 





not Heart 





Ө Exercise 15E 


1 Acard is drawn at random from a pack of 52 playing cards. It is replaced and the pack is 
shuffled. A second card is then drawn. What is the probability of the event: 


а both cards are Diamonds? b neither card is a Diamond? 
c only one of the cards is a Diamond? d only the first card is a Diamond? 
e only the second card is a Diamond? f atleast one of the cards is a Diamond? 


2 Опе саға is drawn at random from a pack of 52 playing cards. It is not replaced. A second 
card is then drawn. What is the probability of the event: 


a both cards are Diamonds? b neither card is a Diamond? 
c only one of the cards is a Diamond? d only the first card is a Diamond? 
e only the second card is a Diamond? f atleast one of the cards is a Diamond? 


3 А bag contains 8 red balls and 5 black balls. A ball is taken and its colour noted. It is not 
replaced. A second ball is taken and its colour noted. Find the probability of obtaining: 


a ared ball followed by a black ball b ared and a black ball 
с two red balls d two black balls 


4 Giorgia has 5 red ribbons, 3 blue ribbons and 6 green ribbons in a drawer. Giorgia randomly 
takes one ribbon out and then a second (no replacement). What is the probability that she 


obtains: 
a 2redribbons? b aredand a blue ribbon? 
с a green and a red ribbon? d 2 blue ribbons? 
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5 Cube А has 5 red faces and 1 white face, cube В has 3 red faces and 3 white faces 
and cube C has 2 red faces and 4 white faces. The 3 cubes are tossed. What is the 
probability of: 





а 3red faces uppermost? 
b 3 white faces uppermost? 
с red with A and B and white with С? 
а red with A and white with В and С? 
e at least 1 red face uppermost? 
6 A bag of confectionary has 27 chocolates and 35 toffees in it. 


Sanjesh takes out one item from the bag and then a second without replacing the first. What 
is the probability of obtaining: 


а two chocolates? 
b two toffees? 
с achocolate and a toffee? 


7 А bag contains 15 blue balls and 10 green balls. A ball is taken out and its colour noted. 
It is replaced. A second ball is taken out and its colour noted. Find the probability of 


obtaining: 
a agreen ball followed by a blue ball b a green and a blue ball 
с two green balls d two balls of the same colour 


8 Acoinis tossed four times. What is the probability of: 
a four heads? 
b four tails? 
€ head, tail, head, tail, in that order? 
d heads in the first three tosses but not in the fourth? 
e aheadin at least one of the four tosses? 


9 Adieis tossed three times. What is the probability of obtaining: 


a three 6s? b noós? 
с three odd numbers? d three even numbers? 
e a6 in the first two tosses only? f a6,nota6, and a 6 in that order? 


10 А box contains chocolates апа toffees with green and red wrapping. The number of 
each type of confectionary and its wrapping colour is given below. One item is removed 
from the box. 








Find the probability of obtaining an item with green wrapping and the probability of 
obtaining an item with green wrapping given that it is a chocolate. 
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Review exercise 


1 а А bag contains 2 red marbles and 3 black marbles. Two marbles are drawn from 
the bag. Each marble is replaced after it is drawn and the bag is shaken. Find the 
probability of selecting: 


i two black marbles 

ii two red marbles 

iii a red and a black marble 
iv at least one red marble 


b From the same bag of marbles as in part a, two marbles are selected without replacing 
the first marble. Find the probability that the selection contains: 


i two red marbles 
ii ablack and a red marble 
iii two marbles of the same colour 


2 Discs with the digits 0 to 9 are placed in a box. A disc is drawn at random, its digit 
is recorded, then it is replaced in the box. A second disc is then drawn and its digit is 
recorded. Find the probability: 


a that the two digits are the same 
b ofdrawing an even digit and an odd digit 
c that the first digit is a 6 and the second digit is odd 


3 Anumber is chosen by throwing a die in the shape of a regular tetrahedron with the 
numbers 2, 4, 6, 8 on the faces, and noting the number that is face down. A second 
number is obtained by throwing a fair six-sided die and noting the number on its 
uppermost face. These two numbers are then added together. 


a Complete the table, showing all possible outcomes. 


Roll of the six-sided die 





2 3 4 











Ф 
о 5 
23 
555 
= о 
25 

o 

ы 


























b Find the probability of: 
i A: the event in which the total score exceeds 8 
ii B:the event in which the total score is 10 
с IfCisthe event in which the total score 15 less than 13, find A с\ C and P(A с\ С). 


d Are the events А and C independent? Justify your answer. 
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4 Ina group of 100 students, 60 study mathematics, 50 study physics and 20 study both 
mathematics and physics. One of the mathematics students is selected at random. What 
is the probability that he also studies physics? 





5 An odd digit is selected at random and then a second odd digit is chosen at random (they 
may be equal). What is the probability that the sum of the two digits is greater than 10? 


6 Ап urn contains 8 red marbles, 7 white marbles and 5 black marbles. One marble is 
drawn at random from the urn. What is the probability that it is: 
a red or black? 
b not white? 
c neither black nor white? 
7 Acube has 4 red faces and 2 white faces; another has 3 red апа 3 white; another 2 red 


and 4 white. The 3 cubes are tossed. What is the probability that there are at least 2 red 
faces uppermost? 


8 Anumber is selected at random from the integers 1 to 100 inclusive. What is the 
probability it is: 
a divisible by 3? 
b divisible by 7? 
€ divisible by both 3 and 7? 
d divisible by 3 but not by 7? 
e divisible by 7 but not by 3? 


Challenge exercise 


1 Atennis team consists of 4 players who must be chosen from a group of 6 boys and 5 girls. 
a Find the number of ways the team can be picked: 
i without restriction 
ii with 2 boys and 2 girls in the team 
iii if at least 2 girls must be in the team 
iv if no more than 2 boys are to be in the team 


b If the team consists of 2 girls (Joanne and Freda) and two boys (Peter and Stuart) 
from which two pairs of mixed doubles must be selected, how many ways can the 
mixed doubles pairs be selected? 
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CHALLENGE EXERCISE 


с During a particular tournament, the probability of the first mixed doubles pair winning 
each match it plays is 0.4 and the probability of the second pair winning each match it 
plays is 0.7. 


i Find the probability that both pairs win their first match. 
ii Find the probability that the first pair wins 2 and loses 1 of their first 3 matches. 
iii Find the probability that the second pair wins their second and third match, given 


that they won their first match. 


2 Aboxcontains 35 apples, of which 25 are red and 10 are green. Of the red apples, five 
contain an insect and of the green apples, one contains an insect. Two apples are chosen 
at random from the box. Find the probability that: 


a both apples are red and at least one contains an insect 
b at least one apple contains an insect given that both apples are red 


с both apples are red given that at least one is red 


3 Four-digit numbers are to be formed from the digits 4, 5, 6, 7, 8, 9. 
a For each of the cases below, find how many four-digit numbers can be formed if: 
i any digit may appear up to four times in the number 
ii no digit may appear more than once in the number 


iii there is at least one repeated digit, but no digit appears more than twice in 
a number 


b Find the probability that a four-digit number chosen at random from the set of 
numbers in part a i contains at least one six. 


4 Each of three boxes has two drawers. One box contains a diamond in each drawer, 
another contains a pearl in each drawer, and the third contains a diamond in one drawer 
and a pearl in the other. A box is chosen, a drawer is opened and found to contain a 
diamond. What is the probability that there is a diamond in the other drawer of that box? 


5 If you hold two tickets in a lottery for which n tickets were sold and 5 prizes are to be 
given, what is the probability that you will win at least one prize? 


6 If A and B are mutually exclusive events, show that 
P(A) 


PAI AC.) = === 
P(A) + P(B) 





7 a Inthe diagram shown, in how many different ways 
can you get from A to B if you are only allowed D 
to move to the right and upwards? © 








b What is the probability that a random journey 
from A to B passes through the point D? (Only 
moves to the right and up are allowed.) 
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CHAPTER 


Number and Algebra 





People working in science, economics and many other areas look for 
relationships between various quantities of interest. These relationships often 
turn out to be linear, quadratic or hyperbolic. That is, the graph relating these 
quantities is a straight line, a parabola or a rectangular hyperbola. 


In Chapter 3, we revised the use of formulas. In this chapter we are mainly 
concerned with formulas for which the associated graphs are either straight lines 
or rectangular hyperbolas. Іп the first case we have direct proportion, and іп the 
second we have inverse proportion. We have met direct proportion in Chapter 18 
of ICE-EM Mathematics Year 9. 


To take a very simple example, the formula V = JR is called Ohm's law and 
relates voltage V, current 7, and resistance R. The law is fundamental in the 
study of electricity. If В is a constant, V is directly proportional to 7. If V ба 
constant, 1 is inversely proportional to А. 


In part, because our examples are drawn from physical problems, in this chapter 
variables will take mostly positive values. 
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16 Direct proportion 


Andrew drives from his home at a constant speed of 100 km/h. 





The formula for the distance, а km, travelled in / hours is: 
d = 100t 
Andrew will go twice as far in twice the time, three times as far in three times the time and so on. 


We say that d is directly proportional to t. The number 100 is called the constant of 
proportionality. 


The statement ‘d is directly proportional to г is written as: 
d œt 
The graph of d against t is a straight line passing through the origin. The gradient of the line is 100. 





By considering the gradient of the line, we see that for values t; and 1; with corresponding values 


d, and 4»: 
а „б 1ш 
fi ty 


That is, the constant of proportionality is the gradient of the straight line graph, d = 1001, which, 
in this example, is the speed of the car. 


Quantities proportional to the square or cube 
A metal ball is dropped from the top of a tall building and the distance it falls is recorded 

















each second. аһ 
From physics, the formula for the distance, 4 metres, the ball has 4-42 
fallen in t seconds, is given by: 
(2, 19.6) 
4 = 4.9? 
(1, 4.9) 
In this case, we say that d is directly proportional to the square of t. 0 I 
The first diagram to the right is a graph of d against 1. : 
Since f is positive, the graph is half a parabola. 34 шандын 
The second diagram to the right is a graph of d against г2. (4, 19.6) 
(1, 4.9) 
> 
0 2 
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16A DIRECT PROPORTION хүс 


This graph is now а straight line passing through the origin. The gradient of this line is 4.9. 





The statement “4 is directly proportional to 127 is written as: 


det 
This means that for any two values, t; and 7, with corresponding values d, and d»: 
d d 
J = 2 = 49 
5 2 


So once again the gradient of the line is the constant of proportionality. 


Finding the constant of proportionality 


If we can relate two variables so that the graph is a straight line through the origin, then the constant 
of proportionality is the gradient of that line. Thus, to find the constant of proportionality, just one 
pair of non-zero values is needed. 


Example 1 


From physics, the kinetic energy, E mJ (mJ is the abbreviation for microjoules), of a body 
in motion is directly proportional to the square of its speed, v m/s. If a body travelling at a 
speed of 10 m/s has energy 400 mJ, find: 

а the constant of proportionality 

b the formula for E in terms of v 

с the energy of the body when it travels at a speed of 15 m/s 

d the speed if the moving body has energy 500 mJ 


a Kinetic energy is directly proportional to the square of the speed. 
18722077 
so E = Ку?, for some constant К 
We know that E = 400 when v = 10 
so 400 = 100k 
k=4 
b From part a, E 2 4v?. 
c When v 215, 
E = 4515 
= 900 
Therefore, the body travelling at speed 15 m/s has energy of 900 mJ. 
d When Е-500, 


500 T 
w 5 
v = 4125 (since v > 0) 
= 5/5 


= 11.18 m/s (Correct to two decimal places.) 


Therefore, the body has energy 500 mJ when travelling at 54/5 m/s. 
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ON 16A DIRECT PROPORTION 
22222... 


The procedure for solving the previous example was as follows. 
* Write down the statement of proportionality. 

* Write this statement as an equation involving a constant, К. 

e Substitute the given information to obtain the value of k. 


е Rewrite the formula with the determined value of k. 


The mass, w grams, of a plastic material required to mould a solid ball is directly proportional 
to the cube of the radius, r cm, of the ball. If 40 grams of plastic is needed to make a ball of 
radius 2.5 cm, what size ball can be made from 200 grams of the same type of plastic? 


w œ r? so w = kr? for some constant К. 


We know that w = 40 when r = 2.5 


w 40 = (25) 
ie = 2X6 
Thus the formula 18 w = 2.567? 


When w = 200, 200 = 2.56r3 


= RDS 
r = 378.125 
Pp өз АТ 


Thus, a ball with a radius of approximately 4.3 cm сап be made from 200 grams of plastic. 


Note: It is a fact that the mass of a ball of constant density is given by density x volume. 


4 : : 
The volume is à лғ? and so the mass of a ball is proportional to r°. 


Increase and decrease 


If one quantity is proportional to another, we can investigate what happens to one of the quantities 
when the other is changed. 


Suppose that a ес b, then a = kb for a positive constant, К. 


If the value of b is doubled, then the value of a is doubled. For example, if b = 1, then a = k. So 
b - 2 gives a - 2k. 


Similarly, if the value of b is tripled, then the value of а is tripled. 


These ideas can be used in a variety of situations. 


Given that у ~ А/Х, what is the percentage change in: 
а y when x is increased by 20%? b x when y is decreased by 3096? 
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16A DIRECT PROPORTION хүс 


Since y œ Ах, y = КАХ 
a Whenx=ly=k 
If x is increased by 20%, then x - 1.2, 
so y = k«41.2 
= 1.095К 
and y is approximately 109.5% of its previous value. 
Thus, y has increased by approximately 9.5%. 
b Making x the subject in y = kA/x: 


2 = k?x 
SM 
Е е 
1 
| шог: 


4 
If y is decreased by 30%, then y = 0.7 and x = >. 


so x is 49% of its previous value. 
Thus, x has decreased by 51%. 


> Direct proportion 





* yis directly proportional to x" if there is a positive constant К such that y = kx”. 
e The symbol œ is used for ‘is proportional to’. We write у œ x". 


е The constant k is called the constant of proportionality. 


e |f y is directly proportional їо x, then the graph of y against x" is a straight line through 
the origin. The gradient of the line is the constant of proportionality. 


e Exercise 16A 


Throughout this exercise, all variables take only positive values. 
QEEETOD 1 a Given that a œ b, and that b = 3 when a = 1, find the formula for a in terms of b. 


b Given that m œ n, and that m = 15 when n = 3, find the formula for m in terms of n. 


2 Consider the following table of values. 


























a Plot the graph of q against p. 


b Complete the table of values and calculate 55 for each pair (q, Jp). 
P 


c Assuming that there is a simple relationship between the two variables, find a formula 
for g in terms of p. 


475 







CHAPTER 16 DIRECT AND INVERSE PROPORTION 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 





16A DIRECT PROPORTION 


Example 2) 3 


11 


12 


416 











a Given that m œ n? and that m = 12 when п = 2, find the formula for т in terms of n 
and the exact value of: 


i mwhenn=5 ii n when m = 27 


b Given that a ~ Jb and that а = 30 when b = 9, find the formula for a in terms of b and 
the exact value of: 


i awhenb=16 ii b when a= 25 
In each part, find the formula connecting the pronumerals. 
a Re запа s = 7 when R = 28 
b P « T and P = 12 when T = 100 
c a is directly proportional to the square root of b and a = 12 when b = 9 
d V is directly proportional to r? and V = 216 when r = 3 


In each of the following tables, y ос x. Find the constant of proportionality and complete 
the tables. 











On a particular road map, a distance of 0.5 cm on the map represents an actual distance of 
10 km. What actual distance would a distance of 6.5 cm on the map represent? 


The estimated cost $C of building a brick veneer house on a concrete slab is directly 
proportional to the area A of floor space in square metres. If it costs $90 000 for 150 m?, 
how much floor space would you expect for $126 300? 


The power p kW needed to run a boat varies as the cube of its speed, s m/s. If 400 kW will 
run а boat at 3 m/s, what power, correct to the nearest kW, is needed to run the same boat at 
5 m/s? 


If air resistance is neglected, the distance d metres that an object falls from rest is directly 
proportional to the square of the time ¢ seconds of the fall. An object falls to 9.6 metres in 
1.4 seconds. How far will the object fall in 4.2 seconds? 


The surface area of a sphere, A cm”, is directly proportional to the square of the radius, r cm. 
What is the effect on: 


a the surface area when the radius 15 tripled? 

b the radius when the surface area is tripled? 

Given that m œ n>, what is the effect on: 

a m when n is doubled? b m when n is halved? 

с n when m is multiplied by 243? d n when m is divided by 1024? 
Given that a ес Jb , what is the effect, correct to two decimal places, on a when b is: 


a increased by 25%? b decreased by 896? 
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13 Given that p œ 59 , what is the effect on: 
а р when 4 is increased by 20%? b p when 4 is decreased by 5%? 





с 4 when p is increased by 10%? а 4 when p is decreased by 10%? 


1 6 Inverse proportion 





We know that: 
distance = speed х time (d = vf) 
Rearranging gives: 
. distance ( d | 
time 5---- ї = — 
speed v 


The distance between two towns is 72 km. Тһе time ft hours taken to cover this distance at v km/h is 
given by the formula: 

_ 72 

НГ 
As v increases, t decreases, and as v decreases, t increases. 


А 1 - ; 
This is an example of inverse proportion. We write f ос — and say t is inversely proportional to v. 
The number 72 is the constant of proportionality. d 


2 1 
The graph of t against v is a branch of the rectangular hyperbola t = = , and the graph of t SEMIS 
is a straight line with gradient 72. 


(1,72) 














"IV 


Example 4 





Suppose that two towns, А and В, are 144 km apart. 


a Write down the formula for the time taken, t hours, to travel from A to В 
at a speed of v km/h. 


b Draw a graph of t against v. 


e 


If the car is driven at 24 km/h, how long does it take to complete the journey? 
d Ifthe trip takes 90 minutes, at what speed is the car driven? 
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ON 16B INVERSE PROPORTION 
қа ымама 








а 144 
t = — 
y 
с When v = 24, Тогоо. 
60 2 
144 
БЕЛІ d 
Бе (0 2 y 2 
It takes 6 hours. so v = 144 х F 96 
The speed is 96 km/h. 


1 
Note: If a œ 5 then ab = К, where К is a positive constant. Conversely, if ab = k for all values of a 


1 
and b, then a сс » 


The volume, V cm?, of a quantity of gas kept at a constant temperature is inversely 
proportional to the pressure, P kPa. If the volume is 500 cm? when the pressure is 80 kPa, 
find the volume when the pressure is 25 kPa. 


1 
V is inversely proportional to Р (v oc 5) 


sor = Б ог УР = К for some constant К. 
We know that V = 500 when Р = 80 








k = 500 x80 
= 40 000 
40 000 
бо = 
Р 
When Р = 25, V = 2 
25 
= 1600 


Thus, the volume of the gas at 25 kPa is 1600 cm?. 
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16B INVERSE PROPORTION М 
Ехатр!е 6 


Га is inversely proportional to the cube of b and a = 2 when b = 3, find the formula 
relating a and b. Then find: 


2 
а awhenb=2 b СЕ 
32 
1 
а о 19 
А К 3 СЕ 
That is, a = "E or аЬ? = k for some positive constant К. 
We know that a = 2 when b = 3, 
sok = 54 
Hence, a = са 
b3 
54 2 
a Whenb = 2, a = — b When = 27251222 
8 82 52 
- 6.75 = Ot 
Непсе, р = 1 


As with direct proportion, we are sometimes interested іп the effect on опе variable when the other 
one is changed. As before, we can take a particular value of one variable to work out the change in 
the other variable. 


Example 7 


А 1 
Given that у ec ES find, correct to the nearest 0.1%: 
% 


а the percentage change in у when x is decreased by 10% 
b the percentage change in x when y is increased by 10% 


1 
ир; 
х 


: К E 
that is, y = —, for some positive constant К. 
x 


a When x=1,y=k. 
When x is decreased by 10%, the new value of x = 0.9. 


Then, y = as so new value of y = 1.235k. 
Thus, y is approximately 123.5% of its previous value. 
That is, y has increased by approximately 23.5%. 


(continued over page) 
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ON 16B INVERSE PROPORTION 
юк о. ы то» 


Alternatively, make x as the subject 


b so when y = 1, 


m of the relationship. 
х? = К 2 К 
x = /К н 
When у is increased by 10%, x = [- 
the new value of у = rj | When < ees 
so the new value of x is given by: т Ve 
k Nnm 3» ex 2 2 as е 
= = Л! 
х 
2 
Ll 
x & 0.953 Jk 


That is, x is approximately 95.3% of its previous value. 
Thus, x has decreased by approximately 4.7%. 


Ө Inverse proportion 





y is inversely ды to x" when у is directly proportional to E 
We write y ос — 1 when у= : ы Оглу = К, where k is a positive constant 
If y is Ree БББ aaah to x, then the graph of y against 2 — is a straight line and the 


gradient of the line is equal to the constant of ле. 


If y ec Н then for any pair of values x, and y4, хуу = К. 


e Exercise 16B 


1 Consider the following table of values. 


a 1 2 3 4 5 
b 15 225 5) 3/5 3 


a Plot the graph of b against A 





b Assuming that there is a simple relationship between the two variables, find a formula for 
b in terms of a. 
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16B INVERSE PROPORTION М 


2 Consider the following table of values. 














a Complete the table of values for х2у. 


b Assuming that there is a simple relationship between the two variables, find a formula 
for y in terms of x. 


3 Write each statement in symbols. 


a The speed v km/h of a car over a given distance is inversely proportional to the time 
t hours of travel. 


b т is inversely proportional to the square root of л. 


с s is inversely proportional to the cube of t. 


( 777774 у is inversely proportional to x. If x = 2 when у = 3, find a formula relating x and y, and 
calculate: 


3 2 
“ыз аа c 


( 77775 Given that a is inversely proportional to b? and that а = 6 when b = 2, find a formula for a 
in terms of b, and calculate: 


a a when b = 3 b b when a = 3 

6 Given that p ос a and that р = 5 when 4 = 4, find a formula for p in terms of q, and 
calculate: 
a p when д = 9 b q when p= 4 


ШІ sg | : 
7 For the data below, we assume that у ос —. Find the constant of proportionality and 


complete the table. 








1 — 
8 For the data below, we assume that у ес —. Find the constant of proportionality and 
complete the table. d 








( 1159 Ifacar travels at an average speed of 60 km/h, it takes 77 minutes to complete a certain 
trip. To complete the same trip in 84 minutes, what average speed is required? 


10 Timber dowelling comes in fixed lengths. If 48 pieces, each 3.6 cm long, can be cut from a 
fixed length, how many pieces 3.2 cm long can be cut from the same fixed length? 


11 The illumination from a light is inversely proportional to the square of the distance from the 
light source. If the illumination is 3 units when seen from 4 metres away, find: 


a the illumination when seen from 6 metres 


b the distance from the light source when the illumination is 12 units 
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1 
12 Given that т ос 219 what is the effect on: 
n 


a m when n is doubled? b m when n is halved? 

c n when m is multiplied by 16? d п when т is divided by 9? 
SD 12 Given that а « 2 , what is the effect, correct to the nearest 0.1%, on а when В is: 

a increased by 15%? b decreased by 12%? 


14 Given that p ос x what is the effect, correct to two decimal places, on: 
q 


a p when 4 is increased by 10%? b p when q is decreased by 1096? 
€ q when p is increased by 2096? d 4 when p is decreased by 20%? 
1 
15 We know that а cone of height Л and radius ғ has volume V = gun. 


For cones of the same volume, height is inversely proportional to the radius squared. 
a What is the effect on: 

i the height when the radius is doubled? 

ii the radius when the height is multiplied by 9? 


b For cones of volume 127 cm/, state the constant of proportionality in the relationship 


Proportionality in 


several variables 





Often a particular physical quantity is dependent on several other variables. For example, the 
distance d a motorist travels depends оп both the speed v at which he travels and the time т taken for 
the trip. These variables are related by the formula d = vt. We say that d is directly proportional 
to v and t. 
If y = kxz for a positive constant К, we say that y is directly proportional to x and 2. Similarly, if 

b? 


a= where К is a positive constant, we say that a is directly proportional to b? and inversely 


x 2 
короо to с?. 


Ехатр!е 8 


Suppose that а is directly proportional to b and to the square of с. 
If a = 36 when b = Запас = 2, find: 
а the formula connecting a, b and c b the value of a when b = 4 and c = 1 


с the value of b when a = 48andc = 3 d the value of c when a = 64 and b = 6 
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16C PROPORTIONALITY IN SEVERAL VARIABLES М 


a a e bc?,so a = kbc? for some b Whenb = 4andc = 1: 
constant К. а=3х4х1? 
Substitute a = 36.2 = 3 and c = 2[о = 1® 
find k. 

36 = k x 3 х 22; hence, k = 3. 
Thus, a = 3bc?. 
c Whena = 48 and c = 3: d When a = 64 and b = 6: 
48 =3xbx3? 64 =3x6xc? 
1 
ШЕШ Due 
E 9 
442 
oa = 
3 


Example 9 


Suppose that y is directly proportional to x and inversely proportional to z. 


1 2 

If y = — when x = — andz = 2 dnd 
5 5 S 

a the formula for y in terms of x and z 


1 
b the value of у when x = Land z = = с ааа а е 


kx 27 
а= for some positive constant К. 


1 2 
We know that y = — when x = eae -2 





5 
шэг 
5) 9. 5 
шү 
5 2 S 
E 
10 
Но апа ы 
10 102 
оар с ЕЕ иы. 
102 8 102 6 
3 4 i — S 
SOP у= сус. mc 
IQ 8 5 6 102 
sor 105 - 56 
с = BO 
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Ё. 16C PROPORTIONALITY IN SEVERAL VARIABLES 
ES, 
Example 10 


Suppose that a is directly proportional to the square of b and inversely proportional to c. 
Find the effect on a when: 


a bishalved and c is doubled 
b bis increased by 10% and c is increased by 20% 


b? 
а = —— for some positive constant К. 
@ 


а Whenb=landc=l,a=k 
Wing апа с - 2, uec 
2 4 
_ 
E: 
Thus, the value of a is divided by 8. 
b When b = landc=l,a=k 
When b is increased by 10% and с is increased by 20%. 
So, b = 1.1 апіс = 1.2 
1:12 


1.2 
121 
----Қ 
120 
Thus, а is increased by approximately 0.83%. 


@ Exercise 16C 


1 Ifa e bc, write down the formula relating the variables and complete the 
following table. 








2 Ifre 5 write down the formula relating the variables апа complete the 


following table. 
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16С PROPORTIONALITY IN SEVERAL VARIABLES хүс 


3 Suppose that y is directly proportional to x and inversely proportional to w. If y = 2 
when x = 7 and w = 14, find y when x = 10 and w = 8. 





4 Assume that y is directly proportional to the square of x and inversely proportional to the 
square root of z. 


a Write a formula for y in terms of x and <. 
b If y = 6 when x = 2 and z = 4, find y when x = 3 and z = 16. 
5 Suppose that а is directly proportional to b and the cube of c. 
a Write a formula for a in terms of b and c. 
b If a = 96 when b = 3 and c = 2, find b when a = 16 and c = B 
6 The amount of heat, H units, produced by an electric heater element is directly proportional 


to the square of the current, і amperes, flowing through the element, to the electrical 
resistance, R ohms, and to the time, / seconds, for which the current has been flowing. 


a Write down the formula for H in terms of i, R and t. 


b If 256 units of heat are produced by a current of 2 amp through a resistance of 40 ohms 
for 10 seconds, how much heat is produced by a current of 4.5 amp through a resistance 
of 60 ohms for 15 seconds? 


7 А model aeroplane attached to one end of a string moves in a horizontal circle. The tension, 
T N (or newtons), in the string is directly proportional to the square of the speed, v m/s, and 
inversely proportional to the radius, r m, of the circle. If the radius is 10 m and the speed is 
20 m/s, the tension is 60 N. Find the tension if the radius is 15 m and the speed is 30 m/s. 


8 The frequency n (the number of vibrations per second) of a piano string varies directly as 
the square root of the tension, Т N, in the string and inversely as the length, / cm, of the 
string. A string 30 cm long under a tension 25 N has a frequency of 256 vibrations per 
second (this is the pitch called ‘middle C"). If the tension is changed to 30 М, to what must 
the length be changed, correct to two decimal places, for the string to emit the same note? 


9 The quantity t is directly proportional to т and n, and is inversely proportional to the 
square of r. If t = 4 when m = 3, n = 5 and r = 4, find: 
а rwhent=6,m=9 andn=8 b n when t = 8, г =12andm=4 
10 If yis directly proportional to the cube of x and inversely proportional to the square of z, 
what is the effect on y if: 
a both x and z are doubled? 
b x is increased in the ratio 3: 2 and z is decreased in the ratio 1: 2? 


11 If yis directly proportional to the square of x and inversely proportional to the square root 
of z, what is the effect on y if: 


a x and z are increased by 1096? 


b x is increased by 20% and z is decreased by 1596? 
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12 Тһе force of attraction F between two particles of masses тү and m, that are distance 
d apart varies directly as the product of the masses, and inversely as the square of the 
distance between them. 


a What is the effect on F if the distance between the two masses is doubled? 


b What is the effect on the force if the distance between the two particles is halved and the 
mass of one particle is trebled? 


13 The value of g, the acceleration due to gravity on the surface of a planet or moon, varies 
directly as the planet or moon’s mass and inversely as the square of the radius of the planet. 


1 3 
The mass of the Moon is 80 of the mass of the Earth, and the radius of the moon is П Ше 


radius of the earth. Given that the value of g on the surface of the earth is 9.8 m/s?, find the 
value of g, correct to two decimal places, on the surface of the moon. 


Review exercise 


1 Write each of the following in words. 
d esy b pen c a e Jb аре 9 
2 a Given that p = 4 and р = 12 when q = 1.5, find the exact value of: 
ip when g = 6 ii q when р = 81 
b Given that а сс b? and a = 20 when b = 4, find the formula for а in terms of Р and: 
і awhen b=5 ii a when b = 12 


3 Ineach of the following tables, у сс x. Find the constant of proportionality in each case 
and complete the tables. 




















a 
0 1 2 3 
y 0 12 
b x 2 8 12 18 
y 


4 Given that y ес х, what is the effect on y when x is: 

a doubled? b multiplied by 3? с divided by 4? 
5 Given that m сс An, what is the effect on: 

a m when n is doubled? b m when n is divided by 4? 
6 Given that a сс b?, what is the effect on a when b is: 


a increased by 5%? b decreased by 896? 
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2 ы“ 


7 y is inversely proportional to x. If x = 5 when у = 8, find: 





2 
зое ОЕ 


8 ais inversely proportional to b?. If a = 8 when b = 2, find: 
a a when b = 4 b b when a = 9 


9 zis directly proportional to the square of x and inversely proportional to the square root 
of у. z= 12 when x = 2 and y — 4. find 7 when x = бапа у = 32. 


10 The quantity y is directly proportional to x and the cube of z. If y = 108 when x = 3 


1 
and z = 2, find x when y = 24 шан 


Challenge exercise 


1 The electrical resistance, R ohms, in a wire is directly proportional to its length, L m, 
and inversely proportional to the square of its diameter, D mm. A certain wire 100 m 
long with a diameter 0.4 mm has a resistance 1.4 ohms. 


a Find the equation connecting R, L and D. 


b Find the resistance (correct to one decimal place) of a wire of the same material if it 
is 150 m in length and has a diameter of 0.25 mm. 


с If the length and diameter are doubled, what is the effect on the resistance? 

d If the length is increased by 10% and the diameter is decreased by 5%, what is the 
percentage change on the resistance? (Give your answer correct to one decimal 
place.) 

2 Ifa œ c and b e c, prove that а + b, a — b and Jab are directly proportional to c. 


1 
З Itis known that a ос x, b с — and y = a + b. If y = 30 when x = 2 or x = 3, find the 
X 


expression for y in terms of x. 


4 If x? + y? is directly proportional to x + y and y = 2 when x = 2, find the value of y 


4 
when x = —. 
5 


5 For stones of the same quality, the value of a diamond is proportional to the square of 
its weight. Find the loss incurred by cutting a diamond worth $C into two pieces whose 
weights are in the ratio a : b. 


6 Ifa+b o a — b, prove that a? + b? œ ab. 
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T 


Number and Algebra 








You have spent some time over the last two years studying quadratics, learning 
to factorise them and learning to sketch their graphs. In this chapter, we take 
the next step and study polynomials such as x? — x and x^ + x? + х – 14 
that contain higher powers of x. Just as we factorised, solved and graphed 
quadratics, we shall do the same for polynomials. 


Some modern electronic devices, such as mobile phones and Blu-ray discs, use 
error-correcting codes that are based on calculations using polynomials. 
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1 / The language of polynomials 





A polynomial is an expression, such as: 
1 
х = 5x? 47x, 3x7 +2 and gv t2x-5 
A polynomial may һауе any number of terms (the word ‘polynomial’ means ‘тапу terms’), but each 


term must be a multiple of a whole-number power of x. (Recall that a whole number is any number 
in the sequence 0, 1, 2, 3, ...) 


The term of highest index among the non-zero terms is called the leading term. Its coefficient is 
called the leading coefficient, and its index is called the degree of the polynomial. Thus: 


e x? — 5x? + 7x has leading term x5, leading coefficient 1 and degree 5 
e 3x? + 2 has leading term 3x’, leading coefficient 3 and degree 7 
1 1 А ‘ey | 
, rod + 2x — 5 has leading term 5 leading coefficient 5 апа degree 2. 
A monic polynomial has leading coefficient 1; thus, x? — 5x? + 7x is a monic polynomial. The other 
two examples above are non-monic because neither of the leading coefficients is 1. 


The second term in the polynomial 3x’ + 2 is called the constant term, because it does not 
involve x. The constant term іп x? — 5x? + 7x is zero. 


Some names for polynomials 

You are already familiar with some simple polynomials. 

* Polynomials of degree 2, such as x? + 6x + 2, are called quadratic. 
* Polynomials of degree 1, such as 7x — 3, are called linear. 


* A non-zero number such as 8 is regarded as a polynomial of degree 0, because we can write 
8 - 8x, and is called a constant polynomial. 


The number zero is regarded as a polynomial called the zero polynomial. It has no terms, so the 
leading term and the degree of the zero polynomial are not defined. 


In this chapter you will begin to study polynomials of degree higher than 2. 
* Polynomials of degree 3 are called cubic polynomials. 
* Polynomials of degree 4 are called quartic polynomials. 
* Polynomials of degree 5 are called quintic polynomials. 
Beyond these, we drop the Latin name and refer to a polynomial by its degree. 
For example, хб + 2x? + x + 2 is a polynomial of degree 6. 
When we write down an expression for a general polynomial, we need to use dots: 
аул" + a, 4x" +...+ ax + Ag 
where n is a whole number, the coefficients ao, aj, 42, ..., a, are real numbers, and a, # 0. 


If a polynomial is written in this form, we call it the standard form of the polynomial. 
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ON 17A THE LANGUAGE OF POLYNOMIALS 
AT 10: 5 eG enemies 22 0 


A new notation for polynomials and substitution 


We need a simple way of naming a polynomial such as x? + 2x? — 4x — 5, so that we can talk about 
it easily. The new notation is: 


P(x) = x? + 2x? - Ax — 5 
The x in brackets indicates that x is the variable in the polynomial. 
This notation is called function notation. 


When we substitute the number 5 for x, the number we obtain is written P(5) and: 


P(5 = 5° +2052 405-5 
= 125 + 50 – 20 – 5 
2130 
Similarly, P(a) = а? + 2a? -4а- 5. 
Ф) Polynomials 






е A polynomial is an expression that can be written in the form: 
Р(х) = а„х” + a, 4x" +... + ах + ag 
where n is a whole number, and the coefficients ag, ал, a5, ..., а, are real numbers, а, + О. 


The number 0 is called zero polynomial. It has no terms, so the leading term and the 
degree of the zero polynomial are not defined. 


The leading term of the polynomial is the term of highest index, a,x", among those with 
a non-zero coefficient. 


The degree of the polynomial is the index of the leading term, and the leading coefficient 
is the coefficient of the leading term. 


A monic polynomial is a polynomial whose leading coefficient is 1. 


The constant term is the term of index O (this is the term not involving x). 


Example 1 


State whether each of the following functions is a polynomial. If it is a polynomial, arrange 
the terms in descending order by degree. Then state the leading term, the leading coefficient, 
the degree and the constant term, and say whether or not the polynomial is monic. 


аг. DOSa 

c Ra)=2+x 2 8С) =» 

а JACE sE a b Q(x) is not a polynomial, because the 
index of the term x ? is not a whole 


This is a non-monic polynomial. 
number. 


The leading term is -хб, the leading 
coefficient is —1, the degree is 6 and 
the constant term is 0. 


(continued over page) 
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17А THE LANGUAGE OF POLYNOMIALS 





9 . : А 
с (х) = х+ 5 d S(x) = 5is anon-monic polynomial. 
The leading term is 5, the leading 
coefficient is 5, the degree is 0 and 
The leading term is x, the leading the constant term is 5. 
coefficient is 1, the degree is 1 and the 


This is a monic polynomial. 


О 
constant term 15 5 


Example 2 


Expand each expression, and then state the degree, the leading coefficient and the 
constant term. 


а Р(х) = (3х + 2)? р ОЕ ЗЕБ) 


а P(x) = 9x? +12х+4 
The degree is 2, the leading coefficient is 9, and the constant term is 4. 


b OG) = 505, 
= —3x° + 75x 
The degree is 5, the leading coefficient is —3, and the constant term is 0. 


If P(x) = x^ — 2x2 + 10x + 11, then find P(3), Р(0), Р(-1) and P(2a). 


P(3) = 34 -2x32 +10x3+11 PO) =0—-0+04 11 

ЗЕГЕ 404 11 =11 

= Р(2а) = (2a)* — 2(2а)? + 10(2а) + 11 
Peu = 16a^ — 8a? + 20a + 11 

- 0 


Ехатріе 4 


If P(x) = x^ — 3x? + ах + 2, and Р(-2) = 0, find a. 


Р(-2) =0 

16 + 24-2a+2=0 
2а = 42 
ag] 
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МАС 17а THE LANGUAGE OF POLYNOMIALS 202002, 
ӨЙ; 


1 State whether ог not each expression is а polynomial. 





a 5х2-6х-3 b Sts c 1-5х5--10х19 
4 3x+4 е x5 os f 2x-1 
g (х-5)? h nu 47x24 ЕТЕГІ 
j sat am? +n к -6 1 E 


=> 2 State the degree, the leading coefficient, and the constant term of each polynomial. 
Rearrange the terms first. 


a х3-5х-6 b 5x* = 5x? = 7x с 7-4х 

d 15 е 5-2х-7х f 8-4х-3х2 
1 5 3 

$£ oxide h 42> a m ee ee 
2 5 3 3 


3 State whether each polynomial is monic or non-monic. 


1 
а x'4x b -—2x)5x-2 c ; tx 
d 1 е 5x 42x? - i? f DUM 
ЕГІ) 4 Let P(x) = x3 - x- 6 Find: 
a Р(1) b P(-1) c P(2) d Р(-2) e Р(0) 
f Р(-3) g Р(а) h Р(2а) i Р(-а) 
5 Find Q(-1), 002), Q(-10) and Q(0) for each polynomial. 
а О(х)у=х?+х*+х?+х? b О(х) = х — 2х3 – 4х2 — 8х +32 
с О(х) = 5х3 – Зх? +1 а Q(x) = x? + 8х – 20 


6 Expand and simplify each polynomial, and then state its leading term, its degree and 
its constant term. 


a A(x) = (х – 5)2 

с C(x) = х2(х - 3x5) 

е E(x) = 3х3(х2 +1)? 

g G(x) = (х + 2)(х + 3)(х + 4) 


B(x) = (x — 5)(х + 10) 

D(x) = x(x + 6)? 

F(x) = x? +9 – (х + 3)2 

A(x) = (x + D? + (x + 2)? + (x + 3)? 


= ~ @ъ c 
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7 a Find aif P(x) = x? – 3x3 — 5x + a апа P(2) = 4. 


b Find b if Q(x) = 2x3 — 3x? + bx + A and Q(-1) = 0. 
c Find a and dif S(x) = x^ — 4x? + ax? — 2x + d and S(-1) = 5(-2)- 0. 





8 a Find the monic polynomial Р(х) of degree 2, constant term 1 and with P(—1) = 7. 


Write down an example of a quartic polynomial Q(x) with leading coefficient 2, 
constant term 0 and with Q(—2) = 12. 


c Find the quartic polynomial R(x) with equal coefficients such that R(—1) = 7. 


1 / Adding, subtracting and 





multiplying polynomials 
To add or subtract two polynomials, simply collect like terms. 


For the polynomials Р(х) = 3x^ — 2x? + x — 1, Q(x) = x?(7x? + 2) and 
RO) = е” =з = 2) find: 


a Р(х) + Q(x) b P(x) — R(x) 
c Р(х) – O(x) + R(x) d 2P(x) + 30(x) 


First, we need to expand Q(x) and obtain Q(x) = 7x? + 2x?. 
а Р(х) + O(x) = Ох – 2х2 + x —1) + (7x? + 2x7) 
паі 
(22222121 02205 | 
32011 323111 
-2x? + 2x +2 
с P(x) — О(х) + R(x) = (3x4 - 2x? + x - D — (7x9 + 2x2) + (3x4 – x — 3) 
—7х? + 6x4 – 4х2 — 4 
4 2Р(х) + 30(х) = 2x4 — 2x? + x - D + 3(7x° + 2x?) 


= 6x* —4x7 + 2x —2 + 21x? + 6x2 
= 212 6x" + 2x? дь у —2 


b Р(х) – R(x) 
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17B ADDING, SUBTRACTING AND MULTIPLYING POLYNOMIALS 





Multiplying polynomials 


To multiply two polynomials, we use the distributive law a number of times. We multiply each term 
in the first polynomial by the second polynomial and add these expressions together. We then expand 
the brackets, collect like terms and write the polynomial in standard form. 


Example 6 


The polynomials P(x), Q(x) and R(x) are given by P(x) = x? —x?+x-1, 
On = сапаны, 025-552 Find: 


а P(x)O(x) b О(х)К(х) 


(fa a (с 207) 
= CoP Sy ah е = a 10 
= 30-200 а 404401915 — 234—929 п 2 
Зэ 5 15220 1220 
b О(х)Е(х) = (3x? -2х2)-хе + 2x3 — 3x?) 
ел к=з о = 219—312) 
= бе Әс 4:249 42-62 
—3x! + 8х6 – 13x5 + 6x4 


а P(x)Q(x) 


ә) Addition, subtraction and multiplication of polynomials 





е Polynomials can be added, subtracted and multiplied using the usual rules of algebra. 






• The sum, difference and product of two polynomials is always another polynomial. 


ФАХООГОИИ: 


штэ 1 Find the sum P(x) + Q(x) and the difference Р(х) - Q(x), given that: 
а P(x) = х? +3х +5 and Q(x) = 2x? ~ 3x? — 4х 
b P(x) = 2x3 – 3х2 — 4x + 5 and Q(x) --2х3 + 3x? + 5x - 2 
с Р(х) = 4x? — Зх +6 and Q(x) = 4x? - Зх - 6 
d P(xX)2x^- x? + x - апа Q(x) = x? - x2 - x -1 
е Р(х) = 5х3 + 2х2 — x — 5 and Q(x) -5-5х3-2х2-х 






2 For P(x) = 2x? — 3х2 + 7, Q(x) = 4x5 — 2x? + 2 and R(x) = 3x5 — x? — 2, find: 
a 2P(x) + 3Q(x) b 5P(x) – 40(х) 
c 3P(x)- 2Q(x) + R(x) d 2Р(х) – 30(х) + AR(x) 
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3 Find the product Р(х) О(х), given that: 


а Р(х) = x? and Q(x) = 5х3 – 2х2 + 7x 

b P(x) = x? +1and Q(x) = x? -1 

с P(x) = xf + х2 +1 ап Q(x) = x? -1 
d Р(х) = –х + x and Q(x) = -x? – 3x 

е P(x) = x27+x+1land О(х) = x?- x 41 





4 Look at the examples in question 3. Then copy and complete: 


a ‘When two non-zero polynomials Р(х) and Q(x) are multiplied, 
the degree of the product ...’ 


b ‘The constant term of P(x)Q(x) is ...' 
5 Тһе square of a polynomial P(x) is (P(x)? = P(x)P(x). Find the square of Р(х) given that: 
а Р(х) 2x-7 b P(x) = –х2 +3 с Роде х 7х 
d Р(х) = 3x5 + 5x3 е Р(х) = х2 +х+1 f Р(х) = хі+х2 +1 
6 Look at ће examples in question 5. Then сору and complete: 
а ‘When a non-zero polynomial P(x) is squared, the degree of the square ...’ 
b ‘The constant term of (P(x))? is ...’ 
с ‘If... then the square (P(x))? is monic.’ 
7 Expand and simplify D(x)Q(x) + R(x) given that: 
a D(x) = х-1,0(х) = —5х? —7 and R(x) = -10 
b D(x) = 2x + 3, Q(x) = 3x3 — 5x? — 1 and R(x) = 6 
с D(x) = х? —7, Q(x) = -Ax? – 3x - 2 and R(x) = 7x - 12 
8 Expand and simplify: 
а (х- 2)(х + (х --2Хх- 1) b (х + 1)(х + 2)(х + 3)(х + 4) 


1 / Dividing polynomials 


Whenever we add, subtract or multiply two polynomials, the result is another polynomial. Division 
of polynomials, however, does not usually result in a polynomial. For example: 


3x4 = 5x? +7 _ 3х4 5x? 7 








x? x? x? x? 
7 
= 3x? = 5 + -2 
x 


This is not a polynomial. 
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ON 17C DIVIDING POLYNOMIALS 
ХОВД занаша 111112 


You are already familiar with this situation from arithmetic with integers. Adding, subtracting and 
multiplying integers always results in an integer, but division with integers may or may not result in 
an integer. 


For example: 


32 30 2 
SS == c 
5 I 
shee 

5 


This can also be written without fractions in terms of the quotient and remainder: 
32 +5 = 6 remainder 2 


From this we can also write 32 as the subject in this relationship as follows: 


remainder 
32=5x642~ 
quotient 
We can see that we have three different ways of writing the same division statement. Similarly, we 


can write: 
(3х4 — 5x? + 7) + х2 = 3x? — 5 remainder 7 


From this we can write 3x^ — 5x? + 7 = x?(3x? — 5) + 7. 


Division of whole numbers 


Before we try to divide polynomials, let us review long division of whole numbers by converting 
283 months to years and months. That is, we must perform the division 283 + 12. 


2 3 «— — — quotient 


12)2 8 3 


л «— — — remainder 


Thus 283 + 12 = 23 remainder 7, which we write as: 
283 = 12x 23+7 
The final remainder 7 had to be less than the divisor 12. 
Hence, 283 months is 23 years and 7 months. 
* The number 12 that we are dividing by is called the divisor. 
* The number 283 that we are dividing into is called the dividend. 
* The number of years is 23, which is called the quotient. 
е The number of months left over is 7, which is called the remainder. 
In general, we can write the dividend as the subject of a division statement in the following way. 
Let p (the dividend) and d (the divisor) be whole numbers, with d > 0. 
e If - = q remainder ғ (q is the quotient), then р = dq + r, where 0 <r «4. 


* When the remainder, ғ, is zero, then d is a factor of p because р = dq. 
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17C DIVIDING POLYNOMIALS М 


Division of polynomials 





These ideas also apply to polynomials. 
The key idea when dividing one polynomial by another is to keep working with the leading terms. 


The following example shows how to divide Р(х) = 5x^ — 7x? + 2x — 4 by D(x) = x — 2 and how 
to write this result as P(x) = D(x)Q(x) + R(x). 


There must be a column for each successive power of x. Thus we leave a gap for the missing term in 
x? in P(x). Alternatively, ‘+ Ox? could have been written in its place. 


We begin by dividing the leading term of P(x) by the leading term of Q(x). 








Эхо 
2184-70 L5 yd (Divide x into 5x^, giving the 5x? which is written 
4 directly above the leading term of the dividend.) 
5x4 — 10x? : iu 3 
- (Multiply x — 2 by 5x?.) 
3x +2x-4 (Subtract line 2 from line 1.) 


The process will now be repeated with 3x? + 2x — 4 as the new dividend. The whole process is 
shown next. 


Keep dividing by the leading term of the divisor, adding terms progressively to the quotient. 


5x? + 3x? + бх +14 








x -2) 5x4 — 7х3 +2x —4 (Divide x into 5x^, giving 5х2.) 
5x^ — 10x? (Multiply x — 2 by 5x?, then subtract.) 

ar -2x— 4 (Divide x into 3x3, giving 3х7.) 
3x? - 6x? (Multiply x — 2 by 3x?, then subtract.) 

6x? -2x— 4 (Divide x into 6x”, giving 6x.) 
6x? — 12x (Multiply x — 2 by 6x, then subtract.) 


14x — 4 (Divide x into 14x, giving 14.) 
14x – 28 (Multiply x — 2 by 14, then subtract.) 
24 (This is the final remainder.) 


Hence, 5x^ – 7x? + 2x — 4 = (x - 25:8 + 3x? + 6x + 14) + 24. (1) 
We recommend the above method, although other layouts are possible. 
* Тһе final remainder must either be zero, or have degree less than the degree of the divisor x — 2. 
e We use the same names as for integer division: 
- Тһе polynomial x — 2 that we are dividing by is called the divisor. 
- The polynomial 5x* — 7x? + 2x — 4 that we are dividing into is called the dividend. 
- The quotient is the polynomial 5x? + 3x? + 6x + 14. 
- Тһе remainder is the polynomial 24. 
This process is called the division algorithm for polynomials. 


The final statement, (1), is an identity that must be true for all values of x. 
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ON 17C DIVIDING POLYNOMIALS 
ХОГ зин” 20202-20 


We сап perform a partial check that the division has been done correctly by substituting some small 
values of x into the final statement marked (1): 


When x = 1, LHS = 5- 742-4 RHS = (-1) x (5 +3 +6 + 14) + 24 
яаж, = -28 + 24 
= -4 
When x = 2, LHS = 80 —- 56 + 4 — 4 RHS = 0x(...) + 24 
= 24 = 24 


Notice that x = 2 was particularly easy to substitute into the RHS, because x — 2 = 0. 


Example 7 


Divide P(x) = 5x^ — 7x? + 2x — 4 by D(x) = x? — 2. Express the result in the form 
P(x) = D(x)Q(x) + R(x), where the degree of R(x) is less than the degree of D(x). 


This time the divisor x? — 2 has degree 2, so the remainder will either be zero, or have 
degree 0 or 1. 














5x? – 7х +10 
– 2) 5х% — 7x3 ЭХА (Divide x? into 5x4, giving 5x2.) 
Sus - 10x? (Multiply x? — 2 by 5x?, then subtract.) 
- 7х +10х2 + 2x - 4 (Divide x? into —7x?, giving —7x.) 
= ss + 14x (Multiply х2-2 by —7x, then subtract.) 
10x? — 12x — 4 (Divide x? into 10x?, giving 10.) 
10x — 20 (Multiply x? — 2 by 10, then subtract.) 
—12x+ 16 (This is the final remainder.) 
Hence, 5x* — 7x? + 2x 4 = (x? – 2)(5x? — 7x + 10) + (12x + 16) (2) 
The remainder —12x + 16 has degree 1, which is less than the degree of the divisor 22 


which is 2. 


Again, we can perform a partial check by substituting some small values of x into the final 
statement marked (2): 


When x = 0, LHS = -4 RHS = -204 16 
ed 


When x = 1, LHS = 5-7+2-4 RHS = (1- 2) х (5 –- 7 +10) + (-12 4 16) 
= —4 = —8 + 4 = —4 


A full check may be made by expanding the right-hand side of (2). 
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17C DIVIDING POLYNOMIALS М 


Factors of polynomials 


When one polynomial is a factor of another, then the remainder after division is zero. You have 
already seen this with whole numbers. For example, 7 is a factor of 42, and when we divide 42 by 7, 
we obtain 42 = 7x6+0. 


We can then go on to factorise 42 completely into primes as 42 = 7 x 3 x 2. 


Here is an example of dividing a polynomial by one of its factors. 


Example 8 


a Divide x? + 5x? — Ax - 20 by x + 5. 
b Hence, factorise x? + 5x? — 4x — 20 into linear factors. 





peed 
a x +5)x? + 5х2 — 4x — 20 
x? + 5x? 
— 4x — 20 
— 4x — 20 
0 


Since the remainder is zero, x + 5 is a factor of x? + 5x? — 4x — 20 
anda? + 5x" 42 20 = (a + 5a? — 4), 


b Since x? — 4 = (x — 2)(x + 2), the complete factorisation is 
х + 5x* —4x — 20 = (х4 50 + 2)(x — 2). 


A formal statement of the division algorithm 


In the next few sections, we will need a formal algebraic statement of the division algorithm for 
polynomials. It is very similar to the statement for whole numbers. 


Dividing polynomials 
Let Р(х) (the dividend) and D(x) (the divisor) be polynomials, with D(x) # 0. 


* When we divide P(x) by D(x), we obtain two more polynomials, Q(x) (the quotient) and 
R(x) (the remainder), such that: 


1 Р(х) = Р(х)О(х) + R(x), and 
2 either R(x) = О or R(x) has degree less than D(x). 
е When the remainder R(x) is zero, then D(x) is a factor of Р(х). 


The polynomial P(x) then factorises as the product P(x) = D(x)Q(x). 
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AT We UMN аа 050ҘҺәРРо000-0- 
ӨЙ Де 


1 Carry ош each whole-number division, using long division when necessary. Write the result 
of the division in the form р = dq + r, where 0 € r < Я. 
For example, 47 + 10 = 4 remainder 7, which we write as 47 = 10x 4 4 7. 


а 68-11 b 1454 + 12 c 2765-21 

2 Use the division algorithm to divide P(x) by D(x). Express each result in the form 
Р(х) = D(x)Q(x) + R(x), where either R(x) = 0 or the degree of R(x) is less than the 
degree of D(x). 

Р(х) = x? + 6х +1, р(х) = х+ 2 

Р(х) = x? — 5х? = 12x + 30, Da) = х+5 

Р(х) = 5x3 – 7x? — 6, Р(х) = х -3 

Р(х) = x4 + 3х2 – 3x, Dx) = х+2 

P(x) = Ax? - Ax? +1, р(х) = 2х +1 

P(x) = x4 + 3x - 3х2 - Ax +1, Р(х) = х+1 


"^ © ме тоо 


3 a Find the quotient and remainder when x^ + x? + x? + x + 1 is divided by x? + 2x. 
b Find the quotient and remainder when x* — 2x? + 3x? — 4x + 5 is divided by x? — 2. 
4 Divide Р(х) Бу D(x) in each case. Express each result in the form P(x) = D(x)Q(x) + R(x). 
а Р(х) = х? + 5х2 -х+2, р(х) = х2 +x4+1 
b P(x) = x? – 4х2 -3x +7, D(x) = x? – 2х + 3 
с Р(х) = х^ + 5х2 +3, D(x) = x? - 3x - 3 
а Р(х) = х? — 3x4 – 9х2 +9, Р(х) = х - x? +х-1 
5 а Ifapolynomial is divided by a polynomial of degree 1 and the remainder is non-zero, 
what are the possible degrees of the remainder? 


b Ifa polynomial is divided by a polynomial of degree 2 and the remainder is not zero, 
what are the possible degrees of the remainder? 


€ A polynomial has remainder R(x) of degree 2 after division by D(x). What are the 
possible degrees of D(x)? 


d A polynomial of degree 6 is divided by a polynomial of degree 2. What is the degree of 
the quotient? 


6 a Use long division to prove that P(x) = x? + x? — 41x — 105 is divisible by x + 5. 
Hence, factorise P(x) completely. 


b Use long division to prove that P(x) = x^ + 10x? + 37x? + 60x + 36 is divisible by 
x? + Ах + 4. Hence, factorise Р(х) completely. 


7 ai Divide x^ – 3x? – 5х2 + x – 7 by x 5. 
ii Hence, find a if x* — 3x? — 5x? + x + а is divisible by x +5. 
bi Divide x* — 3х? - 5x? + x 7 by x? +5. 
ii Hence, find a and b if x^ — 3x? — 5x? + ах b is divisible by x? + 5. 
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1 / | The remainder theorem 


апа factor theorem 





Long division of a polynomial P(x) by another polynomial is a cumbersome process. Sometimes 
we are only interested in the remainder, and unfortunately this only appears at the very end of the 
division algorithm. 

Proof of the remainder theorem 


The remainder theorem enables us to find the remainder. When we divide P(x) by a factor of the 
form x — о, the remainder is a constant, which we will call r. That is: 


Р(х) = (x-o)Q(x)*r 
When we substitute x = o into this identity, we get: 


P(a) = Ох O(a) +r 
F 


So we have an interesting result — the remainder is simply Р(0:). This result is called the 
remainder theorem, and it allows us to find the remainder easily without performing the 
division algorithm. It also allows us to find linear factors, as we will see next. 


> The remainder theorem 






Let P(x) be a polynomial and let œ be a constant. When Р(х) is divided by x — a, 
the remainder is P(o). 


Keep in mind two things about this theorem. 


* [ttells us nothing at all about the quotient. 


e It only applies when the divisor has the form x — о (that is, when the divisor is a monic linear 
polynomial). 


Example 9 


Find the remainder when 2x? + 4х2 — 5x — 7 is divided by x — 3: 


a bylong division b by the remainder theorem 
a 2x? + 10x + 25 b Using the remainder theorem, the 
x — 3)2x3 + 4х2 —5x—7 remainder is: 
2х3 - 6x? Р(3) = 2х 27+4х9-5х3-7 
100225367 = 54 + 36 – 15 – 7 
= 68 
10x? — 30x 
2-0 
289 = з 
68 


Thus, (һе remainder is 68. 


The above example shows how much easier it is to find the remainder using the remainder theorem. 
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ON 17D THE REMAINDER THEOREM AND FACTOR THEOREM 
UN 
Example 10 


Find the remainder when Р(х) = x^ — 3x? — 10x — 24 is divided by: 


а х-3 b x+2 C x d х-5 

а Weare dividing by x — 3, so the b We are dividing by x + 2 = x — (2), 
remainder is: so the remainder is: 
Р(3) = 81 – 27 – 30 – 24 Р(-2) = 16 — 12 + 20 – 24 
Thus, x — 3 is a factor of Р(х). Thus, x + 2 is a factor of Р(х). 

с Weare dividing by x = x — 0, so the d Weare dividing by x + 5 = x — (—5), 
remainder is: so the remainder is: 
Р(0)-0-0-0-24 Р(-5) 2 625 — 15 50 — 24 

= —24 = 575 


Using remainders to find coefficients 


In some situations, we do not know all the coefficients of a polynomial, but we do know the 
remainder after division by one or more linear polynomials. This may give us enough information to 
work out the unknown coefficients. 


Example 11 


The polynomial P(x) = x? — 7x? + ax + 1 has remainder 13 after division by x — 1. 
Find the value of the coefficient a. 


The remainder theorem tells us that, after dividing P(x) by x — 1, the remainder is Р(1). 


BOSS 

Thus, 1- 7 * a * 1 = 13 
а—5 = 13 

acis 


The factor theorem 


Suppose we want to know whether x + 3 is a factor of the polynomial Р(х) = x? + 2x? — 5x — 6. 
All we need to do is to find the remainder after division by x + 3. 


* If the remainder is 0, then we know that x + 3 is a factor. 


е If the remainder is not 0, then we know that x + 3 is not a factor. 
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17D THE REMAINDER THEOREM AND FACTOR THEOREM М 


Using the remainder theorem, the remainder is Р(-3). 
P(-3) = -27-18-15-6 
= 0 


so x + 3 is a factor of Р(х). 





Is x + 2 a factor of P(x)? After dividing by x + 2, the remainder is P(—2). 


P(-2) = -8+8+10-6 
4ж0 


so x + 215 not а factor of Р(х). 
Indeed, by performing polynomial division we can show that: 


Р(х) = (x + 3)(х2 — x —2) 
= (x + 3)(х — 2)(х +1) 


This suggests P(2) = 0 and P(-1) = 0, which is easily verified. 


> The factor theorem 





Let P(x) be a polynomial and let a be a constant. 
e |f P(a) = О, then (x — о) is a factor of Р(х). 


e |f P(a) ж О, then (x — о) іѕ not a factor of P(x). 


Example 12 


The polynomial P(x) = 3x6 — 5x? + ax? + bx + 10 is divisible by x + land x – 2. 
Find the values of the coefficients a and b. 


Since x + 115 a factor, P(-1) = 0 


3+5+a-b+10=0 
a—b = -18 (1) 


Since x — 2 is a factor, P(2) = 0 
192 — 40 + 4a + 2b +10 = 0 


4a + 2b = -162 
2a+ b= -81 (2) 
Adding (1) and (2), 3a = -99 
а = —33 


Substituting into (1), b=-15 
Thus a = —33 апар = І5 aad Р(х) = 32° —5x 232 — 15x + TO 
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ON 17D THE REMAINDER THEOREM AND FACTOR THEOREM 
ON 
Ө ) Exercise 17D 


1 Use the remainder theorem to find the remainder, and state whether or not D(x) is a 
factor of P(x). 


а Р(х) = х2 – 5х+2, р(х) = x £4 
b P(x) = 3х2 —16x + 21, D(x) = x – 3 
с Р(х) = х? – 6х2 +1, р(х) = х+5 
а P(x) = х? – 11x? + 8x + 20, D(x) = х – 10 
2 Use the remainder theorem to find the remainder when Р(х) = x* — 6x? + 3x + 2 is 
divided by each linear polynomial D(x). Then state whether or not D(x) is a factor of P(x). 
а Р(х) = x-1 b р(х) = х+1 c Р(х) 2x-3 d Dix)=x+3 
3 Use the remainder theorem to find the remainder when each polynomial P(x) is divided by 
D(x) = x + 1. Then state whether or not x + 1 is a factor of P(x). 
Р(х) = 5x? – 7х – 12 
Р(х) = 5x? + 7х – 12 
P(x) = хб - 4x4 + 6x? – 2 
Р(х) = 7х? – 3x3 – 2х - 2 
Р(х) = 4x5 + 5x* – 3x + 2 
Р(х) = a — х?+х—1 


= © ро c 5 


4 Check systematically which, if any, of x + 1, x — 1, x + 2, x — 2, x + 4 and x — 4 are 
factors of each polynomial P(x). 


а Р(хуу-х3-х2-4х-4 b P(x) = xf + 5х3 + 3х2 – 5х – 4 
5 Use the factor theorem to answer these questions. 

a Find kif x — lis a factor of Р(х) = 5x? – 2х2 + kx - 7. 

b Find m if x + 2 is a factor of Р(х) = 5x? + mx? — 7х + 10. 


6 Use the remainder theorem to answer these questions. 
a When the polynomial Р(х) = 2x^ — x? + x — p is divided by x — 2, the remainder is 2. 
Find p. 
b When the polynomial Р(х) = x? — bx? + 6x — 24 is divided by x + 2, the remainder 
is 48. Find b. 


7 a When the polynomial Р(х) = x^ — 5x? + 6x? — ax b is divided by x — 3, the 
remainder 18 20, and when Р(х) is divided by x + 2, the remainder is 30. Find a and b. 


b Find a and Б, given that the polynomial P(x) = x^ + x? — ax? + bx + 2 is divisible by 
x-2 andx-l. 


c Finda, b and c, given that Р(х) = 5x? — ах° + 17x4 + bx? — 26x + c is divisible by x, 
by x + l and by x - 1. 
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1 7 Factorising polynomials 





The factor theorem often allows us to find a linear factor of P(x) of the form x — a. Then by long 
division, P(x) = (x — &)Q(x), where the degree of Q(x) is one less than the degree of P(x). We may 
be able to repeat this process to obtain the complete factorisation of P(x). 


In this section, for simplicity, we will only look for factors with integer coefficients. 
For example, let us examine this polynomial: 


P(x) = x? + Ax? – 7х – 10 


First, we search systematically for a factor. In question 8 of Exercise 17E, you will prove 

that if x — & is a factor of a polynomial with integer coefficients, then the only integer 
possibilities for are the factors of the constant term —10. Thus, we only need to try substituting 
1,21, 2, —2, 5, =5; 10 and —10 into Р(х). 


Р()-1-4-7-10--12ж%0 x? + Зх —10 
) 3 2 43.. 
P(—1) = -1+4+7-10 = 0,so x + lis a factor. к 7х-10 
х?+х 
* Next, we use long division to divide P(x) by x + 1, and obtain: REPE 
3x? – 7x – 10 
Р(х) = (х + Dx + 3x – 10) 3x2 + Зх 
* Now we factorise the quadratic x? + 3x — 10. —10x — 10 
By inspection, x? + 3x — 10 = (x + 5)(х — 2), so we have factorised —10х — 10 
the cubic into 3 linear factors. That is: 0 


P(x) = x? + Ax? — 7x — 10 = (x + I(x + 5)(х — 2) 


Example 13 


Factorise the polynomial Р(х) = x^ — 2x? — 8x + 16. 


* Weonly need to test the positive and negative factors of 16. 
Pd) =1-2-8 +16 #0,so x — 1 is not a factor of P(x). 


P(-l) =1+2 +8 +16 ғ 0, so x + 115 not a factor of P(x). 

P(2) = 16 – 16 – 16 + 16 = 0, so х — 2 is a factor. 

After long division of P(x) by x — 2, P(x) = (x — 2)(х° — 8). 
e 1е{О(х) = 6 


x — l and x + 1 are not factors of Q(x) since P(x) = (x — 2)Q(x), and they are not 
factors of P(x). 


However, Q(2) = 8 — 8 = 0, so x — 2 is a factor of Q(x) as well. 
After long division of Q(x) by x — 2, Q(x) = (x — 2)(x? + 2x + 4). 
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ON 17E FACTORISING POLYNOMIALS 
Ii]. 01 0 MN 


* The quadratic x? + 2x + 4 cannot be factorised, because: 
x? +2x4+4 = (х2 + 2х +1) + 3 
= (х +1)? +3 (Alternatively, А = (2)? – 4(1)(4) = -12 < 0) 


Hence, Р(х) = (x — 2? (x? + 2х + 4) is ће complete factorisation of Р(х). 


Note: 
* The first step in factorising this particular polynomial can also be done by grouping: 
Р(х) = x? (x — 2)— 8(х 2) 
= (х – 2)(х° - 8) 


There can be many ways to solve a mathematical problem! 


e It is easy to miss repeated factors of a polynomial. 


Taking out a common factor 


As with all methods of factorising, you should first do a quick check for common factors and deal 
with these before doing anything else. The following example demonstrates this. 


Example 14 


Factorise the polynomial P(x) = 2x5 — 22х4 + 78x? - 90x?. 


• 2х2 is а соттоп factor of all the terms, and we take this out first; thus, 
P(x) = 2х“(х3 — 11x? + 39x — 45). 


e Let Q(x) = x? — 11x? + 39x — 45. We now try to factorise Q(x). 
* We need only test the positive and negative factors of 45. 

О(1) = 1- 11 +39 – 45 = –16 #0 

Q(-1) = -1 - 11 - 39 – 45 = -96 + 0 

О(3) = 27 – 99 + 117 — 45 = 0, so х — 3 is a factor 
e After long division, we obtain Q(x) = (x — 3)(x? – 8x + 15). 


* The quadratic factors as x? — 8x + 15 = (x — 3)(х — 5), and 

SOUP) eor (т 3) (х 5). 
Hence, we һауе a complete factorisation of the quintic (degree 5 polynomial) into a constant 
times 5 linear factors. 
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17E FACTORISING POLYNOMIALS М 


ә) Factorising a polynomial 








Suppose that P(x) is a polynomial with integer coefficients. 
* Take out any common factor, including powers of x. 


е Try to find a factor x — a of P(x) by testing whether Р(о) = О. The only integer 
possibilities for o. are the positive and negative factors of the constant term. 


е Having found a factor, use long division to factorise the polynomial as (x — о)О(х), where 
Q(x) has degree 1 less than the degree of Р(х). 


* Repeat this process on Q(x) to try to complete the factorisation of P(x). 


We should admit at this point that most polynomials are extremely difficult to factorise. 
Nevertheless, polynomials that can be factorised occur in many important situations and, in any case, 
all mathematics begins by first dealing with the simplest cases. 


For example, the polynomial x^ — 3x? + 4x? — 14x + 48 factorises as (x? + 2x + 6)(x? — 5x + 8) 
and has no linear factors at all. So the techniques described in this section will not provide a pathway 
to factorisation in this case. 


Ө RZSCGIEL: 


1 a Wirite down, in factored form, the monic quadratic polynomial P(x) with factors x — 12 
and x + 9. 


b Expand P(x), then show that P(12) and P(—9) are both zero. 


2 Write down, in factored form, the monic quartic polynomial P(x) with factors x — 1, x +1, 
х-2 апах-2. 


3 а For the cubic polynomial P(x) = x? — 6x? + 11x — 6, show that P(1) = 0. 
b Divide P(x) by x - 1. 
c Hence, factor P(x) into linear factors. 


тэ 4 Use the method given in this section to factorise these cubic polynomials. 


а Р(х) = х? +6x?2+11x+6 b Р(х) = х? – 7х2 -—x+7 
с Р(х) = х? + 3х2 – 13х – 15 d Р(х) = х? + х2 – 21х – 45 
е Р(х) = х3 +x - 5х +3 f P(x) =x + 3х2 -4 


5 Factorise these polynomials into linear factors. 
а Р(х) = х^ – 5х3 + 5х2 + 5х – 6 b P(x) = х^ + 12х53 + 46х2 + 60х + 25 
6 Ву first taking out a common factor, write each polynomial as a constant times a product of 
linear factors. 
а Р(х) = Зх? + 6x? — 39x + 30 b Р(х) = 5х5 —5x? — 20x +20 
с Р(х) = х^ + x? — 4x? — 4х d Р(х) = 2? + 4x* — 223 — 12x? + 9х 


507 







CHAPTER 17 POLYNOMIALS 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


Қы 


7 Factorise each polynomial as a product of linear factors and one quadratic factor. 
а Р(х) = х? + 2х? + 2х – 5 b Р(х) = х? + 4х2 + 4х 43 
с Р(х) = х? + 4x4 – 15x? + 6x? d P(x) = х^ + 4х3 – 2х2 - 17x - 6 


8 Suppose that P(x) = a,x" + а, 1х"! ++ + a,x + agis a polynomial with integer 
coefficients, and suppose that Р(о) = 0, where a is an integer. Show that о is a factor of 
the constant term ао. This justifies the second dot-point on page 507. 





1 / Polynomial equations 


If a polynomial P(x) can be completely factorised, we can then easily find the solutions of the 
polynomial equation P(x) = 0. 





Example 15 


Solve x чь” = 7x — 10 = % 


At the beginning of the last section, we found the factorisation: 
precoce S 

Hence, the equation becomes: 

(x + 1)(х — 2)(х +5) = 0 
зох+1=0огх—2=0огх+5=0 


Thus, the solutions are x = –1, x = 2 and x = —5. 


Example 16 


Solve 2x? — 22x^ + 78x? — 90x? = 0 


In Example 14 of the last section, we found the factorisation: 
Жа Ve чы уз ар = © aee a) 

Hence, the equation becomes: 

2x?(x = 3)2(х – 5) = 0 

or Оо збо 5-0 


Thus, the solutions are x = 0, 3 and 5. 
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17F POLYNOMIAL EQUATIONS М 


This quintic equation in Example 16 has only three solutions. The polynomial has repeated factors x 
and x — 3. We can think of the solutions x = 0 and x = 3 as occurring twice because they arise from 
the square factors x? and (x — 3)*. We therefore say that the solutions 0 and 3 have multiplicity 2. 
There are now five solutions to the quintic equation, counted by multiplicity. 


Example 17 


Solve x* + 16 = 2x? + 8x. 


Moving all terms to the left: x4 — 2x? — 8x + 16 = 0. 

In Example 13 of the last section, we found the factorisation: 
ТТІ 220-2001) 

Hence, the equation becomes (x — 2)?(x* + 2х + 4) = 0 

sox -—2=Oorx? +2x+4=0 

The quadratic equation has no solution, as x? + 2x + 4 = (х + 1? +3 (ог A< 0) 


Thus, the only solution is x = 2. 


In previous examples the solutions were integers. In some cases, the solutions may be surds. 


We recall the formula for solving a quadratic equation. If ax? + bx + c = 0, then 


ve 20+ М0? —4ас a х. zb T NP. —4ас 


2a 2a 


Ехатріе 18 


Solve x° + 7x° — 2x? —7x+1=0. 


The polynomial x^ + 7x? — 2x? — 7x + 1 has factorisation (x — 1)(x + D(x? + 7x – 1) 


Hence, the equation becomes (x — 1)(x + D(x? + 7x - 1) = 0 





Thus, the solutions are x = 1, x = —1 and the solutions to x? + 7x -12 0 
Using the quadratic formula, A= b? — 4ac = 49 + 4 
= 53, 
А 4 =o: ENS 
so the quadratic has solutions x = LA and x = cmm 
Hence, the quartic equation has four solutions: x = 1, —1, al a and adi он 
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ON 17F POLYNOMIAL EQUATIONS 
i ПО к Куу ш 


Solving polynomial equations 





е Move all terms to the left-hand side, with zero on the right. 
е Factorise the polynomial on the left as far as possible. 


* Hence, write down all solutions, using the quadratic formula if necessary. 


It should be noted that a polynomial equation of degree n cannot have more than n solutions. For 
example, a quartic has at most four solutions. This follows from the factor theorem. 


eo Exercise 17Ғ 


1 


Example Ñ 
15, 16 3 


Example Ñ 
17, 18 4 
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Solve these polynomial equations. 

а (х+7)(х – 5)(х + 6) = 

b (х -– 3)2(х+1) = 0 

с Хх-2Хх-4Хх-6Хх-98)-0 
d 4Ax(x – 7? (x - 8? = 0 

Solve these polynomial equations. 

а (х – 3)(х2 + 6х – 8) = 0 

b (х+ 5)2(3х2 – 2х -– 2) = 

с 5х3(х = 7)(х + OU? + 2х +5) = 0 
а –2(х — 2)?(x – 5)4(х2 – 10) = 0 
Use the factor theorem to factorise the left-hand side of each equation, then solve it. 
a х? – 2х2 -13x-10=0 

b х5 – 3х2 – 4х+12 = 0 

с x + 3х4 – 25х° + 21x? = 0 

а х^ – 5х3 – 15х2 + 5x +14 = 0 
Solve: 

a х3-7х2-11х-5-0 

b х3-х2-8х-12-0 

c х^ – 12x? + 46x? - 60x + 25 = 0 
d х^ +x? – 282 +4х- 24 = 0 

e х? + 9х4 + 21х° + 19х2 +6х = 0 
f x – 4х3 – 2х2 +3х+2 = 0 
Solve: 

а х? – 7х2 +11х+3 = 0 

b х? + 4х2 +10х+7 = 0 

c х? – 2x4 — 10х° + 23x? – бх = 0 
а х5 -3x – 4х2 +2х+4= 0 
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Sketching polynomials 





In this section, we will sketch the graphs of polynomial functions given in factorised form. We begin 
by looking at the graphs of polynomials that do not have any repeated factors. 


Consider the polynomial function y = x(x — 2)(x + 3). When we substitute x = 0, x = 2 or x = —3 
into this polynomial, we get zero. 


These values are called the zeros of the polynomial. No other value of x will make the polynomial 
zero. 


We saw earlier how to sketch the graph of a quadratic function. The graph of a quadratic function is 
a smooth curve. Among the key features we looked for were the points at which the curve cuts the 
coordinate axes. 


In the example above, the graph of y = x(x — 2)(x + 3) cuts the x-axis at the zeros; that is, at x = 0, 
x = 2, and x --3. 


The graph cuts the y-axis when x = 0, so the y-intercept is 0. 


To get a picture of the overall shape of the curve, we can substitute some test points. 











We can represent the sign of y using a sign diagram: 





Sign of y |- 0 + 0 — 0 + 
x values | -3 0 2 


With this information, we сап begin to give а 
sketch of the graph of y = x(x — 2)(x + 3). 


The sign diagram tells us that the graph cuts the Le ЕИ) 


x-axis at the points x = —3, 0 and 2, and also whether 
the graph is above or below the x-axis on each side 

of these points. It does not tell us the maximum and 
minimum values of y between the zeros. 





It is important to note that unlike a parabola, the 
x-value of a turning point will not always lie midway 
between successive zeros. 








Moreover, notice that if x is a large positive number, then P(x) is also large and positive. 
For example, if x = 10, then y = 1040. 


If x is a large negative number, then P(x) is also a large negative number. For example, if x = —10, 
then у = —840. 
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ON 17G SKETCHING POLYNOMIALS 
МАС 176 зктсніне potynomiats |20022 
Ехатріе 19 


Sketch the eraph ot y = (x + 2)(x + I(x — I(x — 2). 


The zeros аге at x = —2, –1, 1 and 2. These are the x-intercepts of the polynomial. 
When x = 0, the y-intercept is 4. 

We make up a sign diagram (use your own test points): 

Sign of y | + 0-0 + 0-0 + 





x Values | -2 -1 1 2 


The graph is: 





= (x + 2)(х + 1)(x — 1)(x — 2) 





Graphs of polynomials with repeated factors 


We know from Chapter 7 іп ІСЕ-ЕМ Mathematics Year 10 that the graph of the YN 2 

2: 4 y = (x uo 3) 
parabola y = (x — 3)* is as shown to the right. 
So what does the graph of y = (x — 3)? look like? 5 
In this section, we will examine the graphs of polynomials such as у = (x — 2)? and 
y = (x + 3) which have repeated factors. 

D 3 - 

Odd powers 





Let us begin with y = x°. 
At x = 0, y = 0, so the graph cuts the axes at (0, 0). 


We look at the sign of y near x - 0. Since the cube of a negative number is negative, the y-values 
are negative for x « 0 and positive for x > 0. 


We can represent the signs using the following diagram. 





Sign of y | - 0 - 
x values | -1 0 1 


The change in sign near 0 tells us that the curve cuts the x-axis there. It moves from below the 
X-axis to above the x-axis. 
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17G SKETCHING POLYNOMIALS М 


But, what happens near the origin? The point (1, 1) lies on the curve у = х?. Cubing a number 
between 0 and 1 makes it smaller. 





So for an x-value between 0 and 1, x? « x and the point on y = x? is below the corresponding point 
on the line y = x. 


Similarly, if x > 1 then x? > x, so the point on y = x? is above the corresponding point on the 
line y = x. 








Similarly, if 1 < x < 0 then x? > x and if x < —1 then x? «х. yh 


Thus, near zero, the graph is quite ‘flat’ and then starts to increase 
sharply for x > 1, and similarly on the other side. 





Whenever we are dealing with polynomials that have repeated 
factors, the graph will be ‘flat’ near zero, which comes from the 
repeated factor. 


«V 





To sketch the graph of y = (x — 3)?, we observe that it is obtained by 
translating the graph of y = x? three units to the right. The curve cuts 
the x-axis at 3. It cuts the y-axis at -27 when x = 0, and is flat near 
x23 
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ON 17G SKETCHING POLYNOMIALS 
` Т ОК ^н 


Even powers 


The next example shows how to deal with even powers. 


Example 20 


Sketch the graphs of у = x* and y = (x + 3)*. 


The function у = x^ has a repeated factor, x. It cuts the coordinate axes at (0, 0). Since the 
fourth power of any number is always positive, the sign diagram is: 





Sign of y | + 0 + 
x value | 0 
Since the sign of y is the same either side of 0, the graph y^ 


touches the x-axis at О. 


The diagram shows the graphs of y = x? and y = x^ 
for comparison. Notice that y — x^ is below y — x? for 
x-values between —1 and 1 but above it for x > 1 and 
же eL 











Since y = x? is flat near the origin, so is у = х^. 


To draw the graph of y = (х + 3)*, we simply translate 
the graph of y = x^ three units to the left, so the graph 
touches the x-axis at x = —3. 





> Graphs of polynomials with repeated factors 






* The graph of y = (x — a)", where n is a whole number greater than 1 
— touches the x-axis if n is even 
— cuts the x-axis if n is odd. 


* The graph of a polynomial with a repeated factor x — a is flat near x = a. 


It is a good idea to draw a sign diagram each time. We will see in the next section that the sign 
diagram is very helpful in sketching more complicated polynomials. 
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ӨЙ 


1 Identify the zeros of each polynomial. Draw sign diagrams and sketch the curves. 
а y-(x-2)(x-4) 
b y=x(x-2)(x - 4) 
с у= (х + 3)(х – (х – 3) 
d у= (х + 20(х + Dx – 3) 


2 Identify the zeros of each polynomial. Draw sign diagrams апа sketch the curves. 


а у= (х- 1) 

b у= (х- ° 

с у= (х -– 1) 
3 Sketch: 

а у-(х-2) 

b у-(х-2) 

с у-(х-2) 


4 Consider the polynomial у = (x + 2)(х — I(x + 4). 
а Sketch the graph. 
b For what values of x is the graph above the x-axis? 
с For what values of x is the graph below the x-axis? 
5 The factorisation of each polynomial is not complete. Complete the factorisation, find the 
zeros of the polynomials and sketch the graphs. 
а y -3x(x? – 16) 
b у= (x? – 36)(x? – 4) 
6 а A monic cubic polynomial, Р(х), has zeros at x = 2, х = 4 and x = 6. Write down the 
equation of the polynomial. Draw the graph of y = P(x). 


b A monic cubic polynomial, P(x), has one zero of multiplicity 3 at x = —3. Write down 
the equation of the polynomial. Draw the graph of y = P(x). 


c A monic cubic polynomial, P(x), has one zero of multiplicity 3 at x = 2. Write down 
the equation of the polynomial. Draw the graph of y = P(x). 


7 а Draw the graph of y = x(x — 1)(x + 1). 
b Draw the graph of y = —x(x — 1)(x + 1). 


8 a Draw the graph of y = (x — 1). 
b Draw the graph of y --(х- 1)*. 


9 a Draw the graph of y = (x + 3)“. 


т 


Draw the graph of y = —(х + 3)*. 
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1 / Further sketching of 
polynomials 


We shall now sketch polynomials in factored form. 





Let us begin with y = 2x(x — 2)?, which has one repeated factor. The graph cuts the x-axis at x = 0 
and x - 2. The y-intercept is 0. 


We now draw a sign diagram for this function. 


Sign of y | - + + 





x values | 0 2 


We obtain the signs by substituting x-values less than zero, between 0 y^ px ee me 
and 2, and greater than 2, into the equation and noting the sign of the 
answer. 


There is a change of sign at x = 0, so the graph cuts the x-axis at 0. 





There is no change of sign at x = 2, so the graph touches the x-axis 
at x = 2. 





As we saw in the previous section, the graph is flat near x — 2, since 
(x — 2) is a repeated factor. 





Example 21 


Sketch y = (x + 3)? (х — 1). 





The zeros are at x — —3 and x - 1. The y-intercept is -27. 
The sign diagram is: 


Sign of y | ооо s + 





x values | -8 =E- 


The changes in sign tell us that the graph cuts 
the x-axis at the two zeros. The curve is flat near 
both zeros. 





The graph is: 





Note: As in the previous examples, we do not know the minimum value of y for the x-values 
between —3 and 1. To find this, we need techniques from a branch of mathematics known as 
calculus or we can use the symmetry of the graph about x = —1. 
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Куган н 


1 Identify the zeros of each polynomial. Draw sign diagrams and sketch the curves. 





а y= x(x- 2) b у= (х - 2)2(х – 4)2 
c у= х2(х + 3) d у= (х + 2)2(х + 1)? 
2 Identify the zeros of each polynomial. Draw sign diagrams апа sketch the curves. 
а у-(х-4)(х-- 4)? b у= (х - 4) (х + IP 
с у-х(х- 4) d у= x*(x + 2)* 
3 Sketch: 
а y=(x+2)*(x-1)’ b у= (х+ 2)3(х – 2)? 


4 Consider the polynomial у = (x + 3)? (х – 1)2. 
а Sketch the graph. 
b For what values of x is the graph above the x-axis? 
c For what values of x is the graph below the x-axis? 
5 The factorisation of each polynomial is not complete. Complete the factorisation, find the 
zeros of the polynomials and sketch the graphs. 
а у= (3х2 – 3)(х2 – 9)* b у= х2(20 – 5x?) 
6 а А monic polynomial, P(x), of degree 6 has triple zeros at x = 2 and x = 4. Write down 
the equation of the polynomial. Draw the graph of y = P(x). 


b A monic polynomial, P(x), of degree 5 has a triple zero at x = —3 and a double zero at 
x = ]. Write down the equation of the polynomial. Draw the graph of y = Р(х). 


7 a Draw the graph of y = х2(х – 1)?. 


т 


Draw the graph of y = —x?(x — 1), 


о 
e 


Draw the graph of y = (x — D?(x + 1)?. 
b Draw the graph of y = —(х — D?(x + 1)?. 


Review exercise 


1 State whether or not each expression is a polynomial. 
-3 
аг b 3-2х с Р: 
2 2 
: 3 Ex Ёо 2х-12-2х41 


х2-2 Ae 
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REVIEW EXERCISE 


10 


11 


12 
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State the degree of each polynomial. 
a х2-3х b х5-5х-7 
с 2х4 – 5x? +7 d 3- 5х – 6x? 


е, 


Let P(x) = x? + 2x — 1. Find: 
a Ра) b PCI) c PQ) 
d P(-2) e Ра) f PQa) 


Find a if P(x) = x? + 2x – a and P(1) = 6 
Find a if P(x) = x? + 2ax — a and Р(1) = 0 


Find the sum P(x) + Q(x), the difference P(x) — Q(x) and the product P(x)Q(x). 
а P(x) =x +3, OG) = х2 + 2x43 

b P(x) = х +1, О(х) = x? +3 

с P(x) = 2x +1, О(х) = х2 -2x +1 


Use the division algorithm to divide P(x) by D(x). Find the quotient and the remainder. 
а Р(х) = 6x3 + 7х2 -15x +4, р(х) = x- 1 

b P(x) = 2х3 – 3х2 +5x +3, Dx) = х+1 

с P(x) = x3 — 7x? + 6x +1, р(х) = x-3 

d P(x) = x? — 2x? + 3x +1, р(х) = x-2 


Factorise each polynomial. 

а Р(х) = х? – 2х2 —5x+6 

b P(x) = 2х5 + 7х2 – 7х – 12 
с Р(х) = 2x3 + 3х2 – 17х +12 
а P(x) = бх? — 5x? 17x +6 


If x? + ax? + bx — 4 is exactly divisible by x + 4 and x — 1, find the values of a and b. 


When the polynomial P(x) 2 x? + 2x? — 5x +d is divided by x — 2, the remainder 
is 10. Find the value of a. 


If 3x? + ax? + bx — 6 is exactly divisible by x + 2 and x — 3, find the values of a and b. 


Consider the polynomial P(x) = x? + ах? + b. 
a Find P(w) — P(—w) in terms of w. 


b Find the values of a and b if the graph of y = P(x) passes through the point with 
coordinates (1, 3) and (2, 4). 
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13 Find the x-intercepts and y-intercepts of the graphs of each of the following. 


а у= х? = -– 2х b у= х – 2х2 – 5х +6 

с у= х + 2х2 -х- 2 а у= 3х? – 4х2 – 13х-6 

е у= 5х3 +12х2 – 36x - 16 f у= бх? – 5х2 – 2х +1 
14 Sketch the graphs of: 

а y-2x(x? – 4) b y=(x+2) 

€ y= — 2): d у= х2(х +3) 

е у= х(х + 2)? f у= (х -– 3)2(х +1) 


Challenge exercise 


1 Find the value of a, given that x? + 1 is a factor of xt — Зх? + 3x? + ax + 2. 
2 Express x^ + 4 as the product of two quadratic polynomials with integer coefficients. 


3 The remainder when x? — 3x? + ax + b is divided by (x — 1)(x — 2) is 11x — 10. 
Find a and b. 


4 a If (x — ay(x — a3Y(x — аз) = x? + bx? + сх + d then show a, + a) + аз = —b, 
ауа» + ааз + ааз = c and аааз = —d. 





b Hence, find the monic cubic equation with roots, x = 1, x = 2 and x = 3. 


5 P(x) is a polynomial of degree 5 such that P(x) — 1 is divisible by (x — 1)? and P(x) 
itself is divisible by x?. Find Р(х). 


6 х5 + 2x3 + ax? + bis divisible by x? + 1. Find the values of a and b. 
7 Without long division, find the remainder when х“ + x” + x? + x is divided by x? — x. 
8 a Show that (a? + b*)(c* + d?) = (ac + bd)? + (ad — bc). 


Б Show that (х2 t D Л)” —2x-- 2) (x? 2x2) = (2 9-2) хо ТА). 
c Hence, express (x? + D(x? + Ax? — 2x + 2€ x? + 2x + 2) as the sum of the squares 
of two polynomials having integer coefficients. 


9 Let P(x) be a polynomial leaving remainder A when divided by (x — a), and remainder 
B when divided by (x — b), where а + b. Find the remainder when Р(х) is divided by 
(x — а)(х — Б). 


10 Find all ordered pairs such that x + y? = 2 and y+ x? = 2. 
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In previous books іп this series, we have looked at the measures of central 
tendency, such as the mean and the median. 


In this chapter, we discuss two measurements of spread — the interquartile range 
and standard deviation. The representation of numerical data by boxplots is 
also introduced. 


In our study of statistics up to now, we have often associated one measurement 
with an item. For example, the height of each person in a class, the number of 
possessions obtained by a player in a football match or the number of marks 
obtained by a student in a test. 


In the last two sections of this chapter, we look at associating a pair of numbers 
with an item, for example, the height and weight of a person or the age and 
salary of an employee. This is called bivariate data. 


When a measurement is collected or recorded at successive intervals of time, it 
is referred to as time-series data. This type of bivariate data is also introduced in 
this chapter. 
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1 Q The median and the 
interquartile range 
The median has been introduced and discussed in earlier books in this series. We review it here, 


because it is the measure of central tendency used when working with the interquartile range as a 
measurement of spread. 


Median 


We often see the median value being used to describe the housing market in a city. The median is the 
“middle value’ when all values are arranged in numerical order. 





Here are 13 numbers in numerical order: 
2, 2,3, 3, 3,4, [5] 11,13,18, 18, 19,21 
This data set has an odd number of values. The middle value is 5, since it has the same number of 
values on either side of it. Hence, the median of this data set is 5. 
Here is a set of 12 numbers, arranged in numerical order: 
1, 3, 4, 4, 5, [7], [О], 11:13,13,19:2) 


This data set has an even number of values. The middle values аге 7 and 9. We take the average of 
7 and 9 to calculate the median. 
7-9 
EB 
= 8 
Hence, ће median of this data set is 8, even though this value does not occur іп the data set. 


Median 


e When а data set has an odd number of values and they are arranged in numerical order, 
the median is the middle value. 


e When a data set has an even number of values and they are arranged in numerical order, 
the median is the average of the two middle values. 
n 


* When a data set with n items is arranged in numerical order, the median lies in the | 


position. 


Example 1 


Calculate the median of the data sets. 
a 33 35 43 29 53 39 45 ID 5795 12 10) 


а To locate the median, first put the values in numerical order. This gives: 
29 33 35 39 43 45 53 


Median = 39 





(continued over page) 
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ON 18A THE MEDIAN AND THE INTERQUARTILE RANGE 


b Again, the values are placed in numerical order. 


55791012 
ШЕ ы. 
2 

=S 


Quartiles and the interquartile range 


The interquartile range(IQR) measures the spread of the middle 50% of the data in an ordered 
data set. 


We use the interquartile range to see how closely the data are grouped around the median. When we 
calculate the interquartile range, we organise the data into quartiles, each containing 25% of the 
data. The word ‘quartile’ is related to ‘quarter’. 


Olivia has been playing Sudoku on the internet. Her last 11 games were all rated ‘diabolical’, and her 
times, correct to the nearest minute and arranged in ascending order, were: 


8, 12,14, 14, 16, 18, 19, 19, 25, 78, 523 
The range of these times is 523 - 8 = 515. 


Clearly the range does not give a clear picture of Olivia’s considerable skills, because the last two 
times, 78 and 523, are outliers. An outlier is a single data value far away from the rest of the data. 
That is, it is much larger or much smaller than all of the other values. Outliers have a huge influence 
on the value of both the mean and the range. (In fact, the time of 78 minutes occurred when Olivia 
left the game running over dinner, and the time of 523 minutes occurred when Olivia left the game 
running overnight.) 


Because of situations like this, the interquartile range is often a better measure of the spread of the 
data than the range. Here is the procedure for finding it. 


Step 1: Find the median. Divide the data into two equal groups. Omit the median (middle value) if 
there is an odd number of values. In Olivia's case, there are 11 values so, omitting the median 
18, the two groups of 5 are: 


8, 12, 14, 14, 16 апа 19, 19, 25, 78, 523 
Step 2: The lower quartile is the median of the lower set of values. In Olivia's case, the lower 
quartile is 14. 


Step 3: The upper quartile is the median of the upper set of values. In Olivia's case, the upper 
quartile is 25. 


Step 4: The interquartile range is the difference between the two quartiles. In Olivia's case: 


Interquartile range = 25 — 14 
= 11 
Thus, the middle 50% of Olivia’s times have а spread of 11 minutes. 
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18А THE MEDIAN AND THE INTERQUARTILE RANGE М 


Notice that the interquartile range is unaffected by the lower quarter and the upper quarter of the 
values. Hence, the large sizes of two of Olivia’s times, when she left the game running to eat dinner 
and to sleep, do not affect the interquartile range. 





The calculations begin slightly differently when there is an even number of results. For example, 
suppose that Olivia played one more game, which she solved in 22 minutes. 


There are now 12 results to arrange in ascending order: 
8, 12, 14, 14, 16, 18, 19, 19, 22, 25, 78, 523 


Step 1: Since there is an even number of results, we divide them into two equal groups of 6. (The median lies 


‘between’ the 6th and 7th member of the ordered data set. That is, in the — = 6.5th position.) 
8, 12, 14, 14, 16, 18 and 19, 19, 22, 25, 78, 523 
4-14 
Step 2: The lower quartile is now ———— = 14. 
22-2 
Step 3: The upper quartile is now 2 = 231. 





Step 4: The interquartile range is now 234 -14- 94. 
In this case, the middle 50% of Olivia’s times have a spread of 95 minutes. 


The minimum, maximum, median and the two quartiles are sometimes called the five-number 
summary. Sometimes the lower quartile is called the first quartile, because it marks the first quarter 
of the ordered data. The median is then the second quartile, although this term is seldom used. The 
upper quartile is called the third quartile. 


We denote the lower quartile by О, and the upper quartile by О». We sometimes use the abbreviation 
IQR for the interquartile range. 


Find the interquartile range of the data set: 
26 197225 13 24°23 23 252025 23 


First arrange in order and locate the median. 


B 3192 ж 2 % @ >= 95 5 26 ж 


4 


median - 23 





There are 11 data values. The 6th value is 23, шаа 





= бш value} so the median is 23. 


The lower group contains 5 values. The 3rd value is 20. So the lower quartile is 20. 
Similarly, the upper quartile is 25. 


Thus, interquartile range = 25 — 20 
- 9 
That is, the middle 50% of data values have а spread of 5. 
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18А THE MEDIAN AND THE INTERQUARTILE RANGE 


ә) Measures of spread 





For the stem-and-leaf plot opposite, find 
the median and the quartiles. 














3|4 means 34. 




















There are 22 data values. First locate the median to divide the data into two equal groups. 


The median lies in the zum 11.5th position of the ordered set. The 11th value is 36 and 





the 12th value is 37, so the median is 36.5. 


The lower group contains 11 values. The 6th value is 30. So the lower quartile is 30. 
Similarly, the upper quartile is 47. 





* The range is the difference between the highest and lowest values in a data set. 


• The interquartile range measures the spread of the middle 50% of the data in an ordered 
data set. 


e To calculate the interquartile range, find the difference between the upper quartile Q, 
and the lower quartile Q4. 


ӨТ 


EET 1 Find the range and interquartile range of each data set. 


a 75151015520 7 15 b 85175781057 
c 40646794 d 313811118 5 13 


2 Locate the median and the quartiles for each of the following stem-and-leaf plots. State the 


interquartile range for each data set. 


а 201244779 b 5446779 
311122466789 61444678 
401224 7157899 

3|2 means 32 80112346 
911345 





6 |1 means 61 
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3 Find the mean, the mode, the median and the interquartile range of this data set. 











2|4|5|6|7/8|(|%(|10 
7/(|1|8|14|6|0|2/18 


0) | 1 





2 





4 Complete the following table for the positions of the median and the quartiles for data sets 
of 100 and 101 items. (Note: A position of 8.5 means it is between the eighth and ninth data 


values). 





5 Тһе stem-and-leaf plot opposite gives the height in centimetres of 1414 5 6 


20 students in а class. 15/0128 
а What is the range of the height of students in the class? Insee 
172678 
b What is the median height of students in the class? 1810 2 
с What is the interquartile range? 454 means 151 
6 The stem-and-leaf plot opposite gives the lengths in 414 
centimetres of 15 leaves that have fallen from a tree. The 5|5 18 44 
values are given correct to one decimal place. Find the 63124 
interquartile range of the leaf lengths. 7727 
8 
9/43 9|4 means 9.4 





7 The following figures are the amounts a family spent on food each week for 13 weeks. 
$148 $143 $152 $149 $158 
$155 $147 $152 $158 $139 
$143 $150 $141 


a Find the median, upper quartile and lower quartile. 
b Find the interquartile range of the amounts spent. 


8 Write down two sets of seven whole numbers with minimum data value 3, lower quartile 5, 
median 10, upper quartile 12 and maximum data value 13. 


9 The median is always between the two quartiles. Is the mean always between the two 
quartiles? If not, give an example of seven whole numbers where the mean is above the 
upper quartile and an example where the mean is below the lower quartile. 


10 a Fora data set, the minimum value is 8 and the range is 27. Find the maximum value. 


b Fora particular data set, the upper quartile is 25.6, and the interquartile range is 11.9. Find 
the lower quartile. 
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1 e Boxplots 


A useful way of displaying the maximum value and the minimum value, the upper and lower 
quartiles and the median of a data set (the five-number summary) is a boxplot. 


с м EA 





lower 


quartile (Q4) 
minimum median 


upper 
quartile (Q3) 
maximum 





The rectangle is called the box. 


The horizontal lines from the lower and upper quartiles to the minimum and maximum are called the 
whiskers. In a boxplot, the box itself indicates the location of the middle 50% of the data. 


Boxplots are especially useful for large data sets. A boxplot is a visual summary of some of the main 
features of the data set. Boxplots are also useful for comparing related data sets — see Questions 9, 10 
and 11 in Exercise 18В. 


Example 4 


The weights of 20 students are recorded here. The weights are given to the nearest kilogram. 
48 52 54 54 55 58 58 61 62 63 63 64 65 66 66 67 69 70 72 79 


a Find the median, upper quartile, lower quartile and interquartile range. 
b Draw a boxplot for this data. 


63 + 63 











a There аге 20 data values. Therefore, the median = = 63 kg 
Divide the data into two equal groups of 10. 
48 52 54 54 55 58 58 61 62 63 63 64 65 66 66 67 69 70 72 79 
The lower quartile = =e : 28 = 56.5 ео Тһе upper quartile = А = 66.5 kg 
The interquartile range = 66.5 — 56.5 
= 10kg 
b 40 50 60 70 80 

















lower 
quartile 
22745 66.5 kg 
minimum median maximum 
48 kg 63 kg 79 kg 
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Ф Exercise 18B 


1 The boxplot below shows the price (in $) of 20 different brands of sports shirts. 





10 20 30 40 50 


ILLE — 


What 1s the cost of the most expensive and least expensive sports shirt? 





2 The boxplot below gives information regarding the annual salaries (in thousands of dollars) 
of employees in a large company. 


What is the lowest salary? 


a 
b What is the range of the salaries? 


е 


What is the median salary? 
d What is the interquartile range? 


3 The boxplot below gives information about the marks out of 100 obtained by a group of 
40 people on a general knowledge quiz. 


а What was the lowest mark obtained on the quiz? 
b What was the median mark obtained on the quiz? 
c What was the range of marks? 
d What was the interquartile range? 
4 Construct a boxplot for the data set given in Exercise 18A, question 2b. 


5 The pulse rates of 21 adult females are recorded. 
60 61 67 68 69 70 70 70 73 74 75 75 76 77 77 78 79 80 81 89 90 


а Find the median, upper quartile, lower quartile and interquartile range. 
b Draw a boxplot for this data. 
6 Ina boxplot for a large data set, approximately what percentage of the data set is: 
а below the median? 
b below the lower quartile? 
с inthe box? 


а іп each whisker? 


7 Ina boxplot, is one whisker always longer than the other? 
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Ё. 18B ВОХРІОТЅ 
ев 2 


8 Ina boxplot, why is the median not always іп the centre of the box? 


9 Here are two boxplots drawn on the one scale. 


Data set A -ІІ ІН 





Which data set has: 

а the greater median? 

b the greater range? 

с the greater interquartile range? 
d the greater largest data value? 


10 Students in two classes sat the same mathematics test. Their results are shown in the two 
boxplots below. 


Class A ——— | -- 





Which class had the higher median mark? 


c og 


Which class had the higher interquartile range? 


c In which class was the highest mark for the test obtained? 


с. 


Іп which class was Ше lowest mark for (һе test obtained? 


e Which class did better on the test? Give reasons for your choice. (Class discussion) 


11 The ratings for a number of television programs on Channel A, Channel В and Channel С 
were collated. The information is shown in the boxplots below. (If a program has a rating of 
14, it means that 14% of the viewing audience watched that particular program.) 


5 10 15 20 25 


— | = Channel B 
-4 [| Channel C 


a Write down the approximate values of the median, quartiles and maximum and 
minimum values for each channel. 





b Which channel has the largest interquartile range? 


с Ifthe winning channel is the опе with the highest rated program, which channel is the 
winner? Which is second? Which is third? 


а Ifthe winning channel is the one with the largest median, rank the channels. 


e Can you find a criterion that makes Channel C the winning channel? 
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1 8 Boxplots, histograms 
and outliers 





It is common to use a form of the boxplot that is designed to illustrate any possible outliers in the 
data. Outliers are unusual, or ‘freak’, values that differ greatly in magnitude from the majority of 
data values. 
median 
А outlier 


О; Оз 


• Any point that is more than 1.5 IQRs away from the end of ће box is classified as an outlier. That 
is, if a data value is greater than О» + 1.5 x IQR or less than it О, — 1.5 x IQR is considered to be 
an outlier. An outlier is indicated by a marker, as shown in the diagram above. 


* The whiskers end at the highest and lowest data values that lie within 1.5 IQRs from the ends of 
the box. 


Comparing a boxplot to the histogram of the same data 


In ICE-EM Mathematics Year 9 we looked at different shapes of histograms and the distributions of 
data, and in particular we used the terms symmetric, positively skewed and negatively skewed to 
describe the shapes. 


іһ 4Ь. 


Symmetric distribution Negatively skewed distribution Positively skewed distribution 





The following examples look at representing data with histograms and boxplots. 


Example 5 


The house prices of 50 houses sold in a town over a period of two years are recorded. The 
prices are in thousands of dollars. 


ШО: О. 1205 130; 140. 150, 15017071702 4:707 1802 190. 200: 210, 210. 230, 270: 270. 
290, 310, 340, 340, 340, 340, 350, 360, 360, 365, 365, 400, 400, 400, 400, 410, 430, 
440, 450, 460, 460, 460, 460, 564, 678, 678, 750, 760, 904, 1320, 2350, 2350 

a Find the quartiles, the median and the interquartile range. 

Calculate 1.5 x IQR. 


Name the outliers. 
Draw a histogram and boxplot of this information. The boxplot should show outliers. 


Ф с © = 


i Calculate the mean, including the outliers. 
ii Calculate the mean, not including the outliers. 


529 







CHAPTER 18 STATISTICS 


Photocopying is restricted under law and this material must not be transferred to another party. 


ON 18C BOXPLOTS, HISTOGRAMS AND OUTLIERS 
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a The data has been given in ascending order. There are 50 data values. The median is the 
mean of the 25th and 26th values. 


Median - $355 000 
Q; is the median of the lower set of 25 values. This is the 13th value. 


Q, - $200 000 
Q; 18 the median of the upper set of 25 values. 
О; = $460 000 


IQR = $260 000 


b 1.5 x IQR = 1.5 x (О; – Qı) = $390 000 
Hence, a value is an outlier if it is greater than 460 000 -- 390 000 - $850 000 


or less than 200 000 — 1.5 х 260 000 
с Тһе outliers are $904 000, $1320 000, $2 350 000 and $2 350 000. 
шог 


0 500 1000 1500 2000 2500 
(Thousands of dollars) 


(Note: The right-hand whisker ends with the value $760 000) 
14 











12 


10 


























оогоо Р Р a УУУ КУССА БЕ 


(Thousands of dollars) 


The classes are $100 000 to $199 000, $200 000 to $299 000 etc. 
e i Mean with outliers = $449 300, to the nearest $100. 
ii Mean without outliers = $337 800, to the nearest $100. 


It could be said that the distribution has a positive skew. The left-hand whisker is short. Most 
of the values lie in the interval from $100 000 to $500 000. 
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18C BOXPLOTS, HISTOGRAMS AND OUTLIERS М 
Ехатр!е 6 


The waiting times in seconds at a ticket counter were as follows: 

0, 0, 3, 5, 5, 5, 9, 10, 12, 13; 16, 17, 18, 18, 21 22, 23, 23, 24:24. 24, 24, 24, 25, 
28:25:20 20527, 28, 29728; 20720 28, .30.31:31. 31:52. 34 34.33. 33:33 34:24 33. 
ЗА. 33 35,35, 36, 36,37, 34 59 38, 39,39; 36,40, 41 41, 52 

а Find Q}, the median, О» and the IQR. 


b Draw a boxplot, showing outliers. 





с Draw а histogram. 


d Comment on the shape of the histogram and the boxplot. 





Solution 


а О; = 22.5, median = 29, О; = 34.5, IQR = Q4 - Q1 = 12 





0 5 10 ДЕ 20 25 30 35 40 45 
Оз + L5 x IQR = 34.5 + 1.5 x 12 = 52.5 
О - L5x IQR = 22.5 – 15x12 = 4.5 


Therefore, the values 0, 0 апа 3 are considered to be outliers. 












































0-4 5-9 10-14 15-19 20-24 25-29 30-34 35-39 40-44 45-49 50-54 


(Waiting time in seconds) 


d There is a negative skew. The right-hand whisker is short. The left-hand whisker is longer, 
indicating a tailing off of the data values. The values 0, 0 and 3 are outliers. 
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ON 18C BOXPLOTS, HISTOGRAMS AND OUTLIERS 
єт аа MENS 00 - 
Example 7 


Fifty-four lengths of wire are cut off by a machine. The resulting lengths measured in cm are 
as shown: 


103, 104, 105, 106, 106, 106, 107, 107, 107, 107, 107, 108, 108, 108, 108, 108, 108, 
108, 108, 109, 109, 109, 109, 109, 109, 109, 109, 110, 110, 110, 110, 110, 110, 110, 
ШОРТ ИИ 01101 0 12012 2 z ОЕ ОИ: 
114, 115, 116 

a Find Q}, the median, Q; and the IQR. 

b Draw а boxplot, showing outliers. 

с Draw а histogram. 

d Comment on the shape of the histogram and the boxplot. 


Solution 


а О, = 108 cm, median = 109.5 cm, О» = 111 cm and IQR = 3 cm 


b . р, 
102 104 106 108 110 112 114 116 
(Lengths of wires іп ст) 















































103 10411051106107 108 109 110M 21251 311201 52116 
(Length of wires in cm) 


d The histogram is symmetric. The whiskers on the boxplot are of equal length. The values 
103 cm and 116 cm are outliers. 
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| e Exercise 18C 


1 The heights, measured in centimetres, of 25 students in a class are: 
170 175 133 153 164 189 143 133 167 145 150 164 169 


159 177 186 173 164 177 168 142 155 153 167 166 
а Find Q}, the median and Q3. b Find the interquartile range. 





с Draw а boxplot, showing any outliers. 
тэ 2 The annual incomes of 30 people, given correct to the nearest $1000, аге: 
54 000 67 000 92000 78000 54000 87000 102000 112000 
132 000 45000 256000 89000 78000 98000 34000 75000 


65000 100000 34000 68000 79000 81000 82000 103000 
21000 345 000 98000 67000 105000 98 000 


a Find Q}, the median and Q}. b Find the interquartile range. 


c Draw a boxplot, showing any outliers. 
3 Match each histogram а-с with its box plot i— iii and describe the shape of the data distribution. 


a io 2. — A TH 


1 1 1 1 
70 80 90 100 110 120 

















zx A 
o N > о со о N 
| i | | П | | 
л 
o 
o 
© 


50-59 60-69 70-79 80-89 90-99 100-109 110-119 


bs i т... 


50 60 70 80 90 100 110 120 

12 
10 

8 

6 

4 

24 

о. 


50-59 60-69 70-79 80-89 90-99 100-109 110-119 


1 | | 1 1 1 1 1 
| 50 60 70 80 90 100 110 120 


50-59 60-69 70-79 80-89 90-99 100-109 110-119 
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ON 18C BOXPLOTS, HISTOGRAMS AND OUTLIERS 
AT әш 000-0- 


4 Consider the data shown in the stem-and-leaf plot. 


a Draw а histogram. 

b Find Q,, the median, Q, and the IQR. 

c Draw the boxplot. 

d Comment on the shape of the histogram and the boxplot. 


5 The lower and upper quartiles for a data set are 116 and 134. Which of the following data 
values would be classified as an outlier? 


a 190 b 60 с 150 


6 The speeds of 20 cars measured on a city street were recorded. 


40 14 3 26 20 31 42 36 17 24 
28 33 27 29 24 51 11 35 5 24 
a Construct а stem-and-leaf diagram. 

b Construct a boxplot. 


c Comment on the shape of the distribution of data. 


7 Тһе reaction times (in milliseconds) of 20 people are listed here. 


38 31 36 39 35 25 35 44 43 44 
46 34 62 22 42 48 31 30 45 40 


a Find the median, Оу, Оз and the interquartile range. 
b Construct a boxplot. 


c Identify any outliers. 


8 The weight loss (in kilograms) of 20 randomly selected people undertaking a special diet 
over three weeks is: 
8 5 10 6 6 12 4 5 5 6 
8 13 T.7 7 6 6 4.5 5 


£e 


Construct a dotplot of the data. 


т 


Construct а boxplot of the data. 


ө 


Comment on the shape. 
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1 8 The mean and the 
standard deviation 


Mean 





The mean of a data set is a measure of its centre. The mean is calculated by adding together all the 
data values and then dividing the resulting sum by the number of data values. 


sum of values 





Mean = 
number of values 


A more common name for the mean is ‘average’. We use the symbol x to denote the mean. 
For a set of data х, X2, хз, ...,Х,, 


Ж tAr 5 F s PX, 





x = 


п 
Ехатр!е 8 


A student obtained the following marks in seven tests: 
43, 35, 41, 29, 33, 39 and 42 


Calculate the mean mark correct to two decimal places. 


43 + 35 + 414+ 29 + 33 + 39 + 42 





Ч 


7 
37.43 (Correct to two decimal places.) 


For larger sets of data, a frequency table can be prepared. Let fı be the frequency of the data 
item x, let f; be the frequency of the data item x» and so on. In this case we can write: 


Aix ар; Рх» JP уух ЭР по 


1054-4217 


The numerator is the sum of the data items and (һе denominator is the number of data items. 


Example 9 


The following information gives the number of children in each of 20 families. Calculate the 
mean number of children per family. 





x= 





Number of children x; Frequency /; 
0 4 
1 5 
2 7 
3 4 





899 
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Add in a column for f; x;. 














Number of children x; Frequency /; HT 
0 4 0 
1 5 5 
2 7 14 
3 4 12 
Total = 20 Total = 
nu ыг = зэ 
20 


It is obviously impossible for а family to have 1.55 children. The mean is not necessarily a 
member of the data set. 


Standard deviation 


The standard deviation of a set of data is a measure of how far the data values are spread out from 
the mean. The difference between each data item and the mean is called the deviation of the data 
value. The sum of the deviations is zero, which will be proved in question 10 of Exercise 18D. 


The standard deviation is calculated from the squares of the deviations. 
Here are the steps in finding the standard deviation: 

* Calculate the mean. 

* Square each of the deviations. 

* Sum these squares. 

* Divide the sum of the squares by the number of data values. 

* Take the square root of the value obtained. 


This is given by the formula: 


x; - XY. + (x4 — XY + (x4 — x)? +... + (x, — X)? 





n 


where the x; are the data values, x is the mean and n is the number of data values. 


We will use the Greek letter б (sigma) to denote the standard deviation of a data set. 


Example 10 


Find the standard deviation, correct to two decimal places, for the data set. 
So 75 iil, Wah, ila! 
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18D THE MEAN AND THE STANDARD DEVIATION М 


5+7+11+13+14 








5 
= 10 
um (5 – 10)? + (7 — 10 + (11 — 10)? + (13—10)? + (14 — 10)? 

E 5 

ССЭ ЕОС 
5 

_ 60 

5 
= 12 


Hence, с = V12 = 3.46 (Correct to two decimal places.) 


When calculating the standard deviation from a frequency table, we can use the following formula: 






Aa =y Бае) +h Iy ta thay 
Л+#Б+...+/, 


When frequencies are taken into account, we can see that this is the same formula as above. 








We can calculate the standard deviation with an extended frequency table with five columns. Fill in 
the first three columns, then calculate x. Fill in the other two columns and then calculate o. 


Example 11 


Calculate the mean and standard deviation of the set of values, correct to two decimal places. 


ОЭ 9.7.3.9 9, 9 4 3 237 





n = 2.33 (Correct to two decimal places.) 


Note: Тһе sum of the deviations x; — x is zero. Hence, the average of the deviations is not useful. 
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ON 18D THE MEAN AND THE STANDARD DEVIATION 


9») Mean and standard deviation 





е The mean of a set of data is denoted by x. 

е The standard deviation of a data set is a measure of spread and is denoted by the Greek 
letter o . 

* There are two formulas for the standard deviation. 


Nu ERN Lo82 S82 
шингээ рээ рачным сре , when the data is in a list. 





n 


fA Ga = x)? + f; Go = х)? + fa Ga =)? РЕ = f, Gy — x) 
75441 


, when the data is in a 





frequency table. 


It is clear that the larger the standard deviation, the more spread out the data are about the mean. 


For example, here is a bar chart of the data in Example 11, and also another set of 14 data items 
where the data are not as spread out but have the same mean. 


6 — ———= 5 


4 


3 
| | | 
ІІ 1 | о | | 
1 2 123 4 5 6 7 


x =5ando « 1.25 
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In the following section we will see how the standard deviation тау be used to make comparisons 
between data sets. 


Use of calculators 


Many calculators and spreadsheets have a built-in facility for calculating the standard deviation of a 
set of data. 


To save time, we recommend using this facility for all but the simplest data sets. In particular, if x is 
not an integer, then calculating б is very tedious. 


It should be noted that in this book we calculate the standard deviation by dividing the sum of 
the squares of the deviations by n, the number of data items, and taking the square root. There is 
also another type of standard deviation that is obtained by dividing the sum of the squares of the 
deviations by n — 1, and taking the square root. Many calculators offer both versions. Sometimes 
they are denoted by symbols such as б, and б, 1. In this book, we only use С. 
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e Exercise 18D 


Give all answers correct to two decimal places unless otherwise specified. 


1 During a 13-week football season, the number of kicks obtained by a particular player each 
week is: 


18, 18, 20, 26, 10, 8, 21, 14, 16, 14, 12 and 16 





Calculate the mean number of kicks obtained by the player. 
2 The daily maximum temperature was recorded in two different cities for a week. The results 
are shown below. 
City A: 28, 31, 34, 32, 31, 29, 28 
City В: 26, 32, 36, 38, 37, 29, 25 
Which city had the greater mean daily maximum temperature? 


3 Тһе average of 5 masses is 67 kg. If a mass of 25 kg is added, what is the average of the 
6 masses? 


4 During a term, a student has an average of 46 marks after the first four tests and his average 
for the next six tests is 38 marks. What is his average for the ten tests? 


5 a Calculate, correct to two decimal places, the mean and standard deviation for the 
data sets. 


i 2,4,8,10,2, 0, 3, 8, 2, 2 ii 3,6, 4, 5, 6, 7, 3, 4, 6, 6 
b Comment оп the results from part a. 


тг 6 Complete the following extended frequency table to calculate the mean and standard 
deviation of the given data set. 


ges E 






































7 Usea calculator to find, correct to two decimal places, the mean and standard deviation for 
each data set. 


a 3,6, 7,5, 8, 5, 10, 12, 15, 12, 6, 9, 12, 14, 15 
b 8, 10, 12, 14, 16, 17, 19, 12, 11, 10, 14, 16, 18, 19 
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Y 


8 Twenty students sat a test and their results are given in the stem-and-leaf plot below. 


12289 

224568 
12 теапѕ 12 3026889 

401236 


a Calculate their mean mark. 
b How many students obtained a mark higher than the mean mark? 


c Find the standard deviation of their marks. 


9 Twenty people completed a test worth 10 marks. Their scores are shown in the frequency 
table below. 








Calculate the mean mark. 
How many students obtained a mark lower than the mean mark? 


c Find the standard deviation of their marks. 


10 Prove that the sum of the deviations for the data set a, b, c 1s zero. 


£ 


b Prove that the sum of the deviations of any data set is zero. 


1 8 Interpreting the standard 


deviation 





Consider the data sets 4, 5, 6, 7, 8 and 2, 4, 6, 8, 10. 


Both the data sets һауе a mean and median of 6. However, when we apply the formula for б, it can be 
observed that the standard deviation for the second data set is 25/2, which is twice the standard 
deviation of the first data set, V2. This reflects the difference in spread between the two data sets. That 
is, even though both have evenly distributed values, the spread of data from the mean is twice as great 
in the second data set as compared to the first. 


Intervals about the mean 


In the following we will look at a ‘symmetric’ set of data which ‘tails off’ as you move away from 
the mean in either direction. 


The stem-and-leaf plot on the next page gives the incomes, in thousands of dollars, of 134 people. 
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18Е INTERPRETING THE STANDARD DEVIATION М 


889 

00223 

4444448888888 
11122444466667777788888999 
111112223334444455556677777788999999999 
000001111111122233344444577 
3333366669999 

77899 

666 7 | 7 means $77 ООО 








ONAN KRWN A> OQ 


The mean is 45.1, the median is 45.5, and the standard deviation is 16.1. 
We next consider intervals centred on the mean. 
X +0 = 45.1 + 16.1 = 61.2 and x - с = 45.1 — 16.1 = 29.0 


We can observe from the plot above that there аге 92 45 
values between 29 and 61; hence, the percentage of 
values within one standard deviation 

of the mean is 68.7%. Also, 


x +20 = 45.14+ 2 x 16.1 = 77.3 and 
x —20 = 45.1-—2x 16.1 = 12.9 


There are 121 values between 13 and 77. 














Thus, the percentage of values within two 
standard deviations of the mean is 90.3%. 





0 
0-9 10-19 20-29 30-39 40-49 50-59 60-69 70-79 80-89 





<_ = > 
x-otox+o 





x —20 tox +20 
We have seen that about 69% of the data is within one standard deviation of the mean and about 90% 
of the data is within two standard deviations of the mean. 


Histograms similar to this one occur frequently. In most cases like these the median and the mean 
are very close. 


Example 12 


David plays golf every Friday. He has recorded his score each Friday for five years, and has 
found that his mean score for all his games is 85 and the standard deviation of his scores is 5.2. 
Find the range of scores that lie within: 


а one standard deviation of the mean b two standard deviations of the mean 


а x+o = 85+ 5.2 = 90.2 and =) = 85 – 5.2 = 79.8 
So the range of scores within one standard deviation of the mean is 80 to 90. 


b x +20 = 85 + 10.4 = 95.4 and x - 20 = 85 – 10.4 = 74.6 
So the range of scores within the two standard deviations of the mean is 75 to 95. 


041 







CHAPTER 18 STATISTICS 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434- © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 


ы 18Е INTERPRETING THE STANDARD DEVIATION 
= изен T 


A remarkable result known as Chebyshev’s inequality states that, for any set of data, if we take an 
interval between x — ko and x + ko, then all values can lie outside this interval for 0 < k < 1, but 


1 : 1 е 
for k > 1, at most B of the data can lie outside this interval. 


1 
So, for example, taking k = 2, not more than 9 of the data can be outside this interval. 


So at least 7596 of the data must lie inside this interval. 


6-26 x X +26 
| | | 


-«— —— at least 75% of the data ——— 





Using the standard deviation to compare data 


To compare values from different data sets with approximately the same shape, it is useful to 
consider where they are positioned relative to their respective means. This can be achieved by using 
their respective standard deviations, and calculating where these values lie in terms of the number of 
standards above or below the mean. 


Example 13 


Gus scored 14 in a maths test and 14 in an English test. The scores of each student in the 
maths and English classes are listed below. In which test did Gus perform better, relative to 
the class results? 


Maths test: 10, 13. 183. 17. 12. 16.9.8. 7 11, 10, 12 
English test: 15, 17, 18, 19, 18, 17, 19, 16, 14, 15, 14, 12 


Maths test y= m S 1192, б = 338 
English test Х 15:17, o = 2.11 
It can be seen that in the maths test Gus scored about 0.6 of a standard deviation above the mean 
(“= = 06) and in the English test Gus scored about | standard deviation below the 
14 — 16.17 Р : 
mean (=== = -1} So Gus has done better relative to the class in the maths test. 
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Ө Ехегсї5е 18Е 


1 Find the mean and standard deviation of each set of data. 
а 5 6, 6, 7, 3, 9, 22 
b 11, 7, 8, 9, 8, 10, 10 
с 1, 3, 7, 9, 11, 15, 17 


Compare the sets of data using their means and standard deviations. 


2 The mean and standard deviation of each set of data is given. Find the range of values that 


is within: 

і one standard deviation of the mean ii two standard deviations of the mean 
а 5-25-23 

b x=40,0=5 

с х= 35, С = 


3 Тһе mathematics and English marks for а class of 15 students are given below. 
Mathematics: 12, 16, 14, 19, 17, 18, 15, 15, 19, 20, 14, 18, 19, 15, 11 


English: 10, 13, 16, 19, 20, 19, 18, 16, 15, 14, 17, 11, 15, 18, 17 
a Calculate, correct to two decimal places, the mean and standard deviation for each set 
of marks. 


b If a student scored 16 for the mathematics test and 14 for the English test, which is the 
better mark relative to the class results? 


4 The following table lists the marks of several students on different tests in English and 
mathematics. Compare the English and mathematics marks of each student. 


Standard deviation 





David 
English 
Mathematics 
Akira 

English 
Mathematics 
Katherine 
English 
Mathematics 
Daniel 


English 70 55 2) 
Mathematics 69 62 7 
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5 The bar charts of three sets of data are shown. 





















































i 4 ii ^ 

3 3 

2 2 

| | il h 

0 0 

123 7 8 91011 1234567891011 

а For each set of data, calculate the mean iii ^ 

and the standard deviation. 3 
b Add 5 onto each data item in each of 2 

i, ii and iii and state the mean and 

standard deviation of each new set of data. 1 











c Multiply each data item in each of i, ii 
and iii by 2 and state the mean and standard 
deviation of each new set of data. 


0 
1234 5 6 7 8 91011 


6 (There is no arithmetic required in the following.) 
Make up a list of 10 numbers so that the standard deviation is as large as possible and: 
a every number is either 1 or 5 b every number is either 1 or 9 
с every number is either 1 or 5 or 9, and at least two of them are 5 

7 Repeat question 6, but this time so the standard deviation is as small as possible. 


8 Anemployer has 29 employees whose weekly salaries have x — $429 and o - $1.53. The 
employer decides to give a flat $100 raise to every employee. 


a What would be the change to the average annual salary paid by the employer? 
b Would there be a change in the standard deviation? 


c What would be the change in total weekly payments to employees? 


1 a Time-series data 


A time series is a set of data that has been obtained by taking repeated measurements over time. 





Maximum daily temperatures, average weekly wages, quarterly sales figures of a company and 
annual population of a city are all examples of a time series. 


To represent the information obtained in a time series pictorially, a graph is drawn in which: 
* the horizontal axis represents time 
* the vertical axis represents the quantity that is being measured at regular intervals 


* adjacent plotted points are joined by line intervals. 


544 ICE-EM MATHEMATICS УҒА 
ICE-EM Mathematics 103ed ISBN 978- Л 108. 40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 








18F TIME-SERIES DATA М 
Ехатріе 14 


Тһе mean daily maximum temperature was measured each month in a particular city. 





Month Aug | Sep | Oct | Nov | Dec 





Mean daily 
max. temp (°С) 


29 2) | HEE) || AIA | ZOE | S554 A | роторға 2343 | 2D.7/ | 24! 287 





а Represent this information on a time-series plot. 
b Briefly comment on the annual variation in daily maximum temperature. 












































а То construct a time-series plot, the 30 
months are placed on the horizontal x: 
axis and the vertical axis will represent О 27 
the mean daily maximum temperature. о 26 
The points are plotted and joined by lines. 8 22 
The following time-series plot is obtained. 2. 23 
b There is a gradual decrease in the mean daily Р 5 
maximum temperature over the months January, 20 
February and March. During April, May and June, ji ceEMAMIS AS GOND 
the mean daily maximum temperature falls quite Month 


quickly to a minimum during July. For the remainder of the year, there is a steady increase in 
the mean daily maximum temperature each month. 


Ө Exercise 18F 


1 a Construct a time-series plot for the average rainfall (in cm) in a particular city, which is 
given in the table below. 








Month Jan | Feb | Mar | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec 
Rainfall (in cm) 16.2 ГЕРІ ПИ ТЕ SxS || Wat) | G2 1 33199 6 216 


b Use the time-series plot to write a brief description as to how the rainfall varies in this 
particular city. 


2 The table below gives the annual profit (in $ million) of a particular company over a 10-year 
period. Construct a time-series plot of the information. 








Year 1989 | 1990 | 1991 | 1992 | 1993 | 1994 | 1995 | 1996 | 1997 | 1998 
Profit ($ million) ШЕ) 149 | 24 | 22 | 26 3531 3.2 | 3.4 | 36 | 4.0 


3 The table below gives the number of births that occurred in a hospital each month for a year. 


Month Jan | Feb | Маг | Apr | May | Jun | Jul | Aug | Sep | Oct | Nov | Dec 
Number of births 528 E268 E439 ЛО ГОН 0229 8269 27 ("22120 26 726 





a Represent this information on a time-series plot. 


b Briefly describe how the number of births recorded each month changed over the year. 
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18F TIME-SERIES DATA 





4 The table below gives the position of a particular football team in a competition of 12 teams 
at the completion of each round throughout the season. 














а Represent this information on a time-series plot. 


b Briefly describe the progress of the team throughout the season. 


5 The data below shows the quarterly sales of a department store over a period of three years. 
The quarters are labelled 1 to 12 in the corresponding time-series graph. 


















































90 

80 

2009-1 е 70 
9 60 

2009-2 * 50 
2009-3 2 40 
2009-4 ^ 30 
20 

2010-1 10 
2010-2 0 





123 456 7 8 9 1011 12 
2010-3 Quarter 


2010-4 
2011-1 
2011-2 
2011=3 
2011-4 























а In which quarter of each year are the sales figures the worst? 
b In which quarter of each year are the sales figures the best? 


с Are the sales figures improving? Compare the sales figures for the first quarter of each 
year and do the same for the other quarters. 


6 The table below gives the quarterly sales figures for a car dealer for the period 2009-2011. 
| 2009 725 6225 ШЕШШ: 
2010 87 78 1 2 ШИ 


Шог то eee 


а Represent this information on a time-series plot. 








Briefly describe how the car sales have altered over the given time period. 


c Does it appear that the car dealer is able to sell more cars in a particular period 
each year? 
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1 9 Bivariate data 


We often want to know if there is a relationship between the items in two different data sets. 





* Is there a relationship between children’s ages and their heights? 
* Is there a relationship between people's heights and weights? 
* Is there a relationship between students’ marks in English and their marks in mathematics? 


In each of the above, two pieces of information are to be collected from each person in the 
investigation and then the two data sets are to be compared. When two pieces of information are 
collected from each subject in an investigation, we are then concerned with bivariate data. 


A scatter graph or scatter plot is a type of display that uses coordinates to display values for two 
variables for a set of data. The data is displayed as a collection of points, each having the value of 
one variable determining the position of the horizontal coordinate and the value of the other variable 
determining the position of the vertical coordinate. 


Example 15 


The age (in years) and height (in cm) of a group Age (years) Height (cm) 
112) 145 





of people was recorded. Тһе data obtained is shown 
in the table on the right. Present the information in 
the table on a scatter plot. 14 140 


115) 160 
14 150 
10 130 
11 135 


























The variables under consideration are age апа 160 С (15, 160), 
height. The horizontal axis represents the age 
: : : 155 
and the vertical axis represents height. The axes 
150 


are broken (using the symbol -^-) to allow us А (12,145) «D (14, 150) 
to focus on the data points. * 
In this scatter plot, it is noted that points PEU 
towards the top-right of the plot represent 
individuals who are older and taller. Points in 
the bottom-right represent individuals who are 125 
older but shorter than the rest of the group. 

The bottom-left of the plot represents people 

who are younger and shorter, while the top-left 


portion of the graph represents individuals who are younger but taller than the rest of the group. 


Height (cm) 
® 
© 


Би 75155) 
Е(10, 130) 





Age (years) 


We can see from the general trend of the points, which is upward as we move to the right, 
that the height of a child increases as the child grows older (for children in this data set). 
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18G BIVARIATE DATA 


Example 16 


The second-hand price and age of a particular model of car are recorded in the table below, 
and the points plotted on a scatter plot. 





25 000 








20000 


EN 
Ол 
© 
с 
о 











Зесопа-һапа ргісе ($) 











CS) ee үүле 
N 


4 6 8 10 12 
Age of car (years) 





a 


Describe the points in the top-left of the plot. 


= 


Describe the points іп the bottom-right of the plot. 
Describe the trend. 


e 


a The top-left of the scatter plot has points corresponding to relatively new second-hand 
cars with higher prices. 

b The bottom-right of the scatter plot has points corresponding to older second-hand cars 
with lower prices. 

с Аз Ше age of the car increases the value decreases. 
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e Exercise 18G 


1 The table below gives the marks obtained by 10 students in a mathematics examination and 
an English examination. 


Mathematics mad 772 50 [96 58 [86 [54 [78 Гав [85 [78 





English mark е 6670 46 8872 70 &h 7274 





Represent this information on a scatter plot, using the horizontal axis to represent the 
mathematics marks and the vertical axis to represent the English marks. 


Break the axes so that the vertical axis starts near 40 and the horizontal axis starts near 50. 


2 Тһе table below gives the average monthly rainfall, in mm, and the average number of rainy 
days per month for twelve different cities in Australia. 


Average rainfall (in mm) 161 |175 |142 | 90 | 96 | 71 | 62 | 41 | 33 | 93 | 96 |126 





Average number of rainy days 13 14 14 11110 7 7 | 6 7 10 10 12 





a Represent this information on a scatter plot. Use the horizontal axis to represent 
average monthly rainfall and the vertical axis to represent the average number of rainy 
days per month. 


b Give a brief description of the relationship between rainy days and average rainfall. 


3 The table below gives the amount of carbohydrates, in grams, and the amount of fat, in 
grams, in 100 g of a number of breakfast cereals. 


Carbohydrates (in g) | 88.7 67.0 77.5 | 617 86.8 | 324 | 724 77.1 | 86.5 





Fat (in g) 





a Represent this information on a scatter plot. Use the x-axis to represent the amount of 
carbohydrates and the y-axis to represent the amount of fat. 


b Does there appear to be any relationship between the carbohydrate content and the fat 
content? 


4 The table below gives the IQ of a number of adults and the time, in seconds, for them to 
complete a simple puzzle. 


IQ 115 | 118 | 110 | 103 | 120 | 104 | 124 | 116 | 110 





Time (in seconds) ta || ЕЛЕР 24 27 || 44 25 9 16 | 18 





а Represent this information on a scatter plot. Use the x-axis to represent IQ and the 
y-axis to represent the time taken to complete the puzzle. 


b Is there any trend in the data? 
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ON 18G BIVARIATE DATA 
AT 2.2. 


5 The table below gives the number of kicks and the number of handballs obtained by each 
player in an AFL team in a particular match. 


Player 
Number of kicks 
Number of handballs 








Player 
Number of kicks 
Number of handballs 









































a Represent this information on a scatter plot. Use the x-axis to represent the number of 
kicks and the y-axis to represent the number of handballs. 


b Does your scatter plot support the claim, “һе more kicks a player obtains, the more 
handballs he gives'? Explain your answer. 


6 The table below gives the number of ‘goals for’ (scored by the team) and the number of 
‘goals against’ (scored by the opposing team) for each team in a soccer competition. 


Team 
Goals for | 36 












































Goals against 


a Represent this information on a scatter plot. Use the x-axis to represent 'goals for' and 
the y-axis to represent ‘goals against’. 


b Use your scatter plot to answer the following questions. 
i Which team is the best team in the competition? Why? 
ii Which team is the worst team in the competition? Why? 
iii Which of team J and team H is better? Why? 





7 Тһе scatter plot at the right gives information f ive 
about the height and weight of a number of siis si шин 
people. Annabelle’s height and weight is | 
represented by the point А. E 1 Ры ка 
Write down the point that represents each of % 
the following people. z 

Barry, who is heavier and taller than Annabelle 
b Chandra, who is shorter but heavier than Annabelle 
c Dario, who is the same height as Barry but a little heavier аш 
d Edwina, who is shorter апа lighter than Chandra 
e Frederick, who is the same weight as Barry but a bit taller 
f George, who is the same height as Annabelle but heavier 
g Harriet, who is the same weight as Annabelle but shorter 
h Ivan, who is the tallest person in the group 
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18G BIVARIATE DATA М 


8 The scatter plot at the right gives the marks | oiii 
obtained by students in two tests. eiv 





John’s marks on the tests are represented by 
the point J. 


Test 2 


ei e Viii 
Which point represents each of the following e vii 
students? 


a Alex, who got the top mark in both tests 





b Bao, who got the top mark in Test 1 but not Test 1 > 
in Test 2 


c Charlene, who did better in Test 1 than John, but not as well on Test 2 

d Drago, who did not do as well as Charlene on either test 

Eddie, who got the same mark as John for Test 2, but did not do as well as John on Test 1 
Francis, who got the same mark as John for Test 1, but did better than John on Test 2 


Georgina, who got the lowest mark for Test 1 


= да c б 


Harvir, who had the greatest discrepancy between his two marks 


9 The test results of a group of 9 students is recorded in the table and plotted on a scatter plot. 
A line has been drawn through the ‘middle of the points’. 


100 




















Test 2 
e. 


























40 50 60 70 80 90 100 
Test 1 











The equation for this line is Test 2 = 0.95 x Test 1 + 3.85. 


a Use this equation to predict the Test 2 mark of a student if their mark on Test 1 was: 


i 53 ii 54 iii 34 iv 84 v 67 
b Use this equation to predict the Test 1 mark of a student if their mark on Test 2 was: 
i 53 Н 54 iii 34 iv 84 v 67 
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1 9 Line of best fit 


Consider the four scatter plots below. A trend line or ‘line of best fit’ has been fitted to each ‘by 
eye’. It is constructed by first noting the general trend, increasing or decreasing. A line (or curve) is 
then drawn through the middle of the scatter plot following that upwards or downwards trend, with 
roughly equal number of points above and below the line. The distance points lie from the line must 
also be taken into account. 















































I 170 II 25000 | 
тер © 20000: 
Ё 150 2 Е 
а . а. 15000 
& 140 : E 
% 130 қ = 10000 
Е 120 Ё 
о 5000 
9 110 ° 2 
100 











0 2 4 6 8 10 12 
Age of саг (years) 




































































III 30 
= а 25 =— 
Ф e. 
© aq 20 .-1- 
Ф Ey : 
= 8 8 15 . К 
Е 89 T onc al 
o go 10 — o 
* Е 
Ё E. 
й 0 5 10 
2 4 6 8 10 Age (years) 
Time spent preparing (hours) 
Observations 


e Graphs I and III show an increasing trend whilst graphs П and IV show a decreasing trend. 


* Graph II shows a strong linear relationship between the variables and all points are in close 
proximity to the line of best fit. However, graphs I and IV show moderately strong linear 
relationships between the variables. 


* Graph III shows a non-linear relationship between variables and a ‘curve’ of best fit is suggested. 
The other graphs display a linear relationship. 


In this section, only linear relationships will be studied. To determine the equation of the line of best 
fit we draw on skills that were introduced in Chapter 4. 
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18H LINE OF BEST FIT М 
Ехатр!е 17 


Consider the scatter plot below showing the relationship between ice-creams sold by vendor 
during the month of February and maximum temperature for the day. 
































Number of ice-creams sold 
I 
© 





15 20 25 30 35 40 
Maximum temperature (°C) 


Draw a line of best fit by eye. 
Determine the equation of the line. 
Use the equation to predict the number of ice-creams the vendor will sell on a 35°C day. 


ao & юы 


Use the equation to predict the maximum temperature of the day if the vendor sells 58 
ice-creams. 


a 90 
80 . ? 
70 — 
60 z 

50 i= e 

40 

30 

20 

10 


0 
15 20 25 30 35 40 


Maximum temperature (°C) 


























Number of ice-creams sold 
e 











Note: Small variations in the placement of the line of best fit is expected using this 
technique. 


(continued over page) 
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ON 18H LINE OF BEST FIT 
> 


b Use the point-gradient form, y — y, = m(x — xı), to find the equation of the line. 


Note: The grid lines can assist you to find two points on the line. For improved accuracy, 
ensure they are not too close together. 
Choose (34, 70) and (22, 50). (Other selections are possible.) 
70— 50. 20-5 
т = = = 


Mla We 12 3 
y - 50 = 2(x - 22) 





5 11 

у= = ү к. 

3 3 
22 
цан 


Interpreting this equation in the given context, we get; 
: 5 . " 40 
Number of ice-creams sold — 3 x (maximum temperature с) + z 


4 
c Number of ice-creams sold = : х 35+ i 


- 712 
ж 72 (Round up to the nearest integer.) 


5 40 
d 58- n x (maximum temperature °C) + — 
1742 5x (maximum temperature 2) + 40 (multiplying all terms by 3) 
174 — 40 
'- maximum temperature = uc - 26.89С 


Interpolation versus extrapolation 


When we use the line of best fit to make predictions of values within the range of data already obtained 
it is called interpolation. In the example above, the predicted number of ice-creams sold, based on a 
maximum temperature of 35°C was interpolation. This is because 35°C lies between the minimum 
(17°C) and maximum (38°C) recorded temperatures. The same can be said for predicting the maximum 
temperature based on a sale of 58 ice-creams. 


Extrapolation is the term used for making predictions outside the range of values already 
obtained. Extrapolation should be performed with a degree of caution, since there is no guarantee 
the noted relationship between variables will continue beyond the observed range. 


: : | 5 ' 40 
For example, using the equation, number of ice-creams sold — 3 х (maximum temperature °C) + —, 


to predict the maximum temperature when 20 ice-creams are sold is an act of extrapolation. The 
predicted maximum temperature of 4°C may not be feasible. 
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18H LINE ОҒ BEST FIT хүс 


Lines of best fit by other techniques 


You may have noticed that creating a line of best fit by eye is prone to variation and discrepancy. This 
is not desirable if we need to be consistent and accurate with fitting a line to data. Fortunately, there are 
several alternative approaches to drawing a line of best fit. The approach commonly used is called the 
least squares method. 


( ) Line of best fit 


e Drawing a line of best fit by eye consists of tracing the trend of the scatter plot with a 
straight line, ensuring that there are roughly equal numbers of points above and below 
the line, with distance of points from the line taken into account. 





e Once two points have been identified on the straight line, the equation of the line can be 
determined using the point-gradient form. 


e Interpolation is making predictions using data that lies within the range of observed 
values. 


e Extrapolation is making predictions using data that lies outside the range of observed 
values. Caution must be used when predicting values based on extrapolation. 


@ Exercise 18H 


1 Сору these scatter plots and draw a line of best fit by eye though each. 


i e ii 








iii : . iv |. . 














2 Inthe scatter plots in question 1, comment on the following. 
а Do the scatter plots display an increasing or decreasing trend? 


b What is the strength of the relationships between y and x? 
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ON 18H LINE OF BEST FIT 
I 41: MM 


3 Data was collected on 100 adults comparing shoe size and height. Shoe sizes ranged from 
6 to 13. An equation relating height (in cm) to shoe size was determined to be: 


height = 127.18 + 4.84 x shoe size 


Use this equation to predict (to the nearest cm) the height of a person whose shoe size is as 
follows. Are you interpolating or extrapolating? 


a size7 b size 12 € sizel4 

4 Aline of best fit for a scatter plot, relating the weight of a pumpkin (kg) to the number of 
seeds it contains, was found to pass through the points (1, 300) and (7, 540). Assume weight 
is on the x-axis. 
a Find the equation of the line of best fit. 


b Use your equation to estimate the number of seeds a pumpkin contains that 
weighs 5.2 kg. 


c Use your equation to estimate the weight of a pumpkin containing 600 seeds. 


5 Aclass of Year 10 PE students were asked to run a lap of the school's oval. Their times were 
recorded and compared against their fitness levels, which had been previously analysed and 
placed on a scale of 1 to 10. The teacher then drew a line of best fit over the scatter plot as 
shown. 

80 - 








75 | 


70 | 








65 | 





Time (seconds) 




















0 2 4 6 8 10 
Fitness level 


a Determine the equation of the line of best fit. 


Use the equation to predict the time it would take a Year 10 PE student to run a lap of 
the oval if that student has a fitness level of 3. Leave your answer correct to one decimal 
place. 


c Use the equation to predict the fitness level of a Year 10 PE student if a lap of the oval is 
run in 62 seconds. 


d Are these predictions examples of interpolation or extrapolation? Explain your answer. 
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6 State the problems with making predictions using the lines of best in the following 
scatter plots. 


^ 


a b 














7 Consider the time series below, showing a company's profit for consecutive financial years 
over a 10 year period. “Year |’ marks the financial year 1988-1989, “Year 2’ marks the 
financial year 1989-1990, and so оп. “Үсаг 10” marks the financial year 1997-1998. 



































4.5 

4 
= 3.5 
2 3 
Е 25 
2 2 
5 15 
a 1 

0.5 

0 2 4 6 8 10 12 


Year number 


Create a line of best fit on the time series and use it to predict the company’s profits, to the 
nearest $100 000, in the financial year 1998-1999, (Predicting future values in a time series 
based on previously observed values is called forecasting.) Is your answer an example of 
interpolation or extrapolation? 


Review exercise 


1 The stem-and-leaf plot on the right gives the times for whicha 44|5 
class of 26 Year 10 students ran 100 m. 123 169 


What is the range of times to run 100 m in the class? 1300268 
140 124799 





; es : 7 
b What is the median time to run 100 m in the class? 45124555 
c Whatis the interquartile range? 16|3 4 

d Would the median time change if the fastest | 5 


апа slowest times were removed? 
15|1 means 15.1 seconds 


057 
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REVIEW EXERCISE 


2 The ‘life’ of alkaline batteries is compared through continuous use іп a standard product. 
40 Grade A and 40 Grade B batteries are tested in this way. Their results are shown in 
the two boxplots below. 


Grade A JIF 


15 20 25 30 35 Battery life (hours) 





a State the median battery life for the Grade A and Grade B batteries. 
b State the range in battery life for the Grade A and Grade B batteries. 
State the interquartile range for the Grade A and Grade B batteries. 


б 


Determine the number of Grade А and Grade В batteries lasting longer than 29 hours. 
e Describe the shape of data distributions for the Grade A and Grade B battery life. 
f Under what criterion is the Grade B battery ‘better’ than the Grade A battery in this test? 


3 The following data are the speeds of 45 semi-trailers passing a given point on ап 
interstate highway. The speeds are measured in km/h. 


88 90 93 94 95 96 98 100 100 100 100 100 
101 102 102 102 103 105 109 104 105 106 106 107 
109 109 110 110 110 112 113 114 116 117 118 120 
120 121 128 130 130 139 141 144 150 


a Construct а dotplot of the data. 
b Construct a boxplot of the data. 


c Commenton the shape. 


4 The number of times 35 randomly chosen Year 10 students go online in the course of a 
school day was recorded. The results are shown in the frequency table below. 


Times online 6 17 I2 I8 4 |в |6 |7 
Number of students |8 3 5 |6 |7 5 |0 |1 


a Calculate the mean number of times students in this random sample go online. 





b Find the standard deviation of the number of times students go online, correct to 
two decimal places. 


c Find the range of times online that Пе within one standard deviation of the mean. 


d Ifevery student in this sample went online one more time than what was recorded, 
determine the effect on the mean and standard deviation. 
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REVIEW EXERCISE 


5 Kathryn scored 78% on both her history and mathematics tests. Both tests had a class 
mean of 70%, but history had a standard deviation of 8% and mathematics had a 
standard deviation of 12%. In which test did Kathryn perform better relative to the rest of 
the class? 


6 The table below gives the quarterly sales figures for a Melbourne swimwear shop in the 
period 2014-2016. 


Sales 9000 January-March | April-June | July-September | October-December 
ЭЭ 16 5 24 
35 19 8 26 
44 22 10 30 


























а Represent this information on а time-series plot. (Use numbers 1 to 12 to mark the 
quarters.) 


b In which quarter of each year are the sales figures the best? 


c Describe briefly how the quarterly sales figures change over time. Are the sales 
figures improving? 
7 Inan all-female class of Year 10 students, the length of each student's tibia (shin bone) and 


height (in centimetres) was recorded and graphed below. A line of best fit was drawn. 
190 






















































































0 30 31 32 33 34 35 36 37 38 39 40 41 42 43 44 45 46 
Tibia length (cm) 


Determine the equation of the line of best fit. 


a 
b Use the equation to predict the height of a Year 10 female with tibia length of 44 cm. 


е 


Use the equation to predict the tibia length of a 145 сіп tall Year 10 female. 


с. 


Are these predictions examples of interpolation or extrapolation? Explain your 
answer. 
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. CHAPTER 5. 


9 


Measurement and Geometry 














In Chapter 12, we saw how to extend the definition of the trigonometric 
functions to the second quadrant so that we could deal with obtuse-angled 
triangles. You probably realised that the ideas could be further extended so that 
we could give meaning to the trigonometric ratios of angles that were greater 
than 180°. We will do that in this chapter, and we will also draw the graphs of 
the trigonometric functions for all positive and negative angle sizes. 


The graphs of sine and cosine functions are used to model wave motion and are 
therefore central to the applications of mathematics to any problem in which 
periodic motion is involved – from the motion of the tides and ocean waves to 
sound waves and modern telecommunications. 
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1 9 Angles in the four quadrants 





We take a circle of radius 1, centre the origin, 
in the Cartesian plane. 


From point P on the circle in the first quadrant, 
we construct the right-angled triangle POQ 
with О at the origin. Let ZPOQ be Ө. 


The length ОО is the x-coordinate of P, and 


23 П 


cos Ө 


: О | : 
since ёс = cos, the x-coordinate of Р is 





соѕӨ. 
Similarly, ће y-coordinate of Р is the length PQ, which equals sin®. 


Hence, the coordinates of the point P are (сов0, sin Ө). 


Positive and negative angles 


In this chapter, angles measured anticlockwise from OA will be called positive angles. 
Similarly, angles measured clockwise from OA will be called negative angles. 





The definition of sine and cosine 


Notice that each angle, positive or negative, determines a point, P, on the unit circle. For the moment 
we will only deal with positive angles between 0° and 360°. 
УЛ 


1 





=] 








0? « 0 « 90? 180? < 0 « 270° 


For point P, determined by the angle Ө, we define: 
* the cosine of 0 to be the x-coordinate of the point P 


* the sine of 0 to be the y-coordinate of the point P. 
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ON 19A ANGLES IN THE FOUR QUADRANTS 
AT етти 2 


Тһе four quadrants 


The coordinate axes cut the plane into four quadrants. These are labelled anticlockwise around the 
origin, as the first, second, third and fourth quadrants. 


90° 
\ 


Second quadrant First quadrant 


180°< Ф > 0° 





Third quadrant Fourth quadrant 





270° 


The signs of sin Ө and cos Ө 





First quadrant 


P(cos 0, sin 0) 
For Ө in the first quadrant (0?« 0 <90°): | 





* the x-value is positive, so cos Ө is positive -1 


чү 


• the y-value is positive, so sin Ө is positive. 


Second quadrant УЛ 
For Ө in the second quadrant (90? «0 < 180°): 
* the x-value is negative, so cos Ө is negative 


* the y-value is positive, so sin Ө is positive. 








Third quadrant УЛ 
For Ө in the third quadrant (180? «0 < 270°): 1 
* the x-value is negative, so cos Ө is negative 


* the y-value is negative, so sin Ө is negative. fel А 
-1 О 1 





зү 


P (cos Ө, sin Ө) 
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19А ANGLES IN THE FOUR QUADRANTS 





Fourth quadrant УЛ 
For Ө in the fourth quadrant (270? «0 <360°): 1 
* the x-value is positive, so cos Ө is positive 

* the y-value is negative, so sin Ө is negative. 


The angles 8 = 0°, 90°, 180° and 270° correspond 

to the points (1, 0), (0, 1), (-1,0) and (0, —1). 

Using the coordinates of these points and the definition 
of sin Ө and cos Ө, we construct the following table. -1 





P (cos Ө, sin Ө) 




















у 
(0, 1) 
(-1, 0) (1,0), 
x 
Notes: 
e — < sin < 1 for all Ө 
(0, -1) 


e —| < cos 0 < 1 for all Ө 
* In the first quadrant (0? « Ө « 90°): 
- As Ө increases, sin Ө increases and cos Ө decreases 


- For any value a such that O < a < 1, there is a unique value of Ө such that sin® = а. 
А similar statement holds for cosine. 


The tangent ratio 





ѕіп Ө opposite 
For acute angles, we know that tan = - РР 


| For angles that аге greater than 90°, we 
соѕӨ 


adjacent 


іп Ө 
can define the tangent of 0 by tan0 = I where Ө z 90°, 270°. 
cos 


This means that tan Ө will be positive in quadrants where sin Ө and cos Ө are both positive or both 
negative. Hence, tan Ө is positive in the first and third quadrants, and negative іп the second and 
fourth quadrants. 





To assist in remembering the signs of the three 90° 
trigonometric functions in the various Second quadrant A First quadrant 
quadrants, notice that only one ratio is positive 
in the second, third and fourth quadrants. Sine All 
Hence, we can remember the signs by the 
diagram: 1802 Ol zi 
Tan Cosine 
Third quadrant ү Fourth quadrant 





270? 
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ON 19A ANGLES IN THE FOUR QUADRANTS 
а аашаа | 


In the diagram, the bold letters tell you which ratio is positive in the given quadrant. The letters can 
be remembered by the mnemonic: 


All Stations To Central 


You can also remember the signs by just thinking about the coordinates of the point P on the 
unit circle corresponding to the given angle, since sin Ө is the y-coordinate and cos Ө is the 
x-coordinate. 


It is often useful to draw a diagram showing the angle when calculating values of sine, cosine 
and tangent. 


Example 1 


Draw a diagram and state the sign of the given ratio. 
а sin 150° b tan 300° € cos 210° 


а The angle 150° lies in the second quadrant, 
hence sin 150° is positive. 
(Alternatively, Р is above the x-axis, so sin Ө, 
which is the y-coordinate of P, is positive.) 








y^ 
b The angle 300? lies in the fourth quadrant, 1 
hence tan 300? is negative. 
3002 
= ON 1X 
21 Р 
с The angle 210° lies in the third quadrant, 2) 





hence cos 210° is negative. 
эж 
-1 1l % 
Р 
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19A ANGLES IN THE FOUR QUADRANTS М 


We сап use a calculator to find the approximate numerical value of the trigonometric function of 
a given angle. Make sure that your calculator is in degree mode. 


Use the calculator to find, to four decimal places: 
а sin 1009 b (ап 3209 с cos 200° 





From the calculator: 


a sin 100° = 0.9848 
(The angle 100° is in the second quadrant so sin 100° is positive.) 


b tan 320° = —0.8391 
(The angle 320° is in the fourth quadrant so tan 320° is negative.) 


€ cos 200° = —0.9397 
(The angle 200? is in the third quadrant so cos 200? is negative.) 


Exact values 


You should recall the following two triangles. From these you can read off the exact values of sine, 
cosine and tangent of 30°, 45? and 60°. These were derived in Section 12B of this book. 


1 : 
Alternatively, knowing, for example, that cos 60° = - and tan 45° = 1, you can easily reconstruct 
the table. 2 





45° 














60° н 
1 1 
These results сап be used to determine the exact trigonometric functions for certain angles 
greater than 90°. 


To find the value of sine and cosine for any Ө, we introduce the concept of the related angle, 
which is always acute. 


The related angle 


When Ө drives the point Р on the unit circle into the second, third or fourth quadrant, the acute 
ZPOQ makes an angle with the x-axis called the related angle. 
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ON 19A ANGLES IN THE FOUR QUADRANTS 
AT ON 150: 5 RM 


The second quadrant 


We begin by finding the exact value of 


cos 150? and sin 150°. 


Р(со 150°, sin 150°) » P'(cos 30^, sin 30?) 


The angle 150? corresponds to the point P in 
the second quadrant, as shown. 


The coordinates of P are (cos 150°, sin 150°). 


The angle POQ is 30? and is called the 
related angle for 150°. 








When we reflect the point P in the y-axis, 
we get the point P'(cos 309, sin 309). 


From APOQ, we can see that OQ = cos 30° and РО = sin 30°, so the coordinates of P are 
(—cos 30°, sin 30?). 


Hence, cos 150° = — cos 30? апа sin 150° = sin 30° 
233 23 
Ни! 2 


In general, if 0 lies in the second quadrant, 1809- Ө is the related angle for Ө. 


The third quadrant 


Next, we find the exact value of cos 210? and sin 210°. The corresponding point P lies in the third 
quadrant. The coordinates of P are (cos 2102, sin 2109). The angle POQ is 30? and is called the 


related angle for 210°. 
y^ 
So, cos210? - —cos 30? А 
mE 







№ P'(cos 30°, sin 30°) 








and sin 210° = —sin 30° - 
Ш 1 -1 3090 1 X 
2 P(cos 210°, sin 2109) 


When we rotate point P around О by 180°, 


we get the point P'(cos 309, sin 309). = 





In general, if Ө lies in the third quadrant, Ө — 180° is the related angle for Ө. 


The fourth quadrant 


Next, we find the exact value of cos 330° and sin 330°. 
The corresponding point P lies in the fourth quadrant. 
The related angle is 360° — 330° = 30°. 

So cos 330° 8 


cos 30° = 
: . 1 
sin 330° = —sin30° = “2 


When we reflect point P in the x-axis, we get the 
point P’(cos 30°, sin 30°). 


In general, if 0 lies in the fourth quadrant, 360° — Ө 
is the related angle of 0. 
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19А ANGLES IN THE FOUR QUADRANTS М 


ә) Trigonometric functions of angles 








To find the trigonometric function of an angle, 8, between 0° and 360°: 


е Find the related angle for Ө, the acute angle between ОР and the x-axis. 


е Obtain the sign of the trigonometric function using, for example, the ASTC picture. 


е Evaluate the trigonometric function of the related angle, and attach the appropriate sign. 


In the next two examples, the sign of the trigonometric function will be determined using different 
approaches. 


Without evaluating, express each number as the trigonometric function of an acute angle. 
а sin 130° b cos 200° © tan 325° d sin 235° 






а The related angle is: y 
180° — 130° = 50° P (cos 130°, sin 1309) —! 


| 
m 


The angle 130? is in the second quadrant, 
so sin 130? — sin 50? 


b The related angle is: 
200? — 180? = 20? 


The angle 200? is in the third quadrant, 
so cos 200? = -сов 20? 





с The related angle is: 
ЭУ = 325° 3593 


The angle 325° is in the fourth quadrant, 
so tan 325° = —tan 35° 





(continued over page) 
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ON 19A ANGLES IN THE FOUR QUADRANTS 
а 1: 154 5 RM 


d The related angle is: 
29359 = ШЫ = 557 


The angle 235° is in the third quadrant, 
so sin 235° = —sin 55° 





Example 4 


Use the related angle to find the exact value of: 
а sin 120° b cos 150° с tan 300° d cos 240° 


Recall: 











а The related angle is 180° — 120° = 60°. b The related angle is 180° — 150° = 30°. 
Sine is positive in the second quadrant. Only sine is positive in the second 
So, sin 120° = sin 60° ШШШ. 
ME So, cos 150? - —cos 30? 
2 
с The related angle is 360? — 300? = 60°. d The related angle is 240? — 180? = 60°. 
Only cosine is positive in the fourth Only tangent is positive in the third 
quadrant. quadrant. 
So, tan 300? - —tan 60? So, cos 240? = —cos 60° 
= —/3 Е 21 
2 
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Ф Exercise 19А 


ТЕРЕГІ) 1 State which quadrant each angle is in. 


а 120° b 225° с 240° d 300° 
e 135° f 263° g 172° h 310° 
тээ 2 Without evaluating, express each number as the trigonometric function of an acute angle. 
а sin 170° b cos170* с {ап170° 
d sin 190° е cos 190° f tan 190° 
g sin 350° һ cos 350° i tan 350° 
7777) 3 Find the exact value of: 
а sin 135° b соѕ 225° с tan 120° 
а tan 135° e sin 300° f cos 330° 
g tan 300° Һ sin 150° i cos 135° 


4 Which quadrant does Ө lie in if: 
а соѕӨ > 0 and sin 0 < 0? 
b cos0 < 0 and sin0 > 0? 
с со50 < О and sin 0 < 0? 
d соѕӨ < 0 and tan 0 > 0? 
e соѕӨ < О and tanO < 0? 
f 5010 < 0 and tan 0 > 0? 


5 a Draw the unit circle and mark the point P at (1, 0). Use your diagram to complete the 
following. 


cos 90? = ...... sin 90° =...... 
с Repeat with P at (—1, 0) to complete the following. 

cos 180° = ...... sin 180° = ...... tan 180° = ...... 
d Repeat with P at (0, —1) to complete the following. 

cos 270° = ...... sin 270? = ...... 


e What are the values of cos 360°, sin 360? and tan 360°? 
f Why are tan 90?and tan 270?not defined? 


6 Without using a calculator, find the exact value of: 
a sin 90? x tan 135? х cos 135? b sin 330? x cos 360? 
с sin 360? x cos 330? а 2xsin135? x cos 135? 
e cos 225° x tan 180° + sin 225° x sin90° f 3sin 240? — 2cos 300? 
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7 We use the notation sin? Ө (о mean (sin Ө)2, cos? 0 to mean (cos 0)? and tan? Ө to mean 
(tan 0)?. This is the standard notation. Find the exact values of: 


a sin?30? b соѕ230° c tan?30? 
d sin?300? e tan? 240° f соѕ2210° 
g sin? 225° + cos? 225? h sin? 330? + cos? 330? 
a Suppose that Ө is an acute angle. 

Use the diagram to show that cos? 0 + sin? 0 = 1. 


b Explain why this result remains true a 
when Ө lies in the second quadrant. 


c What happens in the other quadrants? 
d Check that this result holds for 0°, 90°, 180° and 270°. 


9 The reciprocals of the sine, cosine and tangent functions are also important and are given 
the following names. 


E a | 
——— is called the cosecant of Ө and written as cosec Ө. 








sin 
is called the secant of Ө and written as sec Ө. 

COS 
is called the cotangent of 0 and written as cot 0. 

(ап Ө 

Find the exact value of: 

а sec 30° b cot 45° € cosec 60° d sec 120° 

е соѕес 210° f cot 240° g cot 300° һ sec 330° 


10 а Show tan?6 + 1 = sec? Ө for an acute angle. 


b What happens for all angles between 0? and 360?? 


1 9 Finding angles 


1 1 А 
Since cos 120° = = апа соз 240° = Б, еге are two angles between 0° апа 360° whose cosine 





1 
18 Е. they аге 120° апа 240°. 


In this section, we will learn how to find all angles in the range 0° to 360° that have a given 
trigonometric function. While the calculator is useful here, it will only give you one value of Ө, 


. : 11. 
when in general there аге two. For example, a calculator gives сов”! 3) is 1209, whereas the two 


solutions to cos 0 = -5 for the range 0° to 360°, are Ө = 120° and Ө = 240°. 
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19B FINDING ANGLES М 








Find all angles Ө, in the range 0° to 360°, such that: 


a sin0 = E b cos0 = E с tanO = —0.3640 
a The given value of sine is negative, so Ө lies in the УЛ 


third ог fourth quadrant. The related angle whose 
sine is 28 309. Непсе, Ө = 180° + 30° ог 


Ө = 360° — 30°. 
Шай ӨГ 2 lOston 3302 





: ІШЕ 
Note: Entering sin ! 2 into a calculator 





gives —30°. This is not in the range 0° to 360°. т 


b The given value of cosine is positive, so Ө lies іп the first УЛ 
or fourth quadrant. The acute angle whose cosine is ne: 
is 30°. Hence, Ө = 30° or 0 = 360? — 30°. 

That is, Ө = 30° or 330°. 








с The given value of tangent is negative, so Ө lies in УЛ 
the second or fourth quadrant. To find the acute angle 
whose tangent is 0.3640, enter tan! 0.3640 into 
your calculator to obtain, approximately, 20°. 
Hence, to the nearest degree, Ө = 180° — 20° or | 
Ө = 360° — 20°. That is, Ө = 160° or 340°. я 





«V 


= 





Note: In part с we find (ап”! 0.3640 on the calculator and not (апт! (—0.3640). Work from the related 
angle and then shift to the correct quadrant. 
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Finding angles 





To find all angles from 0° to 360° that have a given value of a trigonometric function: 


е use a circle diagram or the ASTC picture to work out which quadrant the angles are in 


е find the related angle using a calculator when exact values are not given 


е find all angles. 


6 Exercise 19B 


= 


Without using your calculator, find the angles Ө, between 0° and 360° inclusive, for which 
(draw a diagram in each case): 


a sin @ = b tan0 = V3 с cos = 7 
а созӨ = —— е sino = ^ f і0-і 
Without using your calculator, find the angles Ө, between 0° and 360° inclusive, for which: 
a 12-22 b ший, с ТІНЕ 
42 43 2 
d 500 = 1 e со50-0 f 1220 = 0 


Draw а diagram first, and then, using a calculator, find to the nearest degree the angles Ө, 
between 0° and 360° inclusive, such that: 

а sin @ = 0.1736 b cos @ = —0.9063 с tan@ = 2.1445 

а sin0 = —0.7986 e cos Ө = 0.8090 f їапӨ = —3.4874 

g соѕ Ө = –0.9455 h tan0 = 0.4245 i sin = —0.9781 





1 9 Angles of any magnitude 


Angles greater than 360° and less than 0° arise naturally. If you turn three у 
times in an anticlockwise direction, then you have turned through an angle 
of 1080°. 


If you make a quarter turn in a clockwise direction, then we can think of 1-2 
this as an angle of —90°. The diagram shows an angle of —45°. * 
P 
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19С ANGLES OF ANY MAGNITUDE М 


Since Ше sine and cosine of an angle аге the у- and x-coordinates of the 
corresponding point Р, sin (Ө + 360°) = sin Ө, cos (Ө + 360°) = cos Ө, 
sin (Ө — 360°) = sin Ө апа cos (Ө — 360°) = cos Ө. 


It is clear that for any angle greater than 360° or less than 0°, the 
corresponding point P on the unit circle can be equivalently described by 
an angle between 0° and 360°. 








Hence, to find the trigonometric function of an angle greater than 360°, 
we subtract a multiple of 360° to arrive at an angle between 0° and 360°. 





Similarly, to find the trigonometric function of a negative angle, we add a multiple of 360° to arrive 
at an angle between 0° and 360°. 


Example 6 





Find sin 480° in surd form. 








sin 480° = sin (480° — 360°) 
= sin 120? (120° lies in the second quadrant.) 
= sin 60° (The related angle is 60°.) 
43 
E 
Example 7 





Find cos (—120°) in surd form. 


cos (2120?) = cos (-120? + 360?) 


= cos 240? (240° lies in the third quadrant.) 
= —cos 60° (The related angle is 60°.) 
2! 

TY 








Note: We are careful to distinguish clearly between an angle and its trigonometric function. For 
example, the angles 480? and 120? are different but their trigonometric functions are the same. 
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мо 
(© CAES 


1 Draw a diagram representing each angle. 

а 390? b 540° с 720° d 940° 
2 Draw a diagram representing each angle. 

а -150° b -330° с -720° d -540° 
3 State the related angle for each angle in question 1. 
4 State the related angle for each angle in question 2. 


Example 6 5 Find, in surd form: 


a sin 540° b cos 540° с tan 540° d sin 390° 
e cos 840° f tan 480° g cos 660° h sin 405° 
77777 6 Find the exact value of: 
a sin (—60?) b cos(-135?) с (ап(-2259) 
d cos (—240°) e sin (-330?) f sin (-390°) 
7 Find the exact value of: 
а sin 720° b cos 720° с cos 450° а tan (—360°) 


e sin (-270?) f cos(-90?) g tan (-180?) 


The trigonometric functions 





and their symmetries 


As usual, P is a point on the unit circle where PO makes an angle 0 
with OA. 


As the angle Ө varies from 0° to 90°, the length PQ, which equals 
sin Ө, varies from 0 to 1. As Ө varies from 0° to 360°, we сап 
summarise the change in 8ш0 by the following table. 








0° to 90° increases from О to 1 
90° to 180° decreases from 1 to 0 
180° to 270° decreases from О to —1 
270° to 360° increases from —1 to 0 
































The way sinO increases and decreases can be represented graphically. 
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19D THE TRIGONOMETRIC FUNCTIONS AND THEIR SYMMETRIES 





л 


Using the values sin 30° = 5 = 0.5 and sin 60° = ES = 0.87, we can draw up the following table of 
values and then plot them. 


CoP TP ON MAS CO || eo? | 225028 Bator оло 00 620 l 
0/878 015 0 =05 |2087 -1 |-087| -0:5 0 











30° 60° 90° 120° 150° 1802 210° 240° 270° 300° 330° 360° Ө 








Electrical engineers and physicists call this a wave. 


Symmetries 


We have seen that if 0 is between 0° and 90°, then sinO = sin (180° — Ө). The identity is shown by 
the equal intervals in the unit circle and related graph of y = sin® below. 


























Hence, between 0° and 180°, the graph is symmetric about Ө = 90°. 
Similarly, for Ө between 0° and 90°, sin (180° + Ө) = sin (360° — Ө). 






y-sin Ө 


1809-0 | 3609-0 

















Hence, between 180° and 360°, the graph is symmetric about Ө = 270°. 
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19D THE TRIGONOMETRIC FUNCTIONS AND THEIR SYMMETRIES 


All intervals on the previous page аге equal in magnitude since sin (360 — Ө) = -sin Ө. Therefore, 
we can summarise these observations in one diagram. 


y -біп Ө 













180° + Ө 360° - Ө 
180° — 0 180 











Extending the graph 


We saw in Section 19C that the values of sin0 remain the same when Ө is increased or decreased 
by 360°. That 15, sinO = sin (Ө + 360°). Hence, the graph of sin Ө can be drawn for angles 
greater than 360° and less than 0°, as shown. 









y 


y -біп Ө 


—540° 720° 





Фү 


sinO is periodic and we call 360? the period. 


The cosine graph 


We can repeat for cos@ the analysis we carried out for sin Ө. In this case we look at the way ОО 
changes as Ө varies from 0° to 360°. 

















y^ 
0° to 90? decreases from 1 to O : 
90° to 180° decreases from 0 to —1 P (cos Ө, sin Ө) 
180? to 270? increases from —1to O 5 А 
270° to 360° increases from O to 1 21 О а,” p 
-1 
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19D THE TRIGONOMETRIC FUNCTIONS AND THEIR SYMMETRIES М 


1 : 
Using cos 60° = - апа cos 30°= 0.87, we can draw ир the following table of values and then 
plot the points. 





330° | 360° 





0.87 1 













o 


30° 60% 90^ 120° 150° 180° 210° 240% 270° 300° 330° 360° 0 





-0.5- 


—0.87 4 
-1-1 





We will examine the symmetries of the graph of у = cos Ө in the exercises. 


The values of cos Ө remain the same when 
Ө is increased or decreased by 360°; that is, 





cos 8 = cos (8 + 360°). cos Ө is periodic with y=cos 0 
period 360°. 

Hence, the graph of cos Ө can be drawn for -630° —45 Em 
angles greater than 360? and less than 0°, -540° 0 
as shown. 


Note that the graph of cosine is symmetric about 
the y-axis. 


You should also notice that the graph of y - cos 0 
is the same as the graph of y = sin Ө translated to the left by 90°. 
That is, cos Ө = sin (90? + 0). 


Ө Exercise 19D 


1 Draw up a table of values of у = sin Ө for 0? € 0 < 90°, correct to two decimal places, using 
increments of 10?. Using your table of values, plus symmetry, plot the graph of y = sin Ө 
for 0? € 0 < 360°. 





2 Draw up a table of values of y = cos Ө for 0? € 0 € 90°, correct to two decimal places, 
using increments of 109. Using your table of values, plus symmetry, plot the graph of 
y = cos Ө for 0° < 0 < 360°. 
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ON 19D THE TRIGONOMETRIC FUNCTIONS AND THEIR SYMMETRIES 


3 Неге are the graphs of y = sin 0 and y = cos Ө drawn on the same axes. 


92 
1 














0.5 















































































































































-4 


a From the graphs, read off the approximate value of: 
i cos 60° ii sin 210° iii — sin 75° iv cos 20? 
v  cos150? vi  sin25? vii сіп 235? viii — cos 305? 
b Find, from the graphs, two approximate values of 0 between 0? and 360? for which: 
i  sin- 0.5 ii cos --0.5 iii 510 = 0.9 iv соѕӨ = 0.6 
у 510 = 0.8 vi  cos0 = -0.8 vii 510 = –0.4 viii соѕӨ = —0.3 


с Read from the graph the two values of Ө, between 0° апа 360°, for which sin Ө = cos Ө. 


4 a What are the maximum and minimum values of sin Ө? 


b Where do they occur? 


5 a Whatare the maximum and minimum values of cos 0? 


b Where do they occur? 


6 Draw diagrams to illustrate: 
а cos (180° — Ө) = —cos Ө 
b соѕ (180° + Ө) = —cos Ө 
с cos (360° —0) = cos 0 


7 Draw diagrams to illustrate: 
а соѕ (– Ө) = соѕ Ө 
b sin (– Ө) = -sin Ө 


8 Draw ира table of values of у = 3 sin20 for 0? < 0 < 360°. Use increments of 15° and work 
to опе decimal place. Sketch ће graph of у = 3 sin20 for 0? < Ө < 360°. 


9 Draw up a table of values of у = 4соѕ 20 for 0? 50 < 360°. Use increments of 15° and 
work to one decimal place. Sketch the graph of y = 4cos 20 for 0? < 0 x 360°. 
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1 9 Trigonometric equations 





1 1 1 1 қ : : 
Equations such as 810 = 2 and cos 0 = = аге examples of trigonometric equations. 


: 1 MÀ 
Suppose we are asked to find ай! the angles Ө such that sin Ө- 2 There are infinitely many 
solutions since, as we saw above, adding 360° to any solution will provide a new one. In this section 
. : 1 
we will restrict the range of the answers to be between 0° and 360°. Hence, the equation sin Ө = — 


1 
has solutions Ө = 30° and Ө = 150° in the range 0° < Ө < 360°, since sin 30°= sin150° = —. They 
are the only solutions in the given range, as shown in the diagram. 2 


y^ 






30° 60% 90° 120° 150° 1802 210° 240° 270° 300° 330° 360° Ө 


-0.5 -] 





Linear trigonometric equations 


When solving linear equations such as 3x — 2 = 2x + 3, our approach was to isolate x on one side 
of the equation and the numbers on the other, to obtain x = 5. 


When solving equations involving just one trigonometric ratio, treat the trigonometric function as a 
pronumeral and isolate it on one side of the equation using the usual rules of algebra. 





Example 8 


Solve 2 sin 8 + 1 = 0 for 0° < 0 < 360°. 





0 yh 


il 
sin@ = -— 


2 
The related angle is 30° 


25190 +1 


r 1 
because sin 30° = > 








Неге, the sine is negative, so Ө lies in the third or fourth quadrant. 
Hence, 0 = 180° + 30° = 210 or 6 = 360° - 30° = 330°. 


The solutions in the given range are Ө = 210° and Ө = 330°. 
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ON 19E TRIGONOMETRIC EQUATIONS 
DA { УУ 6 “6 к= 


Example 9 





Solve, correct to the nearest degree, 5 cos Ө + 4 = 2 for 0° € Ө < 360°. 


5cos8+4 = 2 
cos 0 = 8 
5 
= -0.4 





«V 





From a calculator, the related angle is сов”! 0.4 = 66°, correct to the nearest degree. Since 
the cosine is negative, Ө lies in the second or third quadrant. 


Hence, Ө = 180? — 66? = 114° or Ө = 180? + 66? = 246°. 


Note: Remember to work with the related angle first and then shift to the correct quadrants. 





Example 10 


Solve 48820 = 1 for 0? < Ө < 360°. 


48820 = 1 
sin20 = Е 
4 

1 1 

510 = — or sin 0 = -— 

2 2 


The related angle is 30° since sin30° = — 


Since sin @ is either positive or negative, the angle can be in any one of the four quadrants, 


so 8 = 30°, 150°, 210° оғ 330°. 
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еее 00000, 


1 Without using a calculator, solve each equation for 0° < Ө < 360°. 


а 2sin@=1 b 2sin@ = V3 
с 25іп0--,у3 d 4со80-2-0 
e 9гапӨ = 9 f Запе = –1 
g 2cos04- 43 = 0 h qune =| 
2 Solve each equation for 0° < Ө < 360°, correct to the nearest degree. 
а sinO = 0.58778 b 3cos0 = 1.6776 
с 5510 = 4.455 а 2sin0 = —1.4863 
е 7со$Ө+3 = 9.729 f 9sin0—2 = -10.733 
3 Solve each а for 0° < Ө < 360°. 
а сіп 8-2 b tan?0-1 
€ cos? = - d sin?0 = = 
4 
e 2с0520 = - f 3tan?0- 1 


sinO 
4 Recall that 
COS 


a sinO = cos Ө 
b 43cos0- sin = 0 





= (ап Ө. Use this to solve each equation for 0? < Ө < 360°. 


Review exercise 


1 Write down the related angle for: 


а 35° b 150? 
с 2102 а 200° 
е 430° Ғ 600° 
g —60° h —300° 
2 Find the exact value of the sine, cosine and tangent function of: 
a 150° b 120° 
CES d 300? 
@ 210P [3205 
g 240? h 315? 
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3 If A = 30°, B = 60? and С = 45°, find the value of: 


a sin2A b 2sinA 
с cos2B а 2cosB 
е cos? В – sin? B f tan3C 


4 Draw up a table of values and draw the graph of у = sin 20 for 0? < Ө < 360°. 
5 Draw up a table of values and draw the graph of y = cos 20 for 0? < Ө < 360°. 
6 Solve for 0° < Ө < 360°. 


1 1 
а со80- ES b sin = КЕ 
с tan@ =1 d tan0 = —/3 
e sno = 2 f sin? @ = + 
7 Find, in surd form, the value of: 
а 5іп 675° b cos 480° 
с tan 510? d sin(—330?) 
e cos (—240°) f tan (210°) 
8 Find, correct to the nearest degree, all values of 0 between 0° and 360° such that: 
аш 10 3735 b cos0 = -0.587 78 
с гапе = 2.1445 а sin0 = —0.8191 


9 Solve each equation for 0? < 0 < 360°. 


a 2с080-1-0 b 2с080-1-0 
c 2sin0- 4/3 = 0 d 2sin0+ 4/3 = 0 
е 5510 +5 = 0 f 4со80-4-0 


Challenge exercise 


1 Find the exact value of 
sin? 120? cosec 270? — cos? 315?sec 180? — tan? 225?cot 315?. 


43 +1 
22” 
3 Оп the same set of axes, sketch the graphs of у = sin 30 for 0° < Ө 
у = sin 39 for 0° < Ө < 360°. 
4 Solve, for 0? x Ө < 360°, sin?0 ѕесӨ = 2 tan Ө. 


2 Show that sin 420°cos 405? + cos 420°sin 405? = 
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CHALLENGE EXERCISE 





5 On the same set of axes, sketch the graphs of у = cos Ө and у = sec Ө for 0° < Ө < 360°, 
© + 90°, 270°. 


6 On the same set of axes, sketch the graphs of y = sin Ө and у = cosec Ө for 0° < Ө < 360°, 
90:180: 3608. 
7 Solve each equation for Ө, where 0° < Ө < 360°. 
а 2 соѕ20 +3 сов0-2-0 
b 2 sin?0 +5 sin0 -3 = 0 
c —2 cos?0+sin@+1=0. 


8 а In the diagram, show that y = acos а and y = bcos В. 


С 


қ 1 А 
b Using the formula for ће area of a triangle, 2 sinC, 
prove that sin (о + B) = sin о cos B + cos о sin В. 


c Find the exact value of sin 75?. 


9 a Inthe first diagram, state the area of triangle ABC. 
b In the second diagram, show that ZDGC is 20 and DE = sin 20. 


c By comparing areas, show that 2 sin 0 cos 0 — sin 20. 


























B D 
1 2 
2 50 
0 
А 2 cos Ө с 
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20 


Number and Algebra 








In earlier chapters, we have met a number of types of functions – polynomial 
functions including quadratics and cubics, exponential functions, logarithmic 
functions and trigonometric functions. 


In this chapter we discuss two questions: 
e What is a function? 
e What is the inverse of a function, and which functions have inverses? 


We shall meet the vertical line test and the horizontal line test, and develop a 
method for constructing the inverse of a function when it exists. 


We will concentrate as much as possible on concrete examples rather than 
general theory. 
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20 Functions and domains 


When a quantity y is uniquely determined by another quantity x as a result of some rule or formula, 
then we say y is a function of x. 





Here are some examples of functions: 


. 1 
Уу-х%2,у-д3х2-?Т7,у-впх,у-2%,у-- andy = log;. 
x 


These are all examples of functions that we have met in earlier chapters of this book. We know how 
to draw their graphs. 

















= 











Domains 


For the first four graphs above, there is a point on the graph corresponding to every x-value. That is, 
you can substitute any x-value into the formula to obtain a unique y-value. 


We therefore say that the natural domain of the functions y = x + 2, y = 3x? — 7, у = sinx and 
y = 2x is ‘the set of all real numbers’. 


For the graph of y = log, x, there is a point on the graph corresponding to every positive x-value. 
That is, you can substitute any positive x-value into the formula to obtain a unique y-value. 


For the graph of y = —, there is a point on the graph corresponding to every non-zero x-value. 
grap i P grap P 8 ту 


That is, you can substitute any non-zero x-value into the formula to obtain a unique y-value. 


Definition 
The set of allowable values of x is called the natural domain of the function. 


The natural domain of a function is often simply called the domain of the function. We will refer to 
it as the domain in this chapter. 
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ON 20A FUNCTIONS AND DOMAINS 
Ice n0 к 


The domain of the function y = log, x is the set of positive real numbers, {x : x > 0}, for which we 
will use the shorthand x > 0. We write, ‘у = log, x, where x > 0’. 


The domains of some functions that you have met previously are presented below. 





To be a little more precise we say y — 27 for all real x is the function, whereas 





О x 


is the graph of the function. 


Example 1 


What is the domain of each function? 








а= 1 b у= үх- 5 
pum 
AR || 4 _ х2—-6х+3 
: x?-4 x? +4 


a The domain is x z 1, since the denominator must not be zero. 


b <x is only defined for x > 0. Hence, the domain of y = Vx — 5 is x > 5. 
с The domain is all real numbers except 2 and -2, since the denominator is zero when 


Xe os e. 
d x? + 415 never zero, so the domain is all real numbers. 


Note: You can often determine the domain of a function even though you may not be able to 
easily sketch its graph. 
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20А FUNCTIONS AND DOMAINS М 


Graphs and the vertical line test 





Not all graphs are the graphs of functions. For example, the graph of 
x? + y? = 25 is a circle with centre the origin and radius 5. When 
we substitute x = 3, we get two y-values, y = —4 and y = 4, because 
the line x = 3 cuts the circle at two points. 


Hence, for some x-values, for example x = 3, there is not a unique 
y-value. Thus, this graph is not the graph of a function. Each vertical 
line, x = c, must meet the graph at, at most, one point for the graph to 
be the graph of a function. 





In general, if we can draw a vertical line that cuts a graph more than once, 
the graph is not the graph of a function. 


This is called the vertical line test. 


The graph of the parabola to the right is not a graph of a function. 





A vertical line has been drawn that crosses the graph at two places. 


The y-values are not uniquely determined by the x-values. 





State whether or not each graph is the graph of a function, and illustrate using the vertical 

















line test. 
a b yA 
у = 1083 x 
> 
9) 1 х 
с УЛ 4 


4| х2-у2-16 














-4 
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ON 20A FUNCTIONS AND DOMAINS 
AL 1:50 0 





ic log; с) 














It is not the graph of a function. Шу ы then y огу —x, 
so the graph consists of two straight 
lines. It is not the graph of a function. 


Relations 


“ An equation such as x? + y? = 25 is called а relation. Indeed, the word 
‘relation’ is very general, and any set of points in the Cartesian plane is a 
relation. 





The vertical line test determines whether or not a relation is a function. -5 О 5 





e Іп а natural way, the circle x? + y? = 25 leads to two functions. 
Solving x? + у? = 25 for y: 
2 225-2 
= 425 - x? or y- з4 25-32 
The graph of the first of these is the top half of the circle. 


This graph satisfies the vertical line test. So y = ү25 – x?,-5€ x < 5 іѕа 
function. 








Domain: 5 < х < 5 
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20А FUNCTIONS AND DOMAINS хүс 





The graph of the second of these is the bottom half of the circle and the graph satisfies the vertical 
line test, so y = —N25— x?,-5 € x € 5 is a function. 


y^ 
-5 О 5 x 
5 —ү25 – x2 





Domain: -5 < х < 5 


ә) Functions, domains and the vertical line test 






е When a quantity, y, is uniquely determined by some other quantity, x, as a result of some 
rule or formula, then we say y is a function of x. 


e The set of allowable values of x is called the natural domain, or domain, of the function. 


е Vertical line test. Each vertical line, x = c, must meet a graph at, at most, one point for 
the graph to be the graph of a function. 


Notice that each vertical line meets the graphs of the functions 
on page 590 of this chapter at either zero or one point. 








Ө Exercise 20A 


В 5) 1 What is the domain of each function? 























5 1 
a y=2x-5 b y=x24+5 с у= > а у= 
у = 2х y go Е к=; 
3 4 7 3x -2 
СЕРА сае B yug 47-40 
2 What is the domain of each function? 
а у--/7х b у--/7-х с у-ЧУ7-х 
1 1 
d у--/7х-1 е - f = 
? ы Ух : Vx —7 
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20А FUNCTIONS AND DOMAINS 
EA 





3 What is the domain of each function? 
à ye? b у-7%-5 с y=logsx 
а у = log3(x — 2) е у = log5(-x) f y= 2sinx 


ETT 4 Use the vertical line test to determine whether each graph is the graph of a function. 



































a y b с y^ 
у=4 у-7х2%3 
x 
3 
O x 
d e УЛ Ї 
> 
x 
(x = 2)?|+ (у - 32 = 25 
5 y^ h y^ 1 УЛ 
! = logs (x + 5) А 3 
| 1 1 P + у? = 1 х= -у 
55) -4 О x =2 2 F О x 
| E 
5 a Solve the equation y? = 4х2 for y. 
b Draw the graph of y? - 4x?. 
с Does the graph satisfy the vertical line test? 
d Isthe graph of у? = 4x? the graph of a function? 


6 Ina natural way the graph of y? = x leads to two functions y = x and y = —Jx. 
a Draw the graph of y? = x. 
b Draw the graphs of y = Ах and y = —Jx. 
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20 Inverse functions 


We start with a very simple example. 





If we add three to a number and then subtract three, we get back to the original number. 


The function y = x + 3 corresponds to adding three to a number and similarly the function 
y = x — 3 corresponds to subtracting three from a number. 


The function y = x + 3 takes 2 to 5 and the function y = x — 3 takes 5 to 2. 
y=x+3 











The tables show the values of all x and y pairs on one function swap places on the other. 


The graphs of the two functions are shown below. It is clear from the diagram that one of the 
functions is the reflection of the other in the line y = x. 





у =x +3 апа у = х — 3 аге said to be inverses of each other. 
This will be defined formally in Section 20E. 


A second very simple example. 


If we multiply a number by 3 and then divide by 3, we get back to the 
original number. 


The function y = 3x corresponds to multiplying a number by 3 and 





similary the function y = 5 corresponds to dividing a number by 3. 


What is the inverse of y = 2x + 1? If we double a number and add one we must first subtract one 


and then halve it to get back to the original number. 
ее! 





Thus у= is the inverse of у = 2x +1. 
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ON 20B INVERSE FUNCTIONS 
DA C  „һХЖ 


The graphs of the two functions are shown below. Each is the reflection of the other in the line 





: =I. : : : 
у = x. The function у = E is the inverse of the function y = 2x + 1 and y = 2x + 1 is the 


: x—1 
inverse of y = са 


у= 2х+1 


уях 











Now consider the two functions у = log? x and у = 2". 


The graphs of the two functions are shown below. Each graph is the reflection of the other in the line 
y = x. Moreover, for each point (a, b) on one function, the point (5, a) lies on the other. The function 
y = log; x is the inverse of the function y = 2* and у = 2" is the inverse of y = log, x. This has 
been discussed in Chapter 14. 


(2,4) (8,3) 
ж у =log, x 








Constructing inverses 


As we saw from the above examples, there is a simple method for finding the formula for the inverse 
of a function. 


We interchange x and y and then make y the subject. 

For example, if y = x + 3 

Then x=yt+3 (Interchanging x and y.) 
y2x-3 

у = x — 3 is the inverse function of y = x + 3 ав we saw above. 
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20B INVERSE FUNCTIONS М 
Example 3 


Find the inverse function of: 


а y=2x+1 boy =x? 


a y=2x+1 
x = 2y+1 (Interchanging x and y.) 





soy = Х — is the inverse function of y=2x+1 
b =? 
х=” (Interchanging x апа у.) 


so у = Ух is the inverse function of у = x? 


We return to our study of inverse functions in Section 20E of this chapter. 


| Ф Exercise 20B 


1 Find the inverse of each function. Sketch the graph of each function and its inverse on the 
one set of axes and also include the line y = x. 








а у-х-4 b у-2х-2 
-2 
€ y=2x-1 d у=" 
3 
2х-4 
e у= 3х+2 f y= 2 
3 
x 
= Эх h у-- 
g y У 3 
i y=6-2x j У-5-х 
k y=6-3x І у-2-5 


2 Find the inverse of each function. Sketch the graph of each function and its inverse on the 
one set of axes and also include the line y = x. 


a у=х?+1 b у--х: 
1 
c у= х +8 а акш. 
4 1 
е у= 2х° – 4 f у= = 
2 4 
в y-c-3 h у---1 
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20) Function notation and the 
range of a function 

In Section 20A we said that ‘y is a function of x’ if the value of y is uniquely determined by the 

value of x. 


There is a standard and very convenient notation for functions. For example, we 


can write the function y = x? as: 


f(x) = x? 
This is read as * f of x is equal to x”. 


To calculate the value of a function, we substitute the value of x. 
So in this case: 


f8)23?29 f(0) 20 f(-2) 24 f(a) = а? 
We say that the graph of the function f(x) = x? is the graph of у = х2. So f(x) is the y-value. 





This new way of writing functions is called function notation and was introduced to mathematics 
by Leonhard Euler in 1735. We have previously used this in the chapter on polynomials but from 
now on we shall use it for all functions. 


So, for example, the statement Р(х) = x? + 2x? — 5 can be thought of as defining the polynomial 
P(x) or the function P(x). 


P(1) = —2 15 a value of the function P. It is also the value of the polynomial at x = 1. 


Example 4 


Let f(x) = 3 – х2. Calculate: 
a f(0) b fd) e ус 
d f(t) e f(2a) Dora 


f(0 23-0? = 3 
fd) =3-12=2 
=) -3-041/7-2 
ше з=? 
fa) = 3 – (2а)? 
= 3 — 4a? 
а +2) = 3 – (a - 2)? 
= 3— (a? — 4a 4- 4) 
= -a? + 4a -1 


оро тоо 


-- 
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20C FUNCTION NOTATION AND THE RANGE OF А FUNCTION М 


The natural domain and range of a function 





Natural domain of a function 


Recall from the previous section that the natural domain of a function is the set of all allowable 
x-values and can be known simply as the ‘domain’. For example, the function f(x) = logs x has 
domain ‘the positive real numbers’, or simply x > 0. 


Definition of the range of a function 


The set of all values of f(x) (or, if you like, the set of all y-values) is called the range of the 
function. To determine the range, it is best to first graph the function. 


What is the domain and the range of f(x) = 4 — x?? 


f(x) is defined for all real numbers and so the domain is ‘all real numbers’. 


From the graph, the range of f(x) = 4 — x? is y < 4. 





Example 6 


What is the domain and the range of f(x) = 3* + 2? 


'The domain of the function is all real numbers. 


The range of the function is all real numbers greater than 2, or y > 2. 
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20C FUNCTION NOTATION AND THE 





RANGE OF A FUNCTION 


Example 7 


What is the domain and the range of f(x) = V16 — x? ? 


Suppose that y = J16 — x? 
Then y= 16. — x^ 
х? + у? = 16 





So the graph of f(x) = V16 — x? is the top half of the circle with 
centre the origin and radius 4. 


From the graph: The domain of f(x) 18-4 € x < 4. The range of f(x) is 0 € y < 4. 


| e Exercise 20C 


=D 





ICE 
ІСЕ-ЕМ Mathematics 10 3ed 


If f(x) = 3 — 5x, find: 





а fO) b f(A) с (3) 

а /0)-70) е 4/3) f 3/(10)- 4/5) 

If f(x) = x? + 2, find: 

а f(2) b f(0) с 7-9 

441) e fq) £ f(0)* fQ0) 

If g(x) = 2 

a g0 begs) cas) — d gil) ЖЕНЕ 4-5) 
Let f(x) = 1 Find x if: 

a f(x) =6 b у(х) = = с f(x) = f(-2) 

Let k(x) = x? — 4x. Find x if: 

а k(x)= b k(x)=- с k(x)=5 

а k(x)=- e k(x)=1 f k(x) = К(3) 

If h(x) = x? — 4, find and simplify: 

a h(a) b h(y + 2) c h(2b) d A(-3c-1) е A(x?) f h(x?) 
If f(x) = х2, state whether each statement is true or false. 

а f(5)-fQ)-/f(4) b f(4) = 2f3)- ЖІ) 

с fixty) = fx) + Ку) d f(xy) = Хо/0) 

е Ј(ах) = a?f(x) f f(a-b)- f(a) – ХЫ) = 2ab 
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NEN А 


8 If g(x) = 3x, state whether each statement is true or false. 





а g(3) = 20(2) + 3g(1) b g(2) = g(1) + 22(0) с g(x ty) = g(x) + 8» 
d g(x +у) = g(x)g(y) е (ху) = g(x)g(y) f g(2a) = 2g(a) 
9 Find the domain and the range of: 
a (д-3-х b fa = 2 с f(x) = 25 +4 
а f(x) = V9 - x? е f(x) -6-5х2 f Р) = х2 +4 
g р(х) =5* -3 h у(х) = 25 +7 i f(x) = -v25 — x? 
j Ј0)= 2-7 k f()-— L f(x) = 0207-5) 
sin x 
m f(x)= sinx n f(x)= tanx - | 
COS X 





2O Transformations of 

graphs of functions 
In Chapter 7 of this book, we saw how to draw the graphs of quadratic functions starting with the 
basic parabola y = x? by: 


e translating up and down 

e translating to the left and to the right 

e reflecting in the x-axis 

e stretching from the x-axis. 

In Chapter 11 of this book, these transformations were applied to the graph of y = L 
These same transformations can be applied to any function and its graph. We will also see the effect 
of reflecting a graph in the y-axis. 


Translations 


The graph of y = f(x) + a (where a is a constant) is the graph of y = f(x) with a translation of a 
units in the vertical direction. 


For example: 


y=3*+7 
8 
and 
2-------------1-------- y=7 
--------::-: > 
О x 
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ON 20D TRANSFORMATIONS OF GRAPHS OF FUNCTIONS 


The graph of y = f(x — А) is the graph of y = f(x) with a translation of h units in the horizontal 
direction. 


For example: 





= log, (х- 3) 


and 





Reflection in the x-axis 
The graph of y = — f(x) is the reflection of the graph of y = f(x) in the x-axis. 


Combinations of translations and reflections in the x-axis 
Reflection in the x-axis sends (2, 3) to (2, —3) and in general (a, b) to (a, —b). 
YA 


* (a, Б) 











=V 


* (a, —b) 











Ехатріе 8 


Sketch the graph of f(x) = 7- 37 and find its domain and range. 


We start with the graph of y = 37 and reflect in the x-axis to obtain the graph of y = —3*. 
Next, we translate the graph upwards 7 units to obtain the graph of y = 7 — 37, 


=з 








хү 








The domain is ће set of all real numbers and the range is у < 7. 
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20D TRANSFORMATIONS ОҒ GRAPHS OF FUNCTIONS хүс 
Ехатріе 9 


а Sketch the graph of f(x) = —x? + 6 and find its domain and range. 
b Sketch the graph of f(x) = —(x? + 2) and find its domain and range. 





a Тһе graph of f(x) = —x? + 6 сап be drawn by first reflecting the graph of g(x) = x? in 
the x-axis and then translating 6 units up. 


20 





We can write f(x) = —g(x) + 6. 
The range of f(x) is “ай real numbers’. 


b The graph of f(x) = -(х? + 2) can be drawn by first translating the graph of g(x) = x? 
two units up and then reflecting in the x-axis. 





УЛ 
УЛ 
О = uy 
> 
2 © 5% 
-2 
-------.:--Б> 

2 2 y =—(x2 + 2) 








We can write f(x) = —(g(x) + 2). 
The range of f(x) is y <-2. 


Reflection in the y-axis 


The graph of у = 277 is the reflection of the graph of y = 2* 
in the y-axis. 
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20D TRANSFORMATIONS OF GRAPHS OF FUNCTIONS 








Reflection in the y-axis sends (2, 3) to (—2, 3) and in general (a, b) to (—a, b). y 
(-a, b) (a, b) 





The point (x, f(x)) on the graph of y = f(x) reflects to the point (—x, f(x)) 
and, similarly, (~x, f(—x)) goes to (x, /(-х)). 


That is, the reflection of the graph of y = f(x) in the y-axis is the graph of 
у = fx). 





Example 10 





Sketch the graph of f(x) = log, (~x). 





The graph of f(x) = log» (—x) is the reflection of the graph y 
of y = log, x in the y-axis. = log? (х) y = 1082 x 
Note: If g(x) = log5(x) then f(x) = g(-x). 

-1ХО 1 i 


Stretches from the x-axis 


The graph of у = af (x) is a stretch (or dilation) of the graph у = f(x) from the x-axis by a factor 
of a. The point (x, /(х)) on the original graph becomes the point (x, а/(х)) on the transformed 
graph. 


Example 11 





Sketch the graph of f(x) = 2x?. 


The graph of f(x) = 2x? is the stretch of the graph of 
О) = х by a factor of 2: 
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1 Let f(x) = 2x + 3. Sketch the graphs of: 





a y= f(x) b y=f(x)+4 c y--f(x) а y=-f(x)+2 
2 Let f(x) - 3x. Sketch the graphs of: 
a y= f(x) b у=/(х)+4 c y--f(x) d y--f(-x) 
ИЖ 3 Use transformations to sketch the graphs of each function and find its domain and range. 
a f(x)=x7 +5 b f(x) = (х – 5)2 c f(x) = (х + 4)? 
а f(x) = 37 e /(х=5*+1 f f(x)25*—-4 
g f(x) = 2 + log;x h f(x) = log3(x — 4) і f(x) =—log3(-x) 


7777) 4 Sketch the graph of each function and find its domain and range. 
а f(x)=x7+2 b f(x) = х2 —6x+13 с f(x) = АХ 
d f(x) = V2x+2 e f(x) =-Vvx-2 f /(5)-2-4х-2 
5 Let f(x) = У25-х2. 


Sketch the graphs of y = f(x), у= f(x) +5 and y = —f(x) on the one set of axes. 


6 Let f(x) = x3 - 3x? + 2x. 


Sketch the graphs of y = f(x), y = —f(x) and у--2/(х) on the one set of axes. 


7 Let f(x)= 1. 


Sketch the graphs of y = f(x), у= 2f(x), y =—f(x) and y = —2f(x) on the one set 
of axes. 





20 Composites and inverses 


Composites of functions 


Let f(x) = x? and g(x) = 2x + 3. We can combine these two functions to obtain a composite 
function. Since f(x) is a number we can calculate g(f(x)). 


For example, f(3) = 3? and 2(32) = 21 
Thus g(f(3)) = g(32) = 21 
and for any х, ¢(f(x)) = g(x?) = 2x? +3 


This procedure is called taking the composite of the two functions f(x) and g(x). This composite is 
a function, since there is a rule that uniquely determines g(f(x)). 
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ON 20E COMPOSITES AND INVERSES 
:c4 1 0 e E 


Note: 
e f(g(3) = f(9) = 81 and in general 
f(gG)) = fQx +3) = (2x + 3)’, so f(gG)) # а(/() 


1 
e The composite g(f(a)) is defined when f(a) lies in the domain of g. For example, if f(x) = P 
and g(x) = x — 3, the composite f(g(3)) is not defined, since g(3) = 0, which is not in the 





domain of f. 

Example 12 

Let f(x) = | 3 and g(x) = 2x +5. 
= 


a Find g(f(4)), f(g(4)), g(f(x)) and f(g(x)). 
b Explain why f(g(—1)) does not exist. 
c What are the domains of the functions g( f(x)) and f(g(x))? 


1 
a СВЕ f(e(4) = f3) = m 








1 p 1 
= g| — | = S = }(2х + 5) = 
ҒО») (- - | се FEO = /@х+5) = —— 
b с(-1)- 3, which does not belong to the domain of f(x). Hence, f(g(—1)) does not exist. 
с g(f(x) has domain x + Запа f(g(x)) has domain x + —1. 


Inverses of functions 


In Section 20B, we introduced the idea of the inverse of a function. We now consider what happens 
when we compose a function with its inverse. 


If we add 2 to a number and then subtract 2, we get back to the original number. We can express this 
as the composition of the functions f(x) = x + 2 and g(x) = х - 2. 


f(g(x)) = f(x-2)=x-24+2=x 
and g(f(x) = g(x +2)=x+2-2=x 
Applying f(x) and then g(x), or vice versa, returns the original value of x. 
The functions f(x) = x +2 and g(x) = х- 2 are said to be inverses of each other. 


Two functions, f(x) and g(x), аге inverses of each other if f(g(x)) = x and g(f(x)) = x. 
The first equation must hold for all x in the domain of g and the second must hold for all x in the 
domain of f. 


Of course, this is consistent with the idea of inverses introduced in Section 20B. Cubing a number 
and then finding the cube root returns the original number. Hence, we would expect f(x) - x? and 
g(x) = 4/х to be inverse functions. The following example demonstrates this. 
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20E COMPOSITES AND INVERSES М 
Example 13 


Show that f(x) = x?and g(x) = 3/x are inverses and sketch their graphs. 


f(g(x)) = fA) = Ax = x 
(f(x) = 9(x3) = ух? = x 


Hence, f(x) and g(x) are inverses of each other for all x. 








Geometrically, reflecting the graph of a function in the line y = x corresponds algebraically to 
interchanging x and y in the equation. This can be seen through the discussion in Section 20B. 
It can easily be proved that the point (a, b) is the reflection of the point (b, a) in the line у = x. 


Example 14 


Find the inverse function g(x) of the function f(x) - 4x — 7. Sketch the graphs of 
y = f(x), y = g(x) and y = x on the one set of axes. 








f(x) = 4x -7 
then y=4x-7 
The inverse is x = 4y — 7 (Interchange x and y.) 
xs 38 яр 7 
4 
sear 7 
50 g(x) = 4 


Geometrically, the graphs of f(x) and g(x) аге 
reflections in the line y = x. 








Note: 
feo» = (Ы) 7 ago» 2—7 
=x+7-7 E 
=y = 4 
ee 
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ON 20E COMPOSITES AND INVERSES 
үт Т ж 0000000 


The horizontal line test 


Not all functions have inverse functions. For example, the function f(x) = x? does not have ап 
inverse. We can see this by noting /(2) - 4 and f(-22 2 4 








So if the inverse g(x) existed, we would have g(4) - 2 and g(4) - —2, which is impossible, because 
a function cannot have two y-values for the same x-value. 


In general, a function, f(x), has an inverse function when no horizontal line crosses the graph of 
y = f(x) more than once. 


This is called the horizontal line test. 


Example 15 


a Show that f(x) = x? — 1 satisfies the horizontal line test, and find its inverse function. 


b Show that f(x) = x(x — 1)(х + 1) does not satisfy the horizontal line test and hence does 
not have an inverse. 


a Each horizontal line, y - c, meets the graph of y - f(x) 
exactly once. 


The function is y = x? — 1 





The inverse is x = y? — 1 (Interchanging x and y.) 
1 
у = (x +1)3 1 
The inverse function of f(x) = x? — 1 is g(x) g(x) = (x + 1)3 








b Тһе graph does not satisfy the horizontal line test, as shown у= х(х —1)(х + 1) 
in the diagram. 
Hence, the function f(x) = x(x — 1)(х + 1) does not have 
an inverse function. 
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20E COMPOSITES AND INVERSES 





Example 16 





1 
Find the domain and range of f(x) = ——. 
х-3 


Show that f(x) has an inverse function g(x) and find g(x). 


Ш Ace) = Бе then the domain of f(x) is х # 3. 
x 


The range of f(x) is y + 0. 


Since the graph satisfies the horizontal line test, 
f(x) has an inverse function. 














Write y = 
: XF 
А 1 : 
The inverse is x = — — (Interchanging x апа у.) 
y+3 
1 
y+3 = 
x 
1 
02-20 
Ж 


So the inverse function is g(x) = E -3 


The domain of g(x) is x # 0 and the range of g(x) is y #3. 








1 1 
Check: g(f(x)) = 4 | f(g(x) = f |= = 3) 
KHS x 
22-12 
POLLO Po 
ru =x as required 
=x 


Note: When we reflect in the line y = x, every vertical line becomes a horizontal line. Thus, the 
horizontal line test for f(x) becomes a vertical line test for its reflection. So they are really the same 
test, one for the function and the other for the inverse. 


> Composite and inverse 






e If f(x) = x+ 2and g(x) = x3, then 
f(g(x) = f(x?) = x? +2 and g(f(x)) = g(x + 2) = (x + 2? 


e Two functions, f(x) and g(x), аге inverses of each other if f(g(x)) = x апа g(f(x)) = x. 
The first equation must hold for all x in the domain of g and the second for all x in the 
domain of f. 


• |f f(x) and g(x) are inverses of each other, then the domain of f is the range of g and 
vice-versa. 
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=: SA шеттете 
е Exercise 20E 


Example 12 | 1 


Example 14 ) 5 


Ехатр!е ? 6 
13, 15 
Example 16 | 7 


10 





Suppose that f(x) = x — 2 and g(x) = x + 5. Calculate: 

а g(f(0) b g(f(2)) с 4(/(7) d g(f(a) e 4(/(х) 
Interpret these calculations in terms of translations along a line. 

If f(x) = x - 2 and g(x) = x? — 4, find: 

а g(f(0) b /f(g(0) с g(f(2)) 4 %0) e FA) 
f g(g(2)) g fex) h g(f(x)) і f(f(*)) j 8e) 
k Does f(g(x)) = g(f(x))? 

If f(x) = 3x — 2 and g(x) = La + 2), find: 





a g(fQ) b fe) с g(f(4) 
а f(s(4)) е f(g(x) f g(f(x)) 
g Describe the e ке f(x) and g(x). 

If f(x) = : қ and g(x) = —— 207 d: 

a ef) | ^b FEO) c 8070) 
d /((4) e fex) f g(f(x)) 


g Describe the relationship between f(x) and g(x). 


Find the inverse function g(x) of each function f(x). Sketch the graph of each function 
and its inverse function on the one set of axes and also sketch the line y = x. 














а f(x)=x+5 b f(x) =3x=2 с f(x)=3x+2 
а f(x24-3x е Го) =3--х 
For each function f(x), find the inverse function g(x). 
а f(x)2x?-2 b f(x) =2-x3 € f@y=32x 
For each function f(x), find the domain. Then find the inverse function g(x) and its domain. 
1 x+2 
а }(х) = 161 b кетгі с ме 5 а еа 
Show that lm function is its own inverse. 
а f(x)-5-x b f(x)--x с Лх)--- 
6 2х-2 -3х-5 
а (д-- € dmm. Ж. = 
For each function f(x), find its domain. Then find the inverse function g(x) and its domain. 
а f(x) = Зх b /(х)=2°^ с /(х=5х7* 
а f(x) = logs x е f(x) = 2log,3x f f(x) = 100›(х — 3) 
g Тез”! h f(x) =4+ log, x i fa =5" +5 


Consider the graph of the circle x? + y? = 49. Show that it is possible, in a natural way, to 
divide the circle into four pieces, each of which is the graph of a function that has an inverse. 
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Review exercise 


1 Find the domain of each function. 











7 1 3 
а y=4x+3 b y=- с у= d 
á ‚ а i x-5 i x+8 
e узух-2 2-0 р у= =. нэ 1 
x 

2 Let h(x) = x? — 4. Calculate: 

a h(0) b (1) c h(-l d A(-4) 

e h(a) f h-a) g h(2a) h /(а-2) 
3) eth) = 3 — 27 Ealeulate: 

а (0) b hd) c h-I) а A(-4) 

e h(a) f h-a) g h(2a) h (a 2) 


4 State the domain and range of: 
а їїхүээз-2х 





b = 
ui c х 50 
5 Let h(x) = 4x + 2. Sketch the graphs of: 
а y--h(x) 
D y= ш) то 
с y=h(x)-2 
а у= 2h(x) 


6 Let f(x) = x? - 2. 
Sketch the graphs of y = f(x), y = —f(x) and у = f(x) 3 on the one set of axes. 


7 If f(x) =2x+1and g(x) = 5 – х2, find: 
а g(f(0) b f(g(0)) с g(f(2)) а f(g(2)) e SA 
f 5(5(2)) g fe) h #(/(х)) i Sf) j g(g(x)) 
k Is it true that f(g(x)) = gCf(x)? 

8 Find the inverse function of each function. 
а f(x)=3x-4 
bo =2— 37 
с у-х-2 


а у= 





х+2 
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Challenge exercise 


1 a Let f(x) = 2x. Show that f(a+ b) = f(a) + f(b) апа f(ka) = kf(a) for all real 
numbers a, b and k. 


b Let f(x) = x + 2. Show that f(a + Б) + f(a) + f(b) for any real numbers a апа b. 
Also show that f(ka) = kf (а) for all real numbers а and b unless k = 1. 


2 a Let f(x) = 27, Show that f(x + y) = f(x) f() for all real numbers х and y. 
b Let f(x) = x. Which whole numbers x and y satisfy f(x + y) = f(x)f(y?? 


3 Assume that the domain is the real numbers for the functions being considered in the 
following. 


A function f(x) is said to be even if f(x) = f (—x) for all x. 

A function f(x) is said to be odd if f(—x) = — f(x). 

a Give an example of an even function and an odd function. 

b Prove that the sum of two even functions is an even function. 

с Prove that the product of two even functions is an even function. 
d Prove that the product of two odd functions is an even function. 


e Prove that the composition of two odd functions is an odd function. 
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21 Review 





Chapter 11: Circles, hyperbolas and simultaneous equations 
1 Sketch the graph of: 
а x*+y? = 49 b х2-у2-7 
с (х-2)2 +y 24 d (x+1)*+(y- 2) = 16 
2 Write the equation of the circle with: 
a centre (3, 0) and radius 4 b centre (-1, 2) and radius 4/3 


3 Express each equation in the form (x — А)? + (y — k)? = r? and hence state the coordinates 
of the centre and the radius of the circle. 


a x?-4x c y? +6у+9 = 0 b х?+2х+у”+8у+1=0 
4 Sketch the graph of: 








a у= b due с yz d y- -2 
X X х-2 x+3 
5 Find the intersection points of: 
а у= х2 +2х- 3 b у= 2х2+3х-3 с у= 2х+1 4 у= 3x47 
у = 3х+3 у = 2х +3 3 6 
pee ус 
Ж x 
6 Find the intersection points of: 
а х2-у2-9 b х2+у2=4 
y=2 х-1 
с х?+у^=4 d x*+y? =16 
у=х+2 y=4-2x 


7 Find the coordinates of the points of intersection of y + 2x = 1 and x? + y? = 13. 
8 Find the coordinates of the points of intersection of 4y = x? — 4 and 2y - x = 10. 
9 Sketch each inequality. 
а у<2х+3 b х+2у<6 с (x-2)?+y? <1 


1 


d x7+(y-2)? <4 е х2-у2>9 f y> 
хет 





10 Sketch each region. 
a у>хапах>фбапах-у<6 
b y2xandy €2xandy <6 
c x 2Z0andy20andy < 2х clandx* y € 8 
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21А REVIEW 





Chapter 12: Further trigonometry 


Unless otherwise stated, values should be calculated to one decimal place. 


1 
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Find the value of each pronumeral. 
a b c x 


4.2 


2 





x 


A 3 m ladder leans against a wall so that it makes an angle of 40° with the vertical. 
а How far up the wall does it reach? 


b How far is the foot of the ladder from the wall? 

Find the angle of elevation of the sun when a tree 1.5 m high casts a shadow of 75 cm. 

A hiker walks due south for 6 km then on a bearing of 270°T for 10 km and finally due 
north for 15 km. 

а Calculate the distance between the starting point and the finishing point. 

b Calculate, to the nearest degree, the bearing of the starting point from the final position. 


An aeroplane flies on a bearing of 060°T for 80 km and then on a bearing of 150°T for 
70 km. What is the bearing of the starting point from the final position of the aeroplane? 


An observer is 350 m from the shoreline, where a man is standing. Between the 
observer and the man is a sand dune 15 m high and 100 m from the sea. What is the 
minimum height above sea level that the observer’s eye must be in order for him to 
see the man’s feet? 


The surface of the water in a horizontal pipe is 16 m wide 
and subtends an angle of 120° at the centre of the pipe, as shown. 
Find, correct to three decimal places: 


а the distance from the centre of the pipe to 
the water surface 


b the diameter of the pipe 





c the maximum depth of the water 


Find the exact value of x. 


a A b A 
© 
xcm 
xcm 
B 48 cm C 
В <-->С “р 


10 ст 
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9 


10 


11 


12 


13 


14 


15 


16 


17 


For the diagram shown, find the exact value of x. D 


45° 30° 








100 cm 


A piece of wire 20 cm long is bent in the shape of a triangle with interior angles 30°, 60° 
and 90°. Find the length of the hypotenuse, giving your answer in surd form with a rational 
denominator. 


A boat was sailing off the coast of Wilson’s Promontory on a bearing of 350°T. 

At 1400 hours (2 p.m.), the bearing from the boat to South-East Point Lighthouse 

was 0209Т and, at 1600 hours (4 p.m.), the bearing from the boat to the same lighthouse 
was 0509Т. If the boat was travelling at 6 km/h, how far from the lighthouse was the boat 
at 1600 hours? 


Find the missing side-lengths and angles for triangle ABC, given that: 
а AB =3, BC = 5 and ZBAC = 50° b АВ = 6, АС = 4 and ZACB = 70° 
с BC = 2, ZBAC = 65? апа ZABC = 80? 


A hiker walks 5 km оп a bearing of 143°T апа then turns on а bearing of 121°T and walks 
a further 10 km. How far is the hiker from his starting position? 


A scout measures the magnitudes of the angles of elevation to the top of a flagpole, CD, 
from two points (A and B) at ground level. A is 100 metres further away from the flagpole 








than B. D 
A, B,C and D are in the one vertical plane. If the angles are 2: 
43° and 14°, calculate the height of the flagpole, giving your А B С 
answer correct to four significant figures. Ы 100 m 


The bearing of a boat is taken from two points, A and B, which are on a jetty. The bearing 
of B from A is 090°Т and AB = 100 m. The bearing of the boat from A is 045°T and from 
B is 030*. Find the distance of the boat from B, giving your answer as an exact value. 


In the prism ABCDEFGH, АВ = 12cm, BC = 5 cm 
and CG = бст. Find: 

a the inclination of AG to the plane ABCD 

b the inclination of HB to the plane BCGF 





A right pyramid VABCD stands on a square base ABCD of side length 42 cm. If each 
sloping face makes an angle of 60? with the base, find: 


a the height of the pyramid (correct to four significant figures) 
b the angle a sloping edge makes with the base (correct to one decimal place) 


c the length of a sloping edge (correct to four significant figures) 
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21А REVIEW 





18 ABCDEF is a right prism where ZBAC is a right angle. 
Given that AB = 8 cm, AC = 3cm and AD = 15cm, F 
find the inclination of the interval CE to the face ADEB. 





с” “В 


19 In the gable roof shown below, the ceiling ABCD lies in a horizontal plane and the slope of 
the opposite faces is the same. The ridge beam FE is parallel to the ceiling plane and 2 m 
above it. 














A 10m B A р В 
top view 
Calculate: 


а the inclination of the face EBC to the ceiling 


b the inclination of the rafter EB to the ceiling 














20 ABCDEFGH is a cube with sides of length 5 cm. 5-2 С 
P is a point on BC. Describe the location(s) of P so that ZEPH is: A 22-12 
а least b greatest 
and state the size of ZEPH in each case, to two decimal places G 
Е H 
Chapter 13: Circle geometry 
1 Find the value of the pronumerals. 
a b с 
а? 
240° 
(“ХО 140% 
h? 
d e 
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21А REVIEW 


2 In the circle with centre О, AB is a diameter and BC = OB. D 

а Find the size of: N 

і ZACB ii ZBOC A B 
iii ZCAB iv ZCDB 

b If the radius of the circle is 6 cm, find АС. c 

3 AD is the diameter of a circle ADB, with centre О. BC is the C B 


tangent to the circle at B, AC L BC and AC is tangent to the 
circle at A. Prove that BA bisects ZCAD. 
A D 
4 AC and BD are two chords of a circle intersecting internally at A 
E. Given that AE = бст, EC = З ст and DE = 9 ст, find the B 
length of BE. 
С 
р 
О 
5 


























5 PQ and TS аге two secants of a circle intersecting externally Р 
at К. Given that PO = 5 сіп, OR = 7 cm and SR = A cm, find 
the length of 75. 


6 ABCD is a cyclic quadrilateral with BA and CD extended to meet at E. If AD = 2 cm, 
BC = 5cm, EA = 4 cm and АВ = 11 cm, find EC and ED. 


7 P isapoint inside triangle ABC. BP is extended to cut AC at О and CP is extended to cut 
AB at R. If BP x PQ = CP x PR, prove that AR x AB = AQ x AC. 
8 PT isa tangent to a circle where Т is the point of tangency, and PXY is a secant. 
a If PT = бст and PX = 4 cm, find XY and PY. 
b If XY = 24 cm and PX = 3 ст, find PT. 
c If XY = 21 cm and РТ = 10 ст, find PX. 


9 ABisachord of acircle ABC with centre О and ТС is a tangent at C. If ZBCT = 75°, find 
the size of ZBOC. 


10 ABisachord of a circle and XAY is the tangent at A. AK and AL are chords bisecting 
ZXAB and ZYAB, respectively. Prove that: 


а АГ = BL b КІ. 15 the diameter of the circle 
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21А REVIEW М 


Chapter 14: Indices, exponentials and logarithms — part 2 





1 Calculate each logarithm. 








а log, 16 b 108481 с log, 1024 
d log;l e 10210100000 
2 Calculate each logarithm. 
a log, 3 b log; E с logio ыш d 108:00.01 
е log; 23 f log. = g loga h logio 0.000 01 
3 Simplify: 
а log215+ 1090) 5 b log27+log29 с log211+log23 
d log,1000 — log; 10 e 1095 200 – 10955 f 100542 – 10256 
g 109315 – 100; 45 h log; 1000 — log; 200 i 102530- 10956 
4 Simplify: 
а 10827-108511-44108»22 b 102; 1000 – log; 10 – log; 5 
с 10957 +100549 – 2 log; 343 а 10925 + 109113 – 109125 
5 Solve each logarithmic equation for x. 
a logsx 23 b log,x = 8 с logs(x+5)=4 
d log,(6x — 3) = 10 е 1о09:(5-х)-6 f 10910(2х- 1) = 4 


6 Solve each logarithmic equation for х. 

а log,27 23 b log,16=6 с log, 2048 = 6 d log,1000 = 3 
7 Sketch each graph. 

а y=logsx, х>0 b y=log3(x-2), х>2 

с y=log3(x+5) х>-5 а y=3log,x, х>0 

е y=log3(x)-2, х>0 


Chapter 15: Probability 
1 A fair die is rolled once. Find the probability that the number showing on the die is: 
а divisible by 3 b ап even number 


2 Acard is drawn at random from a standard deck of playing cards. Find the probability that 
the card 15: 


a a Heart b aJack c the Ace of Hearts 
d acourt card (i.e. a Jack, King or Queen) 


3 Two thousand tickets are sold in a raffle. If you buy 10 tickets, what is the probability that 
you will win first prize? 


4 A fair coin is tossed 5 times. What is the probability of getting 3 heads from the 5 tosses? 
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5 Two dice are rolled and the sum of the values оп the uppermost faces is noted. Find the 
probability that the sum is: 


a 10 
b 12 
с less than 9 
6 From a box containing 6 red and 4 blue spheres, 2 spheres аге taken at random: 
i with replacement 
ii without replacement 
In each case, find the probability that: 
a both spheres are blue 
b oneis red and one is blue 
7 А group of 1000 people, eligible to vote, were asked their age and their preferred candidate 


in an upcoming election, with the following results. 


18-25 years 26-40 years Over 40 years 
Candidate A 200 100 85 





Candidate B 250 230 50 


Candidate C 50 20 15 
Total 150 














What is the probability that a person chosen at random from this group: 
a is between 18 and 25 years old? 


b prefers Candidate A? 
€ is between 18 and 25 years old, given that they prefer Candidate A? 
d prefers мин A, given that they are between 18 and 25 years old? 
8 P(A) = р, Р(В) = T and P(A B) = =, Еша рїї: 
а А апа В are mutually exclusive 
b А апа B are independent 
9 Of the patients reporting to a clinic, 35% have a headache, 50% have a fever, and 10% 
have both. 


а What is the probability that a patient selected at random has either a headache, 
a fever or both? 


b Are the events ‘headache’ and ‘fever’ independent? Explain your answer. 


10 Records indicate that 60% of secondary students participate in sport, and 50% of secondary 
students regularly read books for leisure. They also show that 2096 of students participate in 
sport and also read books for leisure. Use this information to find: 


a the probability that a person selected at random does not read books for leisure 


b the probability that a person selected at random does not read books for leisure, given 
that they do not participate in sport 
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21А REVIEW 





Chapter 16: Direct and inverse proportion 
1 Ineach of the following: 
i find the constant of proportion and the formula for y in terms of x 


ii find the missing numbers in the tables 

















2 Given that y = Jx, and if y = 27 when x = 9, find the formula for y in terms of x, 
and find: 


a учһепх-4 b x when у = 75 


3 The surface area of a sphere is directly proportional to the square of the radius. If the 
surface area of a spherical ball of radius 7 cmis 616 cm2, find the surface area of a sphere 
of radius 3.5 cm. 


4 Given that y is inversely proportional to x? and y = 10 when x = 2, find the formula for y 
in terms of x, and find: 


a ywhenx = 9 b хуһепу-9 
5 Given that c сс ab?, find: 
a the constant of proportionality and the formula for c in terms of a and b 


b the missing numbers in the table 











6 ais proportional to x and inversely proportional to y. If a = 8 when x = 7 and y = 14, find 
a when x = 14 and y = 7. 


7 zis proportional to the square of x and proportional to the square root of y. If z = 72 when 
x = 2 and y = 4, find z when x = Запа у = 9. 

8 The energy of a moving body is proportional to its mass and the square of its velocity. 
A mass of 3 kg has a velocity of 10 m/sec and its kinetic energy is 150 joule. 
a Find the kinetic energy of a mass of 5 kg, moving with a velocity of 30 m/sec. 


b What is the effect on the kinetic energy of doubling the mass and doubling the velocity? 
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ON 21А REVIEW 
қас... 


Chapter 17: Polynomials 
1 Let P(x) = x? — 2x + 4. Find: 
a Р(1) b PCI) c P(2) 
d Р(-2) e P(0) f P(a) 


2 a Finda, if P(x) = x^ — 3x? — 5x +a and P(2) =1. 
b Find b, if Q(x) = x? - 3x? + bx + 6 and Q-D) = 0 


3 Find the sum P(x) + Q(x) and the difference P(x) — Q(x), given that: 
а Р(х) = x? +4х+7 and Q(x) = -2x2 + 3x? — 4x 
b Р(х) = 3x? -3x + 7 and Q(x) = 3x5 + x? - 7 
с P(x) = 4x? — 5x? — 6x + 6 and Q(x) = -Ax? + 5x? + 5x — 4 
4 Use the division algorithm to divide Р(х) by D(x). Express each result in the form 


P(x) = D(x)Q(x) + R(x), where either R(x) = 0 or the degree of R(x) is less than the 
degree of D(x). 


а Р(х) = x*+8x+6, D(x) =x+2 
b P(x) = x? – 6х2 – 12x +30, D(x) =x+6 
e Р(х)= 5x -7x -1,D(x)=x-l1 
5 Use the remainder theorem to find the remainder when the polynomial 


P(x) = x? + 2x? — x +3 is divided by: 


a x-3 b yad c PPR 
2 2 


6 Find the value of a in the polynomial ax? + 2x? + 3 if the remainder is 3 when the 
polynomial is divided by x — 2. 
7 Factorise each polynomial. 


а 2x?+5x? -x-6 b 2x?+x?-7x-6 с 2x4 -x -8x?+x+6 


8 Solve each equation for x. 
а 2x?+5x?-x-6=0 b 2x- x -8x +x+6=0 


9 Let P(x) = x? - kx? + 2kx - k — 1. 
a Show that P(x) is divisible by x — 1 for all k. 
b If P(x) is divisible by x — 2, find the value of k. 
c Assuming that x — 2 divides P(x), solve the equation P(x) — 








2х+3 . 
10 a Write к in the form a + 





x-1 х=] 

2 bx + 
БЭ 2 2” emg t. 

х2 + 2х X? 42x 
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21А REVIEW М 


Chapter 18: Statistics 
1 Calculate, correct to two decimal places, the mean and standard deviation for each data set. 
а 256 10, 12, 74, 11, 12, 10 15,5 
b 7,9, 11, 13, 15, 16, 18, 12, 11, 10, 14, 16, 18, 19 





2 Тһе body mass and heart mass of 14 ten-month old male mice are given in the table below. 


Body mass (grams), 27 30 | 37 38 





Heart mass 


«T 118 | 136 | 156 | 150 | 140 | 155 1157 |114 | 144 | 149 | 159 | 149 | 131 | 160 
(milligrams) 





а Draw ascatter plot of the heart mass against the body mass. 


b Draw a line of best fit and describe the main features of the scatter plot. 
3 The following table represents the results of two different tests for a group of students. 


Student 
1 





























2 
S 
4 
b 
6 
7 
8 
© 











Draw the scatter plot of Test 2 against Test 1 апа comment on the result. 


4 А woman keeps a record of how long it takes her to get to work each day for a month. The 
times in minutes are as follows. 


42 31 38 29 47 41 46 28 32 37 38 
46 41 27 35 38 42 48 2 29 32 


a Find the median. b Find the interquartile range. 





c Use the information to construct a boxplot. 


5 Ina market survey, 200 people were asked how many hours of television they watched in 
the previous week. The results are presented in the boxplot below. 


What is the maximum number of hours anyone watched television? 


a 
b How many people watched more than 8 hours of television? 


e 


What is the interquartile range? 


с. 


How many people watched between 8 hours апа 11 hours of television? 
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6 а The boxplot shows the distribution of test scores in a class (Class А) of 20 students. 





0 a b с а е 100 


The lowest score in the class was 38, the range of the scores was 50 and the median was 61. 


i Write down the values of a, c and e. 
ii When all the test scores were added up the total was 1240. 
What was the mean of the test scores? 


b The stem-and-leaf plot shows the distribution of test scores 
in Class B for the same test. 


369 


i Assuming all students sat for the test, write down the 
number of students in Class B. 


OY Лл о м 
ч 
со 





оо моил 5 
OWA NN A 


ii Find the median of the scores for Class В. 4|7is 47 


7 А community group is claiming that traffic volume on a suburban street has risen to 500 
vehicles for the hour between 8 and 9 a.m. on weekdays. George lives on this street and 


decides to conduct his own test. The following data represents George’s count of vehicles 
between 8 and 9 a.m. on Monday to Friday for 2 weeks. 








a How might you explain the value of the outlier; that is, the value obtained for Monday of 
week 2? 


For the remaining parts, ignore this outlier. 
b Find the: 

i mean, correct to one decimal place 

ii median 

iii interquartile range 
c Represent the data as a boxplot. 


d Give reasons which might explain the discrepancy between the community group's 
claim and the data gathered by George. 


Chapter 19: Trigonometric functions 


1 State which quadrant each angle is in. 
a 160? b 245? c 240? d 300? 
e 135? p 272° g 192? h 337? 
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2 Without evaluating, express each number as the trigonometric function of an acute angle. 





а sin 175° b cos 150° с tan 1602 d sin 200° 

e cos 200° f tan 185° g sin355° h cos 350° 
3 Find the exact value of: 

а cos 135° b sin 225° c sin 120° а tan 120° 

е sin 330° f cos315? g tan315? h sin 240? 
4 Without using a calculator, find the exact value of: 

а sin 90° x sin 225? x cos 135? b sin 330? x cos 240? 

c sin 360° x cos 275? d 2xsin120? x cos 120? 


5 Using exact values, find the angles Ө between 09 and 360? inclusive, with the given 
trigonometric function. 


1 1 
a 0-- b tan0 = —43 c sin0- — 
cos 3 an 53 sin 27 

4 sno =- e cos = -È f tan = -1 


6 Using а calculator, find, correct to two decimal places, the angles Ө between 0° and 360° 
inclusive, such that: 


а sin = 0.2745 b cos 8 = -0.9165 с tan @ = 2.2465 
d sin Ө = -0.8976 е cos 8 = 0.7010 f tan0 = -2.5884 
7 Find, in surd form, each of the following. 
a cos(-60?) b sin (-225?) с tan (135°) 
d cos (210°) e cos (—330°) f sin(-405?) 
8 Solve each equation for 0? < 0 « 360°. 
a 2с080-1 b 2cos0 = —J/3 с 2sin0+ 43-0 
d 6cos0-3-20 e 8tan0-8 f J3tan0-1 


Chapter 20: Functions and inverse functions 
1 Given that f(x) = 2x - 1, find: 
a f(0) b f(4) c 7-1 d f(-5) 
2 The function f is defined by f(x) = = x + 0. Find: 
X 
1 
а ІН b f(2) с f(8) а /-2) 


3 If f(x) = 3 – x, find: 
a f(l b 7-0 c f) d f(-3) 
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4 Find the value of a if: 





а f(x) = 5x- 4 and f(a) = 2 b Жаза ips) and f(a) = 
5 Write down P domain for each function. 5 
а /09--:- b f(x) = —— с f(x) = 5-5 
а g(x) = /?х-4 е £75 Г f(x) = loga(x+7) 
g f(x)=2* +6 h h(x) = log,(2x - 1) i h(x) = 100›(6 — x) 
6 Sketch each function and write down its domain and its range. 
a f(x)=x -3 b g(x)=6-x? с f(x) = logy (x + 3) 
а 9(x) = 3: +6 e h(x) =6-2" f f(x) = 316 x2 


7 Let f(x) = x°. Sketch the graph of y = f(x), y = f(-x) and y = 2f(x) on the 
one set of axes. 


8 Suppose that f(x) = x? and g(x) = 2x — 3. Calculate: 





a f(g(D) b gCf() с g(f(x)) а f(g(x) 
9 For each function f(x), find the inverse function g(x) and state its domain. 

а f(x) =2x-3 b 9-2 e f(x)= 

d f(x) = log3(x + 1) e ава f j= ess 


Problem-solving 





1 А man starts from a point С and walks for 6 km оп a bearing of 045°to N 
a point H, then he walks 10 km on a bearing of 150° to a point M. From 
his position at M: N 
a_ how far is he from G, correct to one decimal place? H 


b what is the bearing of G from M, correct to one decimal place? 


2 a A ladder 54/3 m long leaning against a vertical wall makes an angle of 
x? with the ground. If the foot of the ladder is a distance of 34/3 m from the 
wall, then: 
i find how far the ladder reaches up the wall 


ii find x, correct to the nearest degree 
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b A manhole is at a point (M) where the angle of T 
elevation to the top of the ladder (Т) is 15?, as shown 
in the diagram. manhole 159 4 
X 
Find the exact distance from the manhole to the M 2 В 


foot of the ladder, given that tan 15? = 2 — V3. 


3 A ship is sailing on a bearing of 350°T. At 2 p.m., the bearing from the ship to 
North Cape Light is 080°Т and the bearing from the ship to South Light is 105?T. 
Itis clear from a map that the bearing from South Light to North Cape Light is 355?T, 
and they are 1.5 km apart. 
a Draw a diagram using A for the point that the bearings were taken from the ship, 


N for North Cape Light and S for South Light. Clearly label all bearings and true 
north directions. 


b Draw AANS, indicating the angles and side lengths that are known. 


c Find the distance from the 2 p.m. position of the ship to the North Cape Light, to the 
nearest metre. 


d Ifthe ship has maintained a constant course, find, to the nearest metre, the closest it 
came to South Light. 


4 Pedro and Sam are both camping in the bush. Sam's campsite is 15 km due 
east of Pedro's campsite. At 9 a.m., they both walk out from their campsites. 
Initially Pedro walks 5 km to checkpoint A. From there, he turns right 90? and 
walks 15 km to checkpoint B. Sam just walks 10 km to checkpoint C. The 
paths Pedro and Sam follow from their campsites are indicated on the diagram 
below. The angles are given from due north. Let P and S represent Pedro and 
Sam's campsites, respectively. 


N North N N 
A A A А 





Let X be the point where their paths cross and Y be the point of intersection of the 
lines PS and AX. 
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21B PROBLEM-SOLVING 





5 Two sprinklers, A апа В, are set up to spray the 
circular areas shown in the diagram. Sprinkler A has 
a spray radius of 3 m and sprinkler B has a spray 
radius of 4 тп. Points P and О show the intersection 
of the circles. The sprinklers are 5 m apart. 


a 
b 


с. б 


6 In the diagram to the right, the line СЕ and the line 
FH are tangents to both circles with centres P and 
Q. The points of tangency for CE are C and D, 
and the points of tangency for FH are F and H. 


a 


b Prove that АСЕР is similar to AGHQ. 








Find each angle. 

i ZAPS ii ZAYP iii ZSYX iv ZSXY 
i Find the distance PY. 

ii Hence, calculate the distance YS. 

Prove that АРАУ апа ASXY are similar. 

Hence, find the distance SX. 

Find the exact values of: 

i АХ ii XB 

Hence, find how far apart Pedro and Sam finish up. Give your answer, correct to the 
nearest metre. 


Explain why APAB is a right-angled triangle. 
Which angle in APAB is the right angle? 
Prove that AAPB = AAOB. 

Find, to the nearest degree, the size of: 

i ZPAB ii “ОАР 


F is a point on the circle with centre A. 
Find ZPF9Q and give a reason for your answer. 





Prove that ACPE is similar to ADQE. 





CE DE 
Prove that — = —. 
FG СН 
This diagram represents a golfer at G, 80 m from the 


centre of a green, C, which can be represented by a ira 








circle of diameter 12 metres. 





Calculate, to two decimal places, the greatest angle 
that the golfer can deviate either side of the 

direct line GC so that the golfer's ball can land on 
the green. 
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b This diagram below represents а 350 m golf hole. TD and DF represent the centre line of 
the fairway, with ТРЕ = 120°, TD = 200 m and DF = 150 m. The golfer hits 220 m, 10° 
left of the line TD, to a point, X. Find the distance, correct to two decimal places, from 





Хо Е 
X 
220m 
10? D 
T 
200m 
120° 150т 


8 Bob the gardener is planning a circular garden, as shown, 
that is divided into two sections by the string line AP. 
Dimensions are in metres. The direction north is indicated. 


а Write down the equation of the circle. 


Find the equation for the straight line AP. 





с A peg is placed at point P. By using your answers to parts а 
and b, find the coordinates of P, and hence state where the peg 
is relative to the centre of the garden. 


9 The cross-section through the centre of a diamond cut at the Perfect 
Diamond Company is of the shape shown in the diagram. Region A is 
semicircular and region B is an isosceles triangle. The semicircle has 
radius ғ mm and the isosceles triangle has height h mm, slant height 
s mm and slant angle Ө, as shown. 





а Find a formula for: 
i hin terms ofr and 0 
ii sin terms ofr and 0 
b Find a formula for the area of: 
i region A in terms of r and t 
ii region B in terms of r and 0 


с The Perfect Diamond Company's secret is to make sure that the cross-sectional areas of 
regions A and B are equal. Show that this leads to an equation that can be simplified to 


T 
tan 0 = —. 


d Solve the equation in part c to find the value of 0, correct to one decimal place, for 
diamonds cut at the Perfect Diamond Company. 


е Find, to two decimal places, the total area of the cross-section through the centre of a 
diamond if the radius ғ is 2 mm. 
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10 Suppose that the points A, B, C and D lie on a circle, with AC meeting BD at 
right-angles at E. 


a If ZBAE = 30°, find the size of: 
1 ZABE 
ii ZCDE 
b If ZBAE = a? and ZECD = b°, find an equation relating a and b. 
Next, suppose that AC = 10 cm, BD = 10 ст, AE = x cm and BE = y cm. 
c Find: 
i CE in terms of x 
ii DE in terms of y 
d Show that x = y or x * у= 10. 
e Find, in terms of x and y: 
i area ЛАВЕ 
ii area АСЕР 
Next, suppose that area (А АВЕ) = area (АСЕР). 
f Show that x + y = 10. 
g Find the area of А АВЕ in terms of x. 
h find x if that the area of ЛАВЕ is 12 cm?. 
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Answers to exercises 





Chapter 1 answers 18 a i $0 ii $450 
. iii $4700 iv $127 700 
Exercise 1A bod 09 4 3% 
1 a 0.6 b 0.082 c 0.12 Ш . 
jii 12.3796 iv 31.9396 
d 0.0375 e 2.15 f 0.008 
g 0.8825 т” с i $22533.33 ii $34640.00 
5 ie 5 Ш $78571.43 іу $78 000.00 
2 a — b — с — 
20 25 40 19 a $1600 b $8000 
а 2 33 Ж 
3 © 400 125 20 а 5720 b $2025 
6 3 29 
мо h > | 21 a 7.596 p.a. b 6.896 p.a. 
* 2 ' 400 P P 
. 51 k 1 1 39 22 а 50 years b 38 years 
) 400 200 500 
23 а $15000 b 524790.12 
3 а 80% b 87.5% с 43.75% 
d 150% e 45% f 1662% Exercise 1B 
в 46% h 2.5% i 140% 1 a $627 b $9786 
j 112.5% k 0.075% 1 225% с 5483.36 4 53369.60 
4 a É. 0.64 b 60%, 0.6 с 16%, =. 2 а $8100 b 54332 
л с 5801.22 4 $9139.20 
d —, 0.205 e 140%, 12 f 62.5%, 0.625 
200 3 а 35840 b 171360 с 278 
5 9 b 188.64 с 5232 
d 1011.6 е 277 # 11 4 a 434mm b 88 mm с 786mm 
6 $26 b $254.10 c $1749 5 а 6% increase b 8896 increase 
d $2.70 e 5165 f $795 c 22% decrease d 44% decrease 
6 a $630 b $5160 
7 а 6% b 13% 
с 4.7% 4 160% 7 а200 b 7299 с 68142 
8 4.80% b 1.70% с 4.17% 8 а 4750 megalitres b 11340 megalitres 
d 3.13% e 3200% f 0.14% с 1840 megalitres d 63 330 megalitres 
9 45 9 a $52 b $31.20 
с $442 d $1.04 
10 a 15086 b 0.00 728 g 
10 a $3111.11 b $726.77 с $54.44 
11 61 minutes and 6 seconds 
11 а 528000 b $5992.56 с $13806.10 
12 a 16500 b 31500 
d $69 565.22 e $31890.04 f $421741.12 
13 a $480 b 240 mins c 240cm g 496 h 60.2296 i -17.16% 
d $218 e 800mm f 3731 mm 
12 ai $3014 ii $147 400 iii $9.02 
14 $1900 b i $3570 ii $388 070 iii $2.90 
c i $4862 ii $3818 254 iii $5.17 
15 a $575 b $12929 
16 а 100% profit b 17.696 loss 13 a i $3102 ii $24.97 iii $373.27 
b i $4061.90 ii $13.83 iii $73.50 
17 a costs $518519, total sales $546519 
b costs $11 538462, total sales $10 788462 14 a 50% b 2096 c 81.8% d 72.4% 
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15 a i 9.09% 
iii 78.2696 
b i 11.1196 
iii 400% 
Exercise 1C 
1 a $12474 
2 $3.83 
3 a $7706.79 
c $128.24 
4 а 504% 
b i $1503.63 
5 25.75% 


6 а decreased by 4% 


7 a $2.52 

8 аі $370.74 
b 62.9% 

9 a 5158 

10 ai 49.8°C 
b i 20.2°C 

11 a 18.6% 

12 a 90.996 


13 a decrease of 2596 
b decrease of 2596 


ii 15.2596 
iv 3.94% 


ii 21.95% 
iv 4.2896 


b $8042.64 с $233 436.82 


b $96119.13 
а $3947.50 


ii $25 965.05 iii $324.84 


b decreased by 64% 


b $2.19 c $1.99 

ii $8897.76 iii $4 199 930.76 
b 51589 c 61895 

ii 24.89С iii 31°С 

ii 34.29С iii 68.6°C 

b 11.6% 

b 100.096 c 100.096 


с As multiplication is commutative, if the percentage 
increases and decreases are the same, but in different 
orders, the overall effect is the same. 


Exercise 1D 
1 а $107000 

d 40.26% 
2 а 59750 


3 ai $1630910.87 
b i $1696 688.53 


4 а $327 000 
d $248 411.74 


5 a $83521265.73 
6 a $33542.00 
7 a $58349.04 


8 а $154880.98 


b $114 490 
e $40 255.17 


с $140 255.17 
f $35 000 


b 76% 
ii 329% 
ii 346% 


b $548 411.74 
е $189 000 


c 82.80% 


b $153336556.81 c $12000 
b $13 542.00 
b 71% 


b 61% 
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9 а $43 297.57 Ь $12 335.56 
10 а 74488 Ь 69 356 c 55 985 а 39 178 
11 a $16 282.30, $13 282.30 
b $5 512 011.72, $2 512 011.72 
с $552.75, $2447.25 
d $1632 797.69, $1 367 202.31 
12 а $5400, $5724, $6067.44 
b $5551.00, $5893.38, $6256.87 
13 $1202 680.28 
14 а 3.72% b 7.57% 
15 а 32.3% b 33.1% с 33.8% 
d 34.0% e 34.4% f 34.6% 
g The total percentage growth is approximately the same, 
but increases as the number of years increases. 
16 87% 
Exercise 1E 
1 а $420 000 b $294 000 с $70 589.40 
d 88.2% e $88 235.10 
2 а $83 886.08, 73.8% 
b $507 799.78 
3 Depreciated value is $15 126. Price obtained is better by 
$4874, to the nearest dollar. 
4 $2 724 000, $1 634 400, $980 640, $588 384; 
$1816 000, $1 089 600, $653 760, $392 256 
5 Sandra $116731.38, Kevin $20 971.52 
6 а taxis 98.4%, other cars 78.396 
b taxis $156 250, other cars $2 166 757.03, 
difference — $2 010 507.03 
7 а $8387 b $10 822 c $83157 
d 92.2% e $7666 
8 а $15523.20 b $33 348.49 
с 583.2% 4 53964.07 
еі 52480.80 ii $5941.76 
9 0.409696 
10 gain of 58.86% 
11 аі 27.7596 ii 27.10% iii 26.6196 
iv 26.49% у 26.26% vi 26.14% 
b The total depreciation is approximately the same, but 
decreases as the number of years increases. 
12 92.09% 13 2.6% 
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Review exercise g 742 h 1042 i 1242 
1 a $5400 b $2700 c $1500 j ^8 k 44/7 1547 
2 а $5000 b $3333.33 m 745 n 746 о 
с $2083.33 4 54000 p 30 ч 15/2 г 20,2 
s 10,40 t 24/3 
3 a 8% b 123% c 111% 
3 a 10V3 b 2045 c 18/11 
4 16% 5 585.50 а 154/6 е 244/5 f 35/5 
"e - Р” g 2442 h 3542 i 6643 
d 225 e 390 f 294.84 j 560 k 3543 1 12/1 
m 84/13 n 254/11 o 4043 
7 $93.50 8 $67.82 
4 a b -/45 с V147 
9 a 199 ii 96 d 216 е 4300 f J/160 
iii 99.84 iv 99.36 g 4605 h ./2450 i v108 
b No, they all end up close to 100. j v180 
10 a 2250 b $2025 с $1822.50 d 27.196 5 а 6 b 477 c J40 = 2410 
d 39 е 4/48 = 443 
11 а 5390 b 56% 
"m 6 ал b 42 с 46 
5 о 
d J5 e J3 f J8 2242 
13 a $4317.85 b $10 235.50 с $5320.45 
7 аЛа b 4 c 342 
14 а 51946720 b $16 477.04 d 642 е V6 f 0 
с $10859.71 d 25 000(0.92)" g 25 h3 
15 a $13721.03 b $7241.03 c 7 years 8 a 5x46 = 430 b VIZ x 43 = 436 
16 $40 000 e iS x = J 47. ng 
Challenge exercise 
182. V3 t J5 
1 a $37036 b 0.3296 decrease E VIL z 
2 a BankB b $9653.19 9 а V21 cm? b ; 30 cm? c 17 cm? 
3 a $50 b $50.51 d Vil cm е 3/7 cm 
c $47.98 d $53.03 10 a 34/2 һ.б e 348 
4 12.36% 5 0.896 increase d 242 e 542 f 345 
6 25% 7 80.4% 11 a 112 cm? b 44/14 cm 
8  $369814.11 9 = 488 12 a 743 cm? b 452 = 2/13 ст 
Chapter 2 answers Exercise 2B 
d -27-/5 e 243 f 2245 
1 (60 6 
үз Л 380 2 а 124/2 +243 b 1047 – 104/5 
: i 5 : 3 с 13/11 - 3/10 d 1042 — 443 
e 6/15 – 4/7 f 11/5 – 2/2 
2 а20 b 243 c 4/2 
d 5,2 e 3V6 f 643 
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3 аө/2 b 543 с 545 
d 1542 e -5/3 f -2/5 
g 343 + 44/5 h 31+ 84/5 i 343 – 8/10 
j -445 – 842 
4 а 543 b 542 c 242 
d -345 e 2742 – 1243 f 4543 
в 18/5 h 47 i 28/1 
j -15⁄3 
5 а.2 b 643 с 642 
4-3 е 9,2 £ -7/5 
g 54/6 h 443 i 24/5 
j 1v2 TE 1 1542 – 105/5 
6 а10/2-4/3 b 2442 – 45 
с 643 + 15410 d 24,5 - 1942 
7 ах-7 Ъх= 5 сх-6 


8 а2,/2-2/3,/6,/5 


Exercise 2С 
1 а.й5 b J55 с 
а /65 e V12 = 24/3 ғ 
2 а.5 b V2 с 
d 4/5 е V3 f 
3 a 12V10 b 77V15 с 
d 3246 е -30V6 f 
в 124/77 h 18/14 i 
4 а2/3 b 595 с 
а ын e 243 f 
5 a2 b 11 с 
40 е 30 f 
g —56 h 24 i 
6 ал b J2 c 
d 343 e 34/7 f 
g 64/2 h 1243 i 
j 8.2 k 3242 1 
7 a 343 b -3V5 c 
d 742 e 25435 f 
g 343 h 642 i 
j 164/15 
8 a 16/6 b 43415 с 
d 6,10 е -17430 f 
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b 243 + 245, 4/15, 242 


112 = 447 
454 = 34/6 


6 
(8-22 


54,/35 
-28422 
-22./42 
246 

3 


1 
342 


-440 = -2,10 























g 8,2 h -445 i 242 
j v2 
9 a8 b 12 c 45 
d 150 e 63 f 44 
g 250 h ab 
10 a 42 b2 c 242 
44 e 442 f 8 
g 343 h 54/5 i 16/2 
j 5442 к 1924/3 1 4045 
m 6254/5 n 5647 o 512 
p 218743 
11 a V6 + 10 b 435 + 4/42 с 435 - V10 
d 6/10 — 9/6 e 204/6 -24415 Г 44/6 – 44/3 
g 6/15 +15 h 1842 + 843 i 6042 – 3245 
j 24- 642 к 30 + 2445 1 3642 —18 
т 80 — 244/10 n 10545 – 424/3 о 6642 — 1324/3 
12 а-/15--71--10--414 
b 455 + 430 + 4/77 + 442 
с 4/15 – 435 + 4/6 – 4/14 
а v15 – 4/21 + 430 - 442 
е 54/6 
f 45 – 173/15 
g 37 – 104/5 
h 104/6 — 642 + 304/3 – 18 
i -11-11V14 
j 2421 – 4435 + V15 – 10 
k 34 — 9/14 
1 3421 – 9435 — 84/3 + 24/5 
13 a -1842 pe с 66 
11 
d — 2443 f 1296453 
108 pons Ч 
9 343 
- h -42 
548 4 
14 a4 b 6-3 с 43 +10 
d 243 e 343 - 2 fi 
g J3 h1 
15 а 846,443 + 842 b 24,1243 
c 29,28 d 7+ 34/5,6+ 44/5 
16 a ./5 b 10+ 54/3 + 4/15 е 645 + 4/15 
17 a 8+ 204/3 b 79 + 204/3 
Exercise 2D 
1 а7-2/0 b 10 + 2421 c 5- 24/6 
d 13 – 2/42 e 13 + 443 f 22 – 124/2 
g 14 + 44/6 h 59 – 2446 і 83 + 124/35 
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j 98 – 24V10 k 34 – 2442 1 79 – 204/3 
ii. 3 n gm 
4 4 
2 а13 b 3 c2 
41 е 11 f 2 
g 6 h 34 i1 
jo ji ‚3 
2 4 
3 а7-4/3 b 7-443 
с 37 + 2043 d 37 - 2043 
4 al b 2/5 c 18 d 8,5 
5 a2 b 56 
6 а7/3-7 b 3-343 c 2943 +40 
d 404/3 + 116 e 42 
37 
7 a 4/122 b 144 4122 p 
Exercise 2E 
1 2 b 342 c v7 
а 345 е J3 p 70 
5 2 
g V2 n v2 ‚ 26 
3 9 
2415 415 1 
Кеме k= 1 —(8V3 +3 
18 4 68.3 ) 
1 1 
т5/2-4) n (3 + 2v6) 
о 70 - 246) 
1 1 
2 ac(2«8/5) b 55(1547:-1445) 
1 1 
— (546 + 24/5 а —(12V14 – 2142 
e 35 06 45) a 4/14 42) 
e 20,7 — 1445 4 1143 — 3V11 
35 33 
1443 — 154/7 һ 2243-1211 
в 21 33 
Е 3(/6-2 
3 а/5-2 ь 7 v6 ЕСЫ 
43 2 
44/5 + V2 
а 6(2 + V3) e2(/3«42) f | 5 ) 
81075-6) аут i SHB 
j Л +43 к<(4-.0) 20246-3) 
5 5 
3 2 4 
т2(3/10 5/2) m (36 + 43) ө:/(2/6-542) 
1 1 
р (274746) 4-4- 4/15 г 16\21+ 45) 


1 1 
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(23 - 6/10) 














1 1 
4 а (5+5/3-4/2) b 2375 +1942 - 9) 
1 2 
с 07/10 *442-10 а -11543 +245) 
e <5 (648 5/2) f -10 
g _ pe c 14 
3 3 
45 e 2593 
7 9 
6 10(/2+1) 
БЕРСЕ: p 16-93 
2 2 
c 643 +10 d 15/3 +26 
4 1 
8 a 5, (19+ 6v2) b (32-1) 
1 1 
с 119-642) d 34 (632 - 13) 


1 
е ggg 91542 -137) 


21 
а 5(5-545) 
1 
с 56 + 245) 
1 
e 200115 - 15) 
ii a 588 + 2404/6 


1 
c 36047 – 60/6) 


2. 
1156 


b =(5+ 45) 


f (5795 - 163842) 


1 

4-45-45) 
1 

ғ 423-945) 
1 

b (543 - 6/2) 


d «(6545 + 6642) 


e (8528 + 144046 + 5/3 – 642) 


5 


f (20421 + 572-/6) 


Review exercise 


1 a442 b 46 
с 343- 42 d 442 – 345 

2 а5,/2 b J2 
с -4/7 d 11/3 

3 a 30V2 b 3042 c 12410 d 284/42 

4 а6,2 b 3V5 с 24/6 
а 343 е 44/5 f 24/11 
g 6/2 h 843 i 4542 
j 18/3 k 4042 

5 a 475 b V112 c 242 
d 125 е 4384 f ./891 
g -/208 h 4176 
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6 а9/ b 245 + 54/3 e 343 Challenge execrise 
2 2 
d 19/7 e 11/5 t 55/6 1 a (Ух) + xy + (Jy) =x + y+ 2fxy 
т ж bay? bi VII V5 ii VIl- V5 iii V6 + V5 
c 1542 + V6 d 16/7 – 2743 
2 aatb-a@ b 4(1+ х2) -1=34 4x? 
8 a 6/3 +6 b 30 – 104/2 с 24 – 16421 m dup 
d 305 – 50 e 12/7 - 21 f 45 – 1246 e 2a + 2a b? 
9 а10-.2 b 32 - 943 c2 "m b uu — 
4 
17 f 241 
d on 8-2,5 d х-9 е х-9 f x=8 
g 14 + 44/6 h 14- 44/6 i 10 "M 
| a-b k 11 - 447 І 28 + 1043 4 шахан иж 
10 NS p 753 с 202 2 
3 6 3 : 53 
198 55 Жэ: 5 
7 9 4 қ 415-45-43-1 
442 7442 8 
Bug 12 
: 243 + 342 — {30 
1 
Пп а-1(/5-,7) b 1(10--3.5) E 
2 a * b — Jab 
e (3-45) а +(3 + V5) 
2 2 2 2% 99-179 ,|9 
2 а-/541 3-48 80 80 80 
e 8-42 8 +2 06 -é 
15 115 15 
13 р-5,4-2 қ Ь Ь 
7 TE 
14 a 545 «2 b- С Ч 
3 А; 
а+ = = аг – 
15 а 2(43 « 2) b 0 с с 
с 443 +7 1 а= (д2 —1у 
с 
16 a6 b 2/3 -2 e 26-445 a 
л а -1 с 
30 — 1243 
d 1243 - 12 e 2-43 f шиг Mixed numbers of the form a 2-Г 
22- 
22-14,/3 
шэг. h 243 +5 10 (24/6 + 5) ст 
17 a 443 +8 b 443 +7 ui 12 ; 
18 40 - 204/3 13 a 625 b 1799 
19 а J/14 b6 с 118 14 азм5 ii 5-1 
а v42 е 30 - 10/3 ғ 2042 – 104/6 48 =i 45-1 
3 iii iv 
2 2 
ЭРТ 34 5 25-1 1+ V5 К 
аі 5 ii J 2 | 1 Qua 
iv 2+ 4/5 у 2 2 2 
n 24 Chapter 3 answers 
22 a -448 b -8 c -4 d -7-4/3 Exercise 3A 
1 8 b 2 -6 
23 144/5 а өх X с X 
6 d 4a * 7b e 2t- s(2 -s + 20) f -3x+2y 
24 a 6 b -11 а 
g 4at+b h —4a-4b і 3x-4y 
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2 а 
а 


Эс wd 
d 


g 


в 
і 
k 


3ab 


Ost? + 527 


За +6 
24р + 108 
2-ба 


а? + 4a 

20h? – 28h 
2-32 

10m? - 20mn 


4a+4b 
8p — 56 
a? + ab 
30 – бх 
12а? + 20а 


8а + 23 
13g +10 
105? — 9b 
5x 
rd 
Sy + 14 
165-9 

=5 

2р2 +7р+ 5 
Ay? – 16у 


2 


x? +10х + 21 
а? +12а+ 27 
x? -5x +6 
x?-x-42 
x? — 5x – 24 
15x? + 22x + 8 


m20x? - 11x - 3 


0 


4 


9 a 


c 


10 a 


6p? + 1p —10 
15x? — 46x + 16 


2a? Tab + 3b? 
бр? + pq – 54° 

6x? + 13ху - 5y? 
8p? + 2pq – 34° 


154? - 4pq - 4p? 


x? +2x+1 


9a? + 24ab + 16b? 


x? — 14x + 49 
4a? – 12аЬ + 9b? 
4x? — 12xy + 9y? 


ICE-EM Mathematics 10 3ed 


b 6x?y с I2cd? 
e 2mn + Am?n f 12х2у 
b 75-21 € 4a 10 
e -12b - 27 f -20m – 25 
h 42-245 i 35-10% 
К 4a+2 І 41-3 
ndr ааг 
2 5 10 

b c? – 5с с 6g- — 10g 
е12/2-21/ f 4k- 5k? 
h 6ac + 3bc i 1042 — 20de 
k 10x?y + 15x 1 6p -15p?q 

b 5a+5 

d 15-3р 

f 6m? + 10m 

h 12a? – 21а 

j 6x? -21xy 
b 34-3 с 2е+ 5 
е 3i - 30 f 8a? + 13а 
h 2b? – 15b i 10 
Т = 

b 7a - 12 

4а-1 

f х2+х-6 

һ 102 

11522-10: 

b a? + 13а + 40 

d x? -6x+5 

f а2—11а+28 

h x? + 8x – 33 

j 6x? +17x +12 

1 6х2 + 7x —5 

n 242-11а-415 

p 12x? + 13х – 14 

г бх2 - 17х+ 5 

b 6m? – 7тп – 3n? 

d 3x? + 13ax – 10a? 

f 6c? + З5са - 6d? 

h 3b? + 5ab — 2a? 

b 9x2 +12x+4 

d 4x? + 12xy + 9y? 

f х2-2ху-у 

h 9a? — 24ab + 1662 
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11 ax?-9 
а 25- x? 
g 9x? — 4y? 


12 a x?- 64 


с 4а2-1 


e 9 + 12а + 4а? 
g а? + бар + 9b? 
i a? – бар + 9b? 


Ехегсіѕе ЗВ 
1 аа=2 
а у= –5 
о х= 4 
j 52-1 
2 ax-2-3 
ах--2 
gy=-2 
3 ах>3 
x»-8 
Шы 
5 2 
4 ах E 
2 
dx<ll 
gx< 4 
jx<5 
5 28 
7 17апа25 
9 Akm/h 
Exercise 3C 





b a? —49 с 4a? - 9 
е 49-95? f 4m? – р? 
h 64m? — 25n? i 49r? – 412 
b 4a? + 4a +1 
d 9 — 4х2 
f 9- 12x + Ax? 
h a? – 9b? 
bb=3 eae 
2 
22 
ex=6 f у= 22 
ке 
һу=6 і а-3 
bx=2 сх--3 
23 26 
ex-— --- 
5 17 
xc 
28 
Һх<2 сх<-4 
ех>1 fx<8 
һх<2 
3 
Һх<7 сх>13 
e x < -12 ZI 
h x2 -2 i x < 20 


6 width 5 m, length 13 т 
8 $90 


10 $840 000 


1 Giorgio 7 km/h, Fred 5 km/h 


2 2L 


3  1720-cent pieces, 10 $2 coins 


4 $3600 


5 18: hours, 7 hours 


6 1.51, 


7 Ato B 305 km, B to C 335 km 


8 a $129 


9 26 hours 
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П а go 
b i у>57.5 ii y > 50.5 
Exercise 3D 
1 127 2 432 3 447 
6 
4 s 5 245 6 292 
7 а 339 ст2 b 109 cm с 3695 cm? 
8 а465 Ь 1275 с 7260 4 5985 
9 8836 10 99cm 11 20mm 
12 ау-:-х br=— с y= aud 
TS t 
2 2 
dv- 2 e x=” f ERA 
m 4 4t 
b? х-1 2 
= t= іа- = 2 
ER a+b x+1 nee T 
1-4 бү 
] Ка=п- 1 L= g| — 
jr Y q-n-vr «(z) 
2 
mk=r-s(Ż) na mbe 
2л рс — тс — mb 
2 2 
хог +С ТЕ rc 
2B с—ту 
Ехегсісе ЗЕ 


1 а (6+2)(b-2) 
с (3х + 4)(3х — 4) 
e 16(у + 2)(y - 2) 
в Qx + у)(3х — у) 
i (2-у)2-у) 
К 3(3r + t)(3r – t) 
2 a (x + J3)(x - 3) 
e (x+ diss - B) 


3 a (x +2V5)(x - 245) 
с (x 343)(x- 343) 
e (x + 2V10)(x - 2/10) 
g х + 5\/5)(х - 5 45) 


(9-3) 


5 
xe s- 3) 
3 3 
4 a (x*2442)x 42-2) 


b (x - 1 J3Yx -1- V3) 
с (x 5+ /5)(х — 5 – 45) 
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b (3 + а)(3 – a) 

d (5а + (5а – 1) 

f (а + 2Ь)(а — 2b) 

h 22x + D2x – 1) 

j 5(m + 2n)(m – 2n) 
1 (1+ 3ab)(1 – Зар) 


b (+47): - 7) 
а (x + J6)( 


Ics 
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12241 jx) 
3 3 
h Ї 2- |+ 2, 7 
і (2x + 1+ 343) (2x +1 - 343) 
j (» ЗЕ 3 £) 
3 3 
k & 1+ C 1 
1 122(3z + 2) 
5 a 2(x e JT)(x - V7) 
b 3(x + J2)(x - V2) 
c 5(х + J3)(x - 43) 
d 4(x« V7)(x- v7) 
e 3(x + 243)(x - 243) 
£ 2(x + 3V2)(x - 3/2) 
g 2(x+1+V5)(x+1- V5) 
h 3(x+2+ V2)(x+2- 2) 
i 3(x - 24 242)(x - 2 - 242) 
j 2(x +14 243)(x +1- 243) 
к 2(x +3+ V2)(x +3 - 2) 
1 -4(x-2+ 45)(x - 2- 5) 
6 а (Va - Vb)(Va + vb) b Ja + Vb 
Exercise 3F 
1 а (x4 I(x +8) b (x + 2)(х + б) 
с (х 2)x + 4) d (х+6)2 
e (х + 3)2 f (х + 3)(х + 8) 
g (х + 3)(х – 2) h (x + 6)(x — 5) 
i (х + 8)(x — 5) j (х+10)(х — 6) 
k (x - 3)(х – 4) 1 (х= 5)2 
m (x — 2)(х – 16) п (x + 5)(х - 7) 
о (х + 3)(х — 7) р 3(х - Dx - 5) 
q 2(x + 8)(х – 3) г A(x + 4)(x — 6) 
s 5(x + 12)(x – 2) t 3(x + D(x – 3) 
u 2(x + 7)(х — 4) 
2 а (m+ 3\(x +2) b (x - 4x -3) 


c (а 9Yb — 7) 
е (3a + 5)(b + 2) 
g Qa – 5Xb — 6) 
i (4x - 5G – 2y) 


а (2х + 5)(х—1) 

f (2х-у)3х-2у) 
h (x + 2)°(x — 2) 

j Gx - 2y)(2x + Зу) 
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3 a(x-ID(x- 7) 
с 2x(x – 3) 
e (x + 3(y + 2) 
g (х + 10)(x + 4) 
і (х= У) + VID 
К (11 — aà)(7 + a) 
m (z +3)? 
о 2(x — 3)(х — 4) 
q 25Q – х)(2 + x) 


s (x + у)(х +z) 


Exercise 3G 

1 a (2х+1)(х +1) 
с (3x - 2)(2x - 1) 
e (5x — 4)(4x – 3) 


2 a (2х-3Хх--2) 
с (2х + 3)(х + 3) 
е (3x + D(x + 3) 
g (2х + 5)(х – 2) 
і (3х + 5)(х – 2) 
К (3х – D(x + 9) 
m (5x + 6)(х — 2) 
о (4х – D(x + 3) 


3 а (3х- 2)(02х+1) 
с (3х - 2)(2х + 3) 
е (3х – 2)2 
g (5x + 3)(2x – 3) 
i (5x — 2)(2x – 3) 
k (4x - 8x - 1) 
m2(5x - 2)(2х - 5) 
o 2(3х - 2)(2х — 3) 
q 5(4x — 3)(2х +1) 


4 а (2х-1)3х +2) 
c (2х + 3)(3х + 5) 
е (а – 8)(а + 7) 
g —(х – 9)(х + 1) 
і (х – 8)(3х – 7) 


b (z 5)(с + 5) 
а 5a?(4 — a) 

f (x-y(x-y 
h (x- 7» 


1 (x —13)(x - 2) 
—(х + 5)(х – 3) 
3(x — 8(x - 1) 

(8p – 94Х8р + 94) 
(За — b)(2a – 3) 


че B 


b (5x — 2)(x - 1) 
d (4x + 2x - 1) 
f 12(x - 3)(х + 2) 


b (2x + I(x + 5) 
а (x + 2)(x + 3) 
f (3x + 2x + 4) 
h (2x + D(x – 7) 
j бх—3)(х + 2) 
1 (7х+10)(х—1) 
n (3x — 2)(х + 2) 


b (4х—3)(2х + 1) 
а (5x - 2)(3х - 2) 
f (2x +3)? 

h (4x + 9)(3х — 2) 
j (4x - 38x - 2) 
І (5х – 2)(3x — 5) 
n 3(4x + 3)(2x – 1) 
p 28x + 4)(2х + 3) 
г 2(4x – 3Qx - 7) 


b (2х — 3)3x - D 
d (3x – 4)(3x - 2) 
-Ох-1)3х + 4) 

h 4(2x + 1)(3х — 2) 

і 5(245 - x)(2V5 + x) 


— 


к (2x - 1- J15)(2x -1 + J15) 
1 (3410 - J2(a - 3) (3/10 + J2(a – 3)) 


5 a(xty-3(x-y 
€ (x — 4)(х- D 
e (a+ 2b)(a — 2b — 1) 
g (a+ 2dY(a — 2d — 1) 
і Qx-* DQx +4) 


b (х= у—5)(х + у) 

d (х+6)(х+1) 

f Gx-2y)3x-2y- D 
h (x + 3(x – 9) 

j (x-1D(x -4 


(x — 6 -342)(x — 6 +3./2) 





ах 


g 
j 


a 


ge 
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x=6 


Exercise 3H 


Ax a 














x 
13 


x=9 һх- 
х-4 kx= 


Exercise 3] 


a+b 
b 

a-b 
a+b 
x+y 
X 
х +4 
x-2 
х-3 
x+7 
2x -1 
4(х —3) 




















2у+х 
3(2х + у) 





x 
(x + 3) 
a(a — 1) 
а-1 
3х-2 
шэг 








x 


6y 


х2-х-6 
(x — 2)(х + 2) 





x?-9 
2 
(x — 2)(x + 2)(x + 4) 
x+5 
(x= Dir +3) 


a 











с. 





(а- 4)(а + D(a — 2) 
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(a — 3)(а + 2) 
а? 
(х — 2)(3х — 1) 


6(x + 2) 


2х 


2х 








6(x — 3) 
2х + 5 
(x + 2)(х + 3) 


х2 +2 





! (x — D(x — 3)(х + 2) 


2 
2х+3 
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4 a 2044) p 55549 Rees 
x+3 49 — x? 2 
2 2 < 
с = Кн ыч L I I 111 
47-1 2ах 0 1 2 3 4 
: 2 t 1 
(x — 4)(x — 6) (2x + 1)(х — Dx — 2) сх>-9 
-----------> 
с —4(4а - 1) 13а + 2 | | | | | | 
(5а + 3)(2а – (а + 4) а? – 9 11-10 -9 -8 -7 -6 
5 a +3 x+7 E: 422 
3x45 x +13 х +1 2 
---------> 
a £= e 4 + За f х +1 | LLI | | 
а-2 x+2 x+5 4 -3 2-1 0 
2 
6 ax=2 js c x-2-17 ET. 
2 
1 = 
4х-4 ех--- fx=7 -з---- шиир 
7 -2 -1 0 1 
28 28 
7 а су Bae 25,2 
3 
8 х--І8 9 “жаз 11:11 | m 
-2 -1 0 1 
10 ах-8 hacc cx- 
5 13 7 
2 gas 
dx=6 ex=2 f x=- 5 
5 < . 
| | 111111 
Review exercise Б. o 1 2 
1 а13х b 7р%4 h x 2 -15 
с —5ab — ab? d 20x?y — 10x2y | i | | ҮТ 
2 а-2а-8 b -3b - 18 c -12b 4 20 цасан ай ie 
d -205 + 35 e 8р-4 f -4р-5 i II 
з ad?-9d b 3e2 +e с 5f? +67 — d 
ШС Шри. 
d –10т2 + 8m e -155? – 21n f бра-10рғ -1 0 1 
g -6x? — 15xy h -6z? + 8zy i ба+8а?Ь р. 
7 а = b 3 
4 a 2c+5 b 7h+4 
c 4439 d 4ab 8 a5 һа-2-ь c -1 
19x 10 Ы 
6273 f b-22 2 
2 5 y айы” B (4) ag 
g 12у - Пу - 15 h 6p^—-6p-4 nr nr 
i m?—-m-20 j 6х2 97x - 10 ЭРЭЭ 2 2E dx- PED _ bety) 
k 7x? - 36x +5 І 2n? + 7тп + 3n? т с-а с-а 
10 7+ 2)(7 – b (3 + 2a)(3 - 2, 
5 axe bx-5 ex=2 К: архины! 
+ - b + 2cd — 2cd 
dg i sed Prod c (5 + 8х)(5 – 8x) а (а cd)(ab cd) 
e (3x + DGx - 1) f (бр-74Х6р- 74) 
_ 24 _ "T 
E h x = 20 ix-2 g (1+ 10bY1 — 10b) h (11а + 9b)(11a — 9b) 
6 ах» 4 11 a (x - Vi1)(x+ Jil) b (x - J15)(x + v15) 
—— > 
111101 с (x -2V7)(x + 247) d (x - 442)(x + 442) 
0 1 2 3 4 5 6 
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12 а(х-4-42)х-4-42) 
b (x -3- V5)(x-3 + V5) 
с (2x +1- 245)(2х+1+ 245) 
а (3 - 2x - J10)(3 – 2x + v10) 
13 a (a+b+cXa+b-c) 
b (a-b-*c(a-b-c) 
€ (x+ у+ 2z)(x + y- 2z) 


14 a (a+3)(2x-1) 
с (2x + 3)(у +5) 


b (а + 5(b – 2) 
а (m – 7)(3х + 2) 


15 а (x- D(x - 2) 
с (x + 1)(х – 5) 
е (с – 8)(2 + 2) 
в (p 13)(р + 2) 
і (х+10)(х – 6) 


b (с+ D(c +11) 
d (y - DG + 10) 
f (c-- 10Xc - 2) 
h (k - 14XKk +3) 


16 a 2(x - 6x & 11) 
c 3(x – Dx +1) 


b 3(x – 7)(х +11) 
d 3(x — 5)(х + 2) 








e 3(x — 5)(х — 6) f 6(x —1)(x + 2) 
17 а (2х + 3)(х + 4) b (3s + 27)(25 — 5t) 
с (4х + 3)(3х – 4) а (3х + 2)(х + 2) 
e (x - Dx + 3) f Qx- DQx + 3) 
g (Зх — D(x +3) h (3x - 2)2x + 5) 
і (3х – 2)(х +1) 
18 ах-4 Б х= 19 с х= 11 
а х= 2 елх-10 f x= BE 
7 11 
gx- ES Һх-33 
19 а 3х-7 
(x — 2)(х — D(x — 3) 
b— ГЕНЫ 
(x — Dx - 2) 
" 13 
(х= D(x-2)(x — 3) 
20 a5 b 70 bottles of each 


Challenge exercise 


1 a (х+10у)(5х+4у) b (8x + y)2x + Зу) 


2 а (а—-х+2Ь)\(а— x —2b) 
b (За-х-о)За-х-с) 
c (b+d+a-c\(b+d-a+tc) 
d (уы«б-ға-3х)(у-5-а-3х) 


3 а а2+Ь?+с? + 2ab + 2be + 2ac 
b 34346 — 27x? 


A 
к 


4х2у(7х — 5)(х + 3) 
(р + 24)(р — 2q)(x  242y)(x — 242y) 


= 





5 х= 6 


6 а length 18 т, width 12m 
b length 15 т, width 12 т 





Chapter 4 answers 


Exercise 4A 
1 a V10 «3.16 b 4 c7 
2 a4d52224 b 429 = 5.39 с 4/5 = 8.94 
а J/89 = 9.43 e 542 = 7.07 f 10 
1 
з а(,4 b (5.5) с (4,6) 
1 
а (-3,-7) е (5.4) f (-5,12) 
4 а (6,5) 
bis ii 6 


c AC and BC are equal, so AABC is isosceles. 








5 au=4 bv-2-lor9 € w=-S5orll 
"| 
T 0 T T T T T T T T T > 
юэ 123 45 6 789 x 
Р(4,-2) 
-2 
-3 
-4 
©5; 
(-1,-5) (9,-5) 
6 а5 b M(14, 2) 
ci 25 ii 24 iii 24 
7 a (40D b (22,-10) 


8  PQ is perpendicular to PR. 
9 XY-XZ 

10 AB = CD = DA = CA 
11 (-2,-3) 


12 АВ = CD = 4/20 and BC = DA = 450 


Exercise 4B 
1 a 3 b2 c -2 
4 
{> "ES f -1 
3 4 
13 
1 h 0 == 
5 9 
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2 both gradients = 1 
3 a=8 4 b=-12 
5 a4 b-4 c 8 
d 7 el f -2 
6 gradient of AB = 8, gradient of PQ’ = -i 
7 a =! b 2 с ut 
6 3 
d a el 
4 
1 
8 a2 b 2 с == 
2 
9 ау 
А р C 
2 . 
b gradient of AB = gradient of DC = 0; 
gradient of AD = gradient of BC = 1 
с (5. i} Because the diagonals of a parallelogram bisect 
each other 
10 Mer = Мон = i and Mey = Mgg = 12 
п a V2 b1 cl 
: 1 : ГЭНЭ” 
12 а gradient of AB = 2 gradient of BC = 7 points not 
collinear 
b both gradients = 3, points are collinear 
c both gradients = 3, points are collinear 
d gradient of AB = T gradient of BC — = points not 
collinear 
1 1 
13 al b1 с (6, -3) d |57, 3> 
2 2 
Exercise 4C 
1 а gradient = 4, y-intercept is 2 
b gradient = -2, y-intercept is 5 
с gradient = —7, y-intercept is 10 
d gradient = -<, y-intercept is 2 
2 ay=8x+3 b у= 11х +5 
су--бх-7 а NEUES 
5 цн ds. 
з а УЛ b y 
(0, 2) 
(0, 1) 
0 Е. : ý 
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yA d y^ 
> 
x 
0 Zx ° 
Го,-2) (0, -3) 
y^ f yA 
(2, 0) (4, 0) 
0 Е 0 |- ^s 
y^ n УЛ 
(-1, 0) (3,0) | 
0 Є o ^* 
yA j УЛ 
(0, 1) 
0 ds 0 >, 
(о, -3) 
УЛ l УЛ 
(-3, 0) (1,0) 
о > 0 >: 











а, b, c, d, i and j have gradient = 0. 
e, f, g, h, k and 1 do not have a gradient. 


2x4 y-6 20 b 2x 43y – 33 = 0 





с 9х + 15у + 10 = 0 
e 2x + 5у+4 = 0 
g 3х-у- 12 = 0 


а 24x + 42у-7 = 0 
f 4х +10у+3 = 0 
h 9x – 16у+ 36 = 0 








3 5 2 
= — - 3 b = == — -5 == -4 
y y a су 47 

1 2 6 
--х-3 е SHS f =—x+4 
7-6" У 15*75 E a 
y= D 3 ву 52 6 і у= =х+3 


gradient = 5. y-intercept is 6 


gradient = —4, y-intercept is -24 


gradient = -5, y-intercept is -6 


0 
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— Ж | і yA 
d gradient = т” y-intercept is 8 
ій (0,5) 
е gradient = TE y-intercept is 11 
f gradient - 2, y-intercept is 4 (3, 0) 
> 
0 x 
g gradient = 5 y-intercept is 6 
h gradient = 2, y-intercept is -2 9 ах-1 by=5 С. 54 
і gradient = —5, y-intercept is 20 
10 a y b УЛ 
7 а x-intercept is 5, y-intercept is -10 
(3, 0) (1, 2) 
b x-intercept is _ 11, y-intercept is 11 0 x 
р -y y p > 
3 0 x 
с x-intercept is 16, y-intercept is 6 
d x-intercept is -16, y-intercept is 20 с а : 
y X 
e x-intercept is 14, y-intercept is —6 | 
11 11 (1, 2) Ды 
f x-intercept is ---, y-intercept is — 
5 2 > 
0 * б >, 
8 а УЛ b УЛ 
е Ї 
у 
(0, 12) (0, 8) (-1, 4) 
(6, 0) чш) 
> 
0 >, 0 * 0 >, 
с а 
yh yA il aa=-Ž b b=10 ср. 
2 4 
d d = -14 ее -3 f f =50 
0 (3, 0) >, (0, 18) 2 
9 
(0, —6) (-18, 0) - 1 аа--4 bb=-8 с с=т 
0 x 
44-4 ee=-6 ff--28 
e f 13 34 u4 -2 
5 
15 12 16 -6 
Exercise 4D 
1 ау-бх-24 b y= —4x +14 еу-іхені 
h 
5 ox y^ dy--3x41l  ey-6 fx--7 
(7,0) 2 а y= 2х+82 b у= 2х с у= 5х 
0 x 
5-2 
3 a|- > b7 
ы (5 | 
€ y=7x-15 4у---х%26 
4 ау--4х-6 b y= —4x +20 
c y=5x+28 d y = -2x – 12 








639 


ANSWERS TO EXERCISES 
ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 



























5 ау-х-4 b y=-3x-9 c y=-x+6 
9 
а у-3 ex=1 al al 
6 y=5x-4 
1 1 
7 ау= =х+5 b у= -х+8 c у= =х+2 
2 2 
4-І е 2/2 ғ 242 
8 ai (31,31) й (35, 34) 
b mac = 1, твр = -1 
Exercise 4E 
1 а 
b 
с 
2 d mc. 2127 Ы х= юэ? 
7 7 4 
ЭЭР. 22 4 х P 
gus ааг 
е х = 2 fx S 
‚у 7 y 2 
3 ах-4,у-1 bx=ly=2 
ex=3,y=-2 dx=-ly=2 
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10 


11 


12 


13 


14 


15 


16 


17 


ех-5,у-2 f х= -3, у = 
р; х=1,у=2 hx=lLy=-l 
i х--4,у-3 jx=2,y=-l 
4251-12-28 ПРИЕ NE 
pg uc AN 
mx=3,y= хээ ыг 
m p 7 
30 121 
ох=——,у=——— 
19 19 
28 173 864 35 
ах---- =. = — рг 
33 33 101 101 
97 38 63 30 
с х=——,у=— ах----,у--- 
6 3 19 19 
9 51 552 60 
ех---,у---- Ғх---,у--- 
13 13 59 59 
385 19 10 8 
5Х--.,У---- һҺх---,у--- 
24 12 11 11 
168 24 
---,у---- -0,у--6 
25 25 цам 
кере О ша 4-5 
17 17 
y=3x-6 
ay=0 bx=2 
Ас, -1), B(3, 3.e( 2.) 
7 20 
= 2х+2,х+у = 9, | 5,— 
i (25) 
ai yr. ii y = 2x +16 
b (5,6) 
ai y-x ii y = —x 
b (0,0) 
27 
т---- 
4 
тте b y= -2x +19 e (2.5) 
2 573 
41445-22  ез/$=1118 f 70 
5 
a=4,b=-15 


ay=3x by=x 
a=9,b=-6 

(5-5) 

575 
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18 a BD: 6y-x=6;AC: y+6x = 21 , ; 3 , . 
j gradient = EU y-intercept is 3 
b (S. x) c 9/37 49 К gradient = 2, y-intercept is 0 
сал 5? І gradient = 3, y-intercept is 0 
А m gradient = – 4, y-intercept is 0 
Exercise 4F 
; 3 : ) 
1 45 and 67 2  46and 37 n gradient — 2? y-intercept is 0 
. 32, : 
3 The daughter is 8 and the father is 36. 0 gradient = T7 y-intercept is 3 
4 58%2 items, 43 $5 items 6 
5 Andrew is 36 and Brian is 14 
6 10 metres and 14 metres 
7 standard: 5 kg, jumbo: 7.5 kg 
8 8000 $60 tickets sold and 2000 $80 tickets sold 
9 1875L 10 5 hours 11 3:20p.m. 
12 50 tonnes of the 52% iron alloy, 150 tonnes of the 36% 
iron alloy 
13 480 km/h and 640 km/h 
14 model horse $30.00; model cow $10.00 
2 
15 — 16 30km 
15 
Review exercise 
1 а27 b 6 e 12 
а J26 е J34 f 4/5 
3 1 
2 а|-,1 b (-1, 44 с -2.0) 
а (5-5) е (5) f (2-3) 
4 7 
3 a4 b 3 c3 
41 е - f | 
3 2 
5-3 h 0 i 0 
4 -4 
5 a gradient — 2, y-intercept is 4 
b gradient — 1, y-intercept is -4 
c gradient — >, y-intercept is 1 
d gradient = —2, y-intercept is 5 
e gradient = —1, y-intercept is 6 
f gradient = -І, y-intercept is 2 
g gradient = —3, y-intercept is 4 
h gradient = -3, y-intercept is 4 
: ; 2. : 
i gradient = 3 y-intercept is -2 
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10 ах-41,у--І1 




















8 yn 
(0,4) 
(4, 0) 
>, 
0 x 
1 y^ 
(2,0) 
1 саг 
0 х 
k y^ 
(0, 3) 
> 
0 x 











о y^ 
(0, 3) 
Q, 0) 
0 x 
q y 








а бх+у=11 


а Ax +9y = 74 
с 4x – 3у + 26 = 0 


8 
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(0, 1) 
: 
Н о) 
> 
0 
1] yA 
C, 0) 
> 
0 x 
1 yA 
> 
0 Ж. 
(о, -2) 
п yA 














b 2х-3у-14-0 


b 4x +5y = 32 


YEAR 1 








1 ах--3,у--7 


сх-5,у-0 
156 42 
е = =, ze 
11 11 
ЖТТ. 
6 12 


» (2%, 23) 
74” 74 


в (2-1) 
13 13 





bx =-2,y=8 
dx-Lyzl 
213823 
65” 13 
ii ЕЕ. 
TUUao 


14 у-х-З,узэх-2/3х-2у-213х-42у-6 


15 The gradient of AC = —1 and the gradient of AB = 1. 


16 b 1242, 442 
17 113 апа 25 
18 stool $30; chair $100 


19 арт 


20 4х-3у-5-30 


21 The point is (4, 3). 


Challenge exercise 


1а д 
300 


200 


100 


b р=-23 





b i After 1 hour 521 minutes, 150 km from Mildura 
ii After 21 hours, 200 km from Mildura 


iii 20 km 


1 1 
2 а (ге + 3х2), Ол + 3») 


1 1 
b (тох +30), оу 5») 














3 (™ + nx; my, + ny, 
m+n m+n 
4 (2,5) 
2 2 
bi c? +b? 
802 
Ь 
5 aiy= x 
а+с 
bi (25512 
2 2 
6 ai P 
a+c 


) 











‚ УЬ? + с? „. Ус +b? 
EA ii —— — 
2 2 
b 
ii y= (x — c) 
а-с 
i (225 2) 
22.72 
р с үа? + D? 
а-с 


0 
8-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 


Photocopying is restricted under law and this material must not be transferred to another party. 





Chapter 5 answers 


Exercise 5A 
1 a0,-3 
43,-6 


а 0,8 
4 no solution 
g 0, -3 

j -10, 1 


5 а-1,-2 


ga е. 
| | 
б ю 
JN короо орь 


©. 
29 
І 
ы 
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nyo ат 
р р 
b 0,7 с 0,-5 
e -7,-9 f 10,7 
КЕС” ЧЕ un 
4 3 2 
52 12,4 
2 3° 3 
b 0, -7 с 0, -8 
1 
e 0, -18 f 0,— 
2 
b —2, -6 с -3, -9 
e2,4 f 2,-3 
h 5, -8 i 6, -10 
k3,4 15 
n -3,7 o 10 
b 1, 16 с 1,2 
e 3,5 f no solution 
h -5,4 i no solution 
k 7,1 1 -1,1 
b 3, 2 c -7,5 
Beto c ES =2 
3 2 
е 3; ғ ía 
2 3 
„34 E: 
2 3 2 4 
eu? (223 
4 3 3 2 
ше ee, 
5 12 
9 8 Eum т 
1970 3:2 
кі с 12 
6 4 4 
NX: pd 
3 2 2 3 
st. | жай 
4 5 2 
p TN 
7.3 4 
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Exercise 5B 


1 a9,-2 b 8, -4 es d 
2 
d —5,5 e no solution f -3, -1 
g 0,-5 һ 5,1 i 8,-8 
jc CR 148 
3 2 2 5 
2 а -7, 2 b 5, -3 с -3, 2 
а 2, -1 е 6,1 Ғ 16, 2 
5-6,5 h —5, 4 і 2 -4 
2 
: 1 
) 4 k -13, 11 1--,3 
2 
45 1 КЕЛІ 
4 6 3 
3 20 b е x+5,x = 
x x 
Exercise 5C 
1 Ilsides 2 12cm 3 16 4 5 
5 9 and -7 or 7 апа-9 6 8cm 
7 4cm,32cm, 42cm 8 5апа7 
9 бк 
10 а20-хсш b 14cm,6cm 
11 4m 12 8cm,12cm, 443 ст 
13 25km/h 14 20cm and 25 cm 
Exercise 5D 
1 a-l b-2 с-4 
а 5 е E f 2 
2 2 
2 9 1 
2 ho ie 
52 4 =з 
jal i2 pd 
5 5 7 
5 5 
т n -> 
7 3 


2 а partsi, v, ix 


b parts ii, iv, vii, x, xii 


b 16 c 25 
e 100 p2 
4 

ES ү 121 
4 4 
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4 а (х+3)2 +1 b (x +4)? – 21 
с (x +6)? — 46 d (x -5)} – 19 
е (x-3? -17 f (х-10)2-95 
| 2 17 | | 3 
81х4-1--- һ|х--| +> 
2 4 2 4 
| jJ 1 1 jJ 41 
і(х--)| -- Jyx-=] -— 
2 4 2 4 
2 2 
x (x+5) "n ı 5-2) EL 
2 4 2 4 
5 a 3(х+1)2 +9 b 5(x + 3? — 35 
с 3x -2? +3 d -(x +1} +5 
е —(х-4)2+6 f -(x +3)? +13 
g 3(х = 1)2 -4 h 2(x - 3? +15 
зү 7 
i 4(x — 6 – 45 j `( +3) +— 
i 4(х ) 1 x 4 8 
2 2 
к4(:-4) „°з г зх) 2 
8 16 3 3 
2 2 
ms( -x) = а25-2| aa 
10 20 4 8 
| | 49 
о-3|х+—/| + — 
6 12 
Ехегсісе 5Е 
1 аж/5 b +71 c £43 
d +/2 e +V10 f +/5 
2 a-ltiv2 b 24+ 3 c 6t J13 
d -3 + 2 e 4 +17 f -4 2/5 
g -5 + 2/6 h -6 + 4/41 i 5+ 54/3 
j -10 + V95 k 50 + 24/645 1 25 + J615 
-1+ 5 345 5 + 29 
з а b с 
2 2 2 
435417 e SEVA ү 3%,29 
2 2 2 
7 + 449 3 + 33 . 9+ J101 
g h i 
2 2 2 
. 1+ 421 к 3+У5 : 54413 
12593 2 2 
4 a2+ V3 b 1+ 4/5 с 1+ 4/5 
4+ 6 e 3+ 4/21 f -4+ 24/5 
1 4 t 4/34 . 15 J65 
g2,-— h i 
2 3 8 
„ -1+ 21 -5 + 4/70 
і----- k 3, – 1 
10 2 3 
m-1+J7 n1ltiJ5 o J2+2 
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Exercise 5F 
1 а4:.й5 


3 + V13 
2 


2 


g 4 +14 
i —6 +33 


-1 + 422 
3 


з+ 4/5 











і по solutions 


Ш two solutions 














5,-2 c 1,-7 
+ 
2,—3 f 15/3 
2. 
1 : 
1, -= i -1+ V6 
3 
no solution І no solution 
Æ S о —7, 5 
3 
+ + r no solution 
EN: 22 
3 4 
+ 
2+ XS x - Et v26 
2 5 
no solution 
1+ V2 с 2+Vil 
+ E 
D PE 
2 2 
-2,4 
-2,6 
-9 + 4/69 
2 
-1+ V5 
-3 + 4/29 
10 
b 
7 
1+ 4/29 
14 
10 + J106 
3 
7.87, 0.13 
-0.20, -14.80 
-0.41, 3.41 
-0.24, 0.84 


її опе solution 
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b i 2, irrational ii 
iii 1, rational iv 
v0 vi 
vii 2, irrational viii 
5 а LS b 3.52 cm 


2, rational 


1, rational 
0 
2, irrational 


3 + 433 
2 


c 


6 АР = 12+ 44/5 cm, BP = 4 + 44/5 cm 





7 50 
5-547. ,—5*541. 5-541.  -5-547 
8 and Or and 
2 2 2 2 
9 447 


10 5(/201--1) km/h = 75.89 km/h 


11 50 — ¥2095 and 50 + 42095 = 4.23 т and 95.77 m 


12 ax=4orx=7 


b x = 6—2V10 or x = 6 + 2V10 








-1 - 19 -14 J19 
сх- orx = 
3 3 
Review exercise 
1 a6,-3 pos 
3 
c -l, = dci 
2 2'3 
Эв? fel na 
2 2 
g -2,4 h -1,-3 
5 5 
i 5,-1 j 1, -> 
12 Pos 
k 1,5 Ее 
2 2 
Ш--,3 23 
3 
id 2 
3 Ёл 
7 _7 
1377 
2 a3,5 b 5,6 
c 24/3 d -1+ V2 
—1+ 
е Е f 10+ 107 
+ 
435У7 h 3, -1 
2 
1 
i —1 + 433 1 23 
p 215437 | 3 + JA1 
6 8 
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3 a6,-4 b- 
—1+ Š 
c v5 d 
2 
-1+7 1 
e f 
2 
4 а1:%,2 b = 
1+ J17 1 
c d 
8 
el- г! 


























6 a —7 and 9 or 7 and -9 


b length 16 cm, width 9 cm 


€3,50r-3, -5 


7 х= 245 


8 train 28 km/h, car 49 km/h 























9 (10+ 542) cm and (10 — 542) cm 


10 6cm?or 2 cm? 
27 
11 AP=4cm 


Challenge exercise 





1 +2, +3 
4 х?-4х+1=0 
6 7 
8 a АА 
42(5 + V5) 
d ——— 
4 
9 а 2х2 +6х-3=0 
-1 + V5 
c 
2 
10 0, 5a 
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Un 





pre 78 -7 + 4173 
4 '" 4 

445“ 4 - J6 
5 7 5 

i 94 V113 9-4113 
4 >° 4 

p 225410 -2 - 410 
3 7 3 

-1,-2, 3,4 

БЕЛЕ; 

27:22 

10 + 2421 

-1+ 45 

2 

-3 + 415 

2 
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Chapter 6 answers 


Exercise 6A 
1 а 318cm? 
с 1927 cm? = 603.2 cm? 
e 4140 cm? 
g 1000 cm? 
i 194 cm? 


2 a 343 = 5.1962 cm 
b 216 + 1843 = 247.1769 cm? 





b 448 cm? 

d 54--36л сіп? = 167.1 cm? 
f 100 + 37.51 m? = 217.8 m? 
h 596 cm? 

j 1444 404/2 = 200.6 cm? 


3 9m 4 45cm 
5 а 1425тсш? = 4476.8 cm? 
b 23944 = 37.1 cm 
Зл 
6 а 280 ст? b 216 m? с 144 т? 
d 28 000 mm? е 3007 cm? = 942.5 cm? 
f 1215лст? = 3817.0cm> в 23040 cm? 
h 375л ст? = 1178.1 сіп? i 3240 cm? 
j 1080 cm? k 480 cm? 1 360 cm? 
7 а 5.29ст Ь 761.98 ст? 
8 а 19.9 ст b 6.31 cm 
9 a4dcm b 7.4 cm? 
10 1625m? 
11 Аст 
1500 
12 ж 240.28 
24345 cm cm 
13 а 1099.56 cm? b 1400 cm? с 300.44 cm? 
Exercise 6B 
1 60cm? 
2 a 80cm? b 100 cm? с 216 cm? d 180 cm? 
3 а 400cm? b 53: cm? с 80cm? d 96 cm? 


4 2547758.6 m? 
800 cm? 
b 13cm 


5cm 


7 а 644 32413 = 179.378 cm? 
b 36 + 124/34 = 105.971 cm? 


461 cm = 7.810 cm 


e 


AVDA, AVAB, AVCB, AVDC: 
triangles. 

bi 10cm 
iii 10 cm 


c 192cm? 
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b 2333.33 ст? 


€ 65cm? d 360 cm? 


b 24/13 cm = 7211cm 


(80 + 861 + 204/13) cm = 214.593 cm? 


all are right-angled 


й 2/41 cm = 12.806 cm 


YEAR 1 





CANNE 


Exercise 6C 
1 а 138.23 cm? Ь 235.62 сіп? с 1099.56 cm? 
2 а 24ncm? b (161 + 161410) cm? 
с 70r cm? 
3 a 10ст b 9.1652cm 
4 а 685.84 cm? b 21.83 cm c 19.41 cm 
5 а 104.72 cm? 
bi 10cm ii 3.33 ст iii 9.43 cm 
6 ai 5/5ст «11.18 ст ii 25т-/5 cm? = 175.62 cm? 
360 Y 
iii | —- | = 161? 
E 
360 Y 
b | —=| = 255° 
(%) 
7 а 100.53 сш? b 335.10 cm? 
c 376.99 cm? d 339.29 cm? 
8 127mm 
9 а 6487 cm? b 270x cm? 
10 а (1800 + 364/2)л cm? b 726л cm? 
11 $19635 
Exercise 6D 
1 a 80425cm? b 2827.43 cm? 
с 615.75 cm? d 1385.44 cm? 
2 а 64ncm? ~ 201.06 cm? b 1281 cm? = 402.12 cm? 
с 1921 cm? = 603.19 cm? 
3  6.3078cm 
4 а211ш b 1.72m 
5 а 195лсш2 b 115л cm? с (440 + 167) cm? 
6 a 2144.66 b 4188.79 c 904.78 
d 452.39 cm? e 3619.11 cm? f 883.57 cm? 
7 a 620cm b 179 mm c 9.8cm 
8 а 368.61 cm? b 575.96 cm? с 329.87 сіп? 
9 8249ст? 
10 545131.78 mn? 
Exercise 6E 
1 ai9 ii 9 
bis 225 
25 25 
29 29 
С1-- п — 
4 4 











2 ai4 ii 8 
pi- 427 
4 8 
. 36 .. 216 
C1 — п —— 
25 125 
T Эс 
4 8 
3 a 42875cm3 b 7350 сіп? 
4 8 5 960 cm? 6 20 
7 а 172800 cm? b 325.5 сіп? 
8 а 192m b 1536 cm? 
с (96 + 164/13) m? = 153.7 m? d 614.8 cm? 
9 a Thearea of the triangle increases by a factor of 7. 
b 36 c 9 d 81 
Review exercise 
1 ai 1000cm? ii 600 cm? 
b i 600 cm? ii 460 cm? 
c i 480 cm? ii 528 cm? 
d i 1681 cm? ii (361 + 124581) cm? 
e i 90r m? ii 787 m? 
fi DM m? ii 2561 m? 
2 аі 550 т? ii (375 + 254/17) cm? = 478.1 cm? 
b i 2007 cm? = 628.3 cm? 
ii (22 + 120) ст? = 476.0cm 
3 2cm 
4 а 1500000 m3 b 80 cm? 
QN cu dS end d 1567 cm? = 490.1 cm? 
5 8cm 
6 wie em = 619.94 cm? 
ii 1687 cm? = 527.8 cm? 
bi (4 е = 6.09 m? 
ii (16 + л) m? = 19.1 m? 
7 12m 
8 а 662.5 ст2 Ь 937.5 сіп? 
9 а 80 т? b (63 + 8/34 + 3/89) m? = 137.95 m? 
250 000 12 500 
10 y = ZLO ems = (200004 5 х Jmm? 
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b У = 2250 ст?, 5 = 6757 m? 
с V = 4лт?, 5 = (6+ V13)n m? 


dv = Sams = 1507 т? 
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Challenge exercise 


1 4cm 
3 бст 
6 

7 b7:8 
9 


с Show 52 =h + 


a Use Pythagoras 


a Use similar triangles. 


(R-ry 


' theorem 





c Substitute the result of part b into that of part a. 


€ cross-section area — area of cylinder cross-section — 


а п? 12-28 
3 3 


area of cone cross-section 


3 


е Volume of a sphere is twice the result in part d. 


Chapter 7 answers 









































Exercise 7A 
1 ax=4,(4,0) bx=0,0,-4) сх-2,(2,6) 
d x =-3,(-3,7) e x=-2,(-2,3) f x=0,(0,9) 
gx=3,3,-4) hx=-2,(-2,-3) i х-6,(6,6) 
j x-2-LCLO k x= 2,(2,1) І х--3,(-3,5) 
2 а-3 b 46 с 5 
4-9 e -8 t2 
3 a y^ b y^ 
(0, 25) 
0 T 
(0, -2) 
> (1,-3) 
0| (0) x 
c y^ d y^ 
(0, 7) (0, 13) 
> 
0 x 
L3 3 
(22, 3) (4, -3) 
> 
0 x 
5 УЛ Ё УЛ 
(0, 12) 
(0, 7) > 
0 x 
(1, 6) 
(4, -4) 
> 
0 x 
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4 а y^ b y Л 
o 3 (0,7) 
z ДА 
f l 
0 x 
с yA d УЛ 
(3,5) 9 > 
(3,-7) * 
D > 
(0, –4) 
(0, -16) 
е vA f УЛ 
6,0 
(-4, 0) = (6, 0) " 
0 3 0 к 
(0,-36) 
(0,-16) 
в y ^ 
> 
(-4,-3) |0 x 
(Эн 
h УЛ 
(-3, 11) 
(0,2) 
/ 0 3 
1 y А (1, 6) 
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© 
> 
= V 


YEAR 1 





5 ау--(х-3) 


су--х2-6 


6 ау=(х+4)?+3 
c у= (х= а)? +b 























7 y^ 
fo 
0 x 
(-3, -8) 
а у= х? 
с у= (3+3 а)2 -8-«b 
8 аа-0 Һа-2 
9 ab=5 bb=7 
10 a y 
"| 2,0 
= > 
0 x 
(0,-У2) 
Exercise 7B 
1 ai 3 
iii УЛ 
(0, 3) 
[>_> 
0 x 
bi -7 
ш y^ 
10 / x 
(0, —7) 
ci 8 
iii y^ 
ИУ. 
(2, 4) 
>> 
0 x 
di 2 
ill y^ 
(3, -7) 





b y= -x +b? 
d у= =? +с 


b у= (х- 6) – 5 
d у= (х+ 4) -c 


b у= (х + 5)2 – 11 


са--і da=-8 
c b=0 d b=-3 
b y 
Ox 
й x = 0,(0,3) 


iv no x-intercepts 


ii x = 0, (0, -7) 


iv two x-intercepts 


ii x = 2,(2,4) 


iv no x-intercepts 


ii x = 3, (3, -7) 


iv two x-intercepts 


0 
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еі 25 


























gi -9 
iii УЛ 
(3, 0) 
> 
0 x 
(0, -9) 
һі 4 
iii y^ 
(71,5) 
(0, 4) 
> 
0 x 
ii -5 
Ш УЛ 
> 
0 x 
(2, 1) 
(0, -5) 
2 ai O 
iii x = 3, (3, —9) 


v two x-intercepts 


bi 0 
iii x = —3, (-3, -9) 


v two x-intercepts 
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ii х--5,(-5,0) 


iv one x-intercept 


ii х-17,(7,-1) 


iv two x-intercepts 


й х-3,(3,0) 


iv one x-intercept 


ii x = -L(-L5) 


iv two x-intercepts 


ii x = 2,(2, -D 


iv no x-intercepts 


ii у-(х-3)-9 








= 


ii 


iii 


iii 


iii 


iii 


iii 


iii 


-4 
x =-1,(-1, -5) 


two x-intercepts 


-1 
х--2,(-2,-5) 


two x-intercepts 


-3 
x = —3,(—3, -12) 


two x-intercepts 


-4 
х--6,(-6,-40) 


two x-intercepts 


NE 4) 
pec 
274274 


two x-intercepts 


two x-intercepts 


0 
A 7 49 
Х---,|--.--- 
2 2 4 
two x-intercepts 
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ii у= (х+1)2 -5 





й у=(х+3)2—12 


БЕГЕН 


(0,-3) * 





(-3, -12) 
ii y =(x+6)? – 40 


iv y 


© 





(0,0) x 





2270-2549 
2774 
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ji 0 ii у= -(х+1)2 +1 аі -5 й у= (х+2)2 -9 
iii x = —1, (-1, 1) iii x = —,(—2, -9) iv -5,1 
iv у Л У УЛ 
(-1,1) 
(-5, 0) (1, 0) 5: 
0 x 
(0, -5) 
> (-2,-9) 
0 x 
bi 5 ii y =(x+2)? +1 
iii x --2, (-2, 1) iv no x-intercepts 
Vv y^ 
v two x-intercepts 
ki 7 ii y —--(x— 4)? + 23 
iii x = 4, (4,23) (0, 5) 
iv y 
(4, 23) (-2, 1) 
------------> 
0 Ж 
сі 9 ii у=(х+3)? 
(0,7) iii x = —3,(—3,0) iv —3 
у y^ 
> 
f 17 
(0, 9) 
у two x-intercepts 
11 
> 
(-3,0) 9 5 
41 -7 й y = (х -3)° - 16 
Ші x = 3, (3, 16) iv -1,7 
У УЛ 
(1,0) 110 (7,0) 
> 
x 
(0, -7) 
v no x-intercepts G, -16) 
ei -3 й у-(х-42-19 
3 -3,1 b -5,1 
a iii x = —4, (—4, — 19) iv -4-./9,-4--./9 
BAR 44-37, 4+ 7 : " 
cnm -3 + VII t 1-3 4 
g24242, 2-242 h 5+ 3V2, 5 – 34/2 
і 34542, 3-5 2 j -3+2V5, -3 -2V5 (-4- М9, 0) (4+ 119, 0). 
0 x 
k -2 + 442, -2 -442 13,-5 (0, -3) 
4 а-1-,5,-1-,5 b 3- V2, 3+ 4/2 
с 4-3, 4+ 43 d 2-242,-2 + 242 (4, -19) 
e -1L 1 f 10 — 546,10 + 5J6 
g -1, 13 h 3445, 3- 45 


i 2-243, 2 243 
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ers 1 (; 1) 
iii х= —, yc 
2 4 














ji 3 














2 
У УЛ 
-1,0 2,0 
(-1,0) 110 (2,0) ыы 
x 
(0, -2) 
109 
8-3 
5ү 15 
і 10 i у-|х--| +— 
e y=[x+3) + 
гд 5 ( 5 5) : | 
Шх---,|--,-- iv no x-intercepts 
2 2 4 
у y^ 
(0, 10) 
5 15 
(5.4) 
------- -> 
0 x 
2 
hi -3 i y=(x+2) _ 61 
2 4 
нд 7 | 7 5) 2 -7+ 61 -7-461 
Ш х---,|--,--- iv е 
2 2 4 2 2 
У y^ 
-7 - V61 -7 + V61 
2 2 
> 
0 x 
(0, -3) 
7 е 
8-4) 
іі 4 
ii y =(x-1) +3 
iii x = 1, (1,3) 
iv no x-intercepts 
у УЛ 
(0, 4) 
(1,3) 
> 
0 x 
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й у--(х-2)%7 




















iii x = 2, (2,7) iv 2-47, 2 4T 
у у 
(0, 3) 
(2-77, 0) (2 + V7, 0) 
> 
x 
ki 6 
ii y = -(x — 6)? + 40 
iii x = 6,(6, 40) 
iv 6 2410, 6+ 2410 
У 
УЛ 
(6, 40) 
(0,4) (6 + 210, 0) 
(6- 2/10, 0) 0 x 
li -2 
ii y 2-(x-1? -1 
iii x = 1, (l, D) 
iv no x-intercepts 
У y ^ 
0| (1,-1) х 
(0,-2) 
mi 1 
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5 ( J 21 
i -|x+>]| += 
2 4 
"m -5 (3 2) -5-421 -5+ 21 
ІП x = —, | —, — v А 
2° 4 2 2 
у 
(24:21 o) 
2 
> 
x 
2 
oi 20 ii y= (s z) p 
2 4 
igal (5 24 , 11- V201 11+ 201 
71274 2 ^7 2 
v УЛ 
(5-2) 
2' 4 
(0, 20) 
(242, 0) 
> 
X 
(25% 0) 
Exercise 7C 
1 а _ 2,2 
y=3x 
УЛ ШО / 
(113) / 
111). 
У у=? 
0| t = 
(1, 3) 
b YA 
у--3х2 
с 
у»=2 7 
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2 a 
УЛ y=2x +1 
(1,3) 
(0,1) 

0 % 
уегіех: (0, 1) 
y-intercept: 1 

b УЛ 





уз 4х2-1 





х 


А 
2 
=4) 


vertex: (0,-1) 
y-intercept: -1 

: 11 
x-intercepts: —5, 5 


y=6x7-1 





хү 





vertex: (0, —1) 
y-intercept: -1 
x-intercepts: 





E 
ve' Ne 


vertex: (0, 8) 
8 y-intercept: 8 
x-intercepts: -2, 2 









y=-2x +8 





> 
2 х 





vertex: (0, 9) 
y-intercept: 9 


x-intercepts: - SU gu 


2 ^ 2 


y=-2x +9 





чү 





3 а, , е, g are congruent; b, Ё, 1 are congruent; c, h are 
congruent; ј апа К are congruent 


зү adl 
4 а у=3(х+1)? Ь у= ( -3) +— 
у = 3(х+1) y E Л 
50-51 7ү 25 
=x] -— -2|х4-1-5- 
цаа (x 3) 2 еҙ (: 1) 8 
е TEREE f y2—5x-2 +57 
7 6) 12 * 


0 
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5 ai 3 й у= 2(х+1)2 +1 iv 3 5 
'2 
iii x = —L (-L 1) iv no x-intercepts у УЛ ) 
3 5 
2,0 
7 yA (-3, 0) 2 N 
0 X 
(0, -15) 
(0,3) (5-2) 
(-1,1) : 
> fi 5 , 
9 5 ii saf -i) 39 
? 4) 8 
bi 7 ii у= -2(x +1)? +9 m 1 (5 3 
ii х= —, | —, — 
- -2- 4 
iii x = —1, (1,9) i 2:942. -2-%2 $ 
2 2 iv no x-intercepts 
у УЛ 1 УЛ 
(-1,9) 
(0,7) 
> 
2- E x (0, 5) 
- 32 0) 0 шини!) 1 39 
2 448 
> 
0 x 
сі -19 
й у= 30+ 2)? – 31 6 ах- i (s. 1) no x-intercepts 
iii x = —2, (-2, —31) 242 4 
iv -6 +93 -6- 4/93 b "ES (5 -15 has x-intercepts 
3 7 3 6 6 12 
Y УЛ 1 ( 1 | 
€ x =--,|-—, — |, no x-intercepts 
4 4 8 
—6 – N93 -6 + N93 
C530) C550) E | 
> а x =-—, |-—, = | no x-intercepts 
0 x 10 10 20 
(9,719) 5 (5 59 f 
e хэс, (5. - 8) no x-intercepts 
6 16 12 
(=2, -31) f x= 2 (5. 7 has x-intercepts 
dd. m аа 
2 
ii ›=з(х +3) шаа 7 аб b 8 
3 3 с -8 -2 
en 4 ( 4 2) 
iii х---,|--,--- 
3 3 3 8 a3 b 1 
4+ 422 -4- 422 1 
€ — d -3 
2 
9 ач b +3 
с +32 d +V3 
2 
10 y-(x-1?-2ory2 x? -2x-1 
14 у= 3(х + 2)2 – 1 огу = 3х2 + 12х +11 
еі 12 у= -2(х – 1)2 + богу = 22x? + Ax +4 
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(1,3) 





> 
x 


! 
І 
Е 
| vertex: (1, 
І 
І 


y=2(x-1}+3 


3) 


y-intercept: 5 


axis: x= 1 


(1,8) 





у= =2(х – 1)2 + 8 














чү 


vertex: (1, 8) 
y-intercept: 6 
x-intercepts: —1, 3 


axis: x = 


у--4(х-2)2--12 







1 


vertex: (2, 12) 
y-intercept: —4 


axis: х= 2 











> 
x 
2-У3 


уегіех: (-3, 12) 

y-intercept: -24 

x-intercepts: -3 + УЗ, -3 – V3 
axis: x =—3 


-34N3 
> 





0 








x 


у= -4(х+ 3)? + 12 


у= 4(х+2)2 – 16 
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vertex: 
x-intercepts: 0, -4 
y-intercept: 0 
axis: x =—2 
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> 
x 


(-2,-16) 


ҮЕАК 1 


x-intercepts: 2 — V3, 2 + ҮЗ 





f y22G6420 -12 


vertex: (-2, -12) 

x-intercepts: -2 — V6, -2 + V6 
y-intercept: -4 

axis: х= -2 


> 
-2+у6 * 











мегїех: (3,4) 

x-intercepts: 3 – V2, 3 +V2 
y-intercepts: -14 

axis: x = 3 


я 
з+ү2 * 










-14 
у-4-2(х-3) 








-1-У5 


vertex: (-1,-15) 

x-intercepts: -1 + N5, —1 – N5 
y-intercept: —12 

axis: х= —1 


УА 








vertex: (-4, 1) 
y-intercept: 81 
axis: x 2 —4 





Exercise 7D 
1 4 
2 1 


0 
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6 ay-x?-4x 
с у=—3х°+6х+9 
7 у-х-х-2 8 


9 у= 6х2 – 15х+6 
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Exercise 7E f y^ 
a (2,16) 
(0, 12) 
(-6, 0) 2,0) 
0 X 
b 
g 
(0, 12) 
> 
0 (2, 0) x 
> 
X 
с 
h УЛ 
(2-42,0) 
(0, 15) 
> 
x 
(2 +2, 0) 
(-2, 2) 
(3.6) 
d УЛ 
> 
0 х 
(0, 5) 
(1,3) і Л, 
------------:--:::5:- 
0 x 
(0, 9) 
ы yA(3 15 
5 2) > 
0 (2 o) x 
5! 
(0, 3) 3415 j 
| 215,0) 
415 0 > 
3-,15 x 
(85250) 
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> 
x 
1 
> 
-3 x 
(3.9) 
(0, -15) 
Exercise 7F 
1 80m,130m 2 60cm 3 25,26 
4 14,16 5 13,15 6 3 
7 8years 8 $6 
9 8сш,15сш,17 ст 
10 20ст, 21 сіп, 29 ст 
11 5ст, 30 ст, 40 cm 
12 44 sides 13 16 14 1.84 seconds 
15 -7 16 2 
4 
17 a ах =й niic ci 
12 
b max = 46, min = -2 


18 25cm by 25cm,17 cm 

19 75mby 150m 

20 31.888 m, 5.102 seconds 

21 62.5 т by 80 т, or 160 m by 3125 m 


22 33 square units 


Exercise 7G 


1 a-3«x«5 bx«-4orx»1 


сх--2 ах<-ішх>2 


е all values of x f se-ioa 


2 
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2 ax«-2orx» 3 b —4 <x < -1 
cx<2orx25 d-3<x<0 

3 ах<-10огх>7 b -3«x«8 
сх<-5огх>-4 а3<х<4 

4 а-8<х<5 Һ-3<х<8 


сх<5огх>7 dx«Oorx» 11 


Review exercise 


1 a2 b 24 c0 
40 e 4 f -16 

2 a0 +4 
с +3 +2 

3 а-4,1 Е єс 

2 472 
dul? E E f 0,5 
2:5 

4 a-2-45,-2445 b 3- V2, 3+ V2 
c -1- 4/5, -14+ J5 d 2-45,24 45 
e 34 38, 4 85 ғ2-,2,2-.2 


5 a -2- 4/6, 24 46 
b3-242, 34 242 








с 5_ M9 5,9 
2 2° 2 2 


6 а minimum b maximum 


с maximum d minimum 


7 у= х2 is congruent to y = x? — x, 
y = —2x? is congruent to y = 3 – 2x?, 
y = 3x? is congruent to y = 3x? +1, 
y = 2 + 3x - Ax? is congruent to y = 1+ 4x? 


8 а translate 1 unit down 
b translate 2 units up 
c reflect in the x-axis then translate 4 units up 
d reflect in the x-axis then translate 1 unit up 


(There are other correct answers to this question.) 


9 a translate 2 units left 
b translate 1 unit right 
c reflect in the x-axis then translate 1 unit left 
d translate 1 unit left and 3 units down 
e translate 2 units right and 3 units down 


f reflect in the x-axis then translate 3 units right and 
1 unit up 


(There are other correct answers to this question.) 
10 ау-(х--2) 
y=(x-5)?-2 


b y=(x-3) +1 
а y=(x+3)?-2 


ө 
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П ау=3(х+3)?+2 


12 a y=-(x-1)? 
b у= (х + 2)? 
с у= (х + 1)2 -2 


13 а (1, 2) 
с (4, -2) 
е (-2, –1) 


14 у= х2 - 2х -1 
15 у= х2 + 2х – 15 
16 y2-x?-6x-8 


17 а у ^ 







x= 








axis of symmetry 
3 











с 
е 
-4 
2 
© 
Е 
Е 
т 
5 
Ка 
> 
ss] 
18 a y^ 







13 


axis of symmetry 
x=3 





0 ! х 
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b у = 3(х – 3)2 -2 


b (-2, 3) 
d (5, 11) 
f (3,4) 





















axis of symmetry 


axis of symmetry 


-1 -V2 





C1, -9 : 


YEAR 1 









19 


21 




















axis of symmetry 
x=) 









у-1(х-2)-4 


а 


-1-У6 


> 
ы 





20 h=lorh=-l 








axis pf symmetry 


© 
























. axis of symmetry" 





0 
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-13 








axis of symmetry | - 


x 





axis of symmetry 



































3 -423 i > ү3-423 
2 | Ф 
=E > 
| Е x 
(1,3) | Жа 
| 3: 
> E- 
0 x 5 19 
22 Тһе side lengths аге 5 сіп, 12 cm and 13 cm. 
23 352cm,42cm and 4 cm 
24 125m Бу 250m 
25 а-3<х<5 
Һ-5<х<-2 
сх<0огх>2 
Challenge exercise 
1 а-5 b -5 
2 а-21 b 4 сс>4 
з 4х-80,1 23 90, t - 
4 40km/h 
5 45 cattle 6 32km/h, 40 km/h 
7 75 runs 8 4.844 m/s, 5.844 m/s 
24 
9 40km/h, 60 km/h 10 мж: 
2 2 
11 a (x 3 “0 2) E 
2 2 2 
B(5, 6) 
A(O, 1) 
- > 
2 3 * 


ІСЕ-ЕМ Mathematics 10 3ed 


b Let A(0, 1) and B(g,h) be the given points and 
P(x, y) be any point. P is on the circle with 
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diameter AB if ZAPB = 90° (angle in semicircle). 
If gradient of AP x gradient of BP = —1, then 


gel aH. 
х х-8 
50(у-1(у-0)4Х(х 


circle. This meets the x-axis when у = 0. That is when 





g) = 0 is the equation of the 


x? — gx + h = 0. 
x? | (00 - x)? 
4т 16 


2 1007 
cm^ when x = 
л-4 л-4 


Тһе minimum area is 








If (x, y) goes to (x, 5y), then (a, а?) goes to (a, 542), 
The graph of у = x? goes to the graph of у = 5x?. (0, 0) 
goes to (0, 0), (1, 0), goes to (1, 0), and (0, 1) goes to 
(0, 5). It is not a similarity transformation since some 
distances are unchanged and others multiplied by 5. Note 
that 5 can be replaced by any a > 0. 


The enlargement with centre at (0, 0) and enlargement 


1 a a а? (Ч 
factor - maps А(а, a? )to В| 2, — | Since z = 5| = |, 
сы, Ё =) 5 7\5 
2 


B lies оп y = 5х?. That is у = х218 similar to y = 5х2. 


By с y = tax? + bx + cis congruent to y = ax’, a > 0. 


By d y = ax? is similar to у = х2. That is, all parabolas 
are similar. 

Aly 
(-8, 17) 47% у=х?+8ёх+17 





(-4, 1) 0 





у-2х2%5х-3 





=V 











ANSWERS TO EXERCISES 
Cambridge University Press 





Chapter 8 answers 


Exercise 8A 


1 а y=6, В = 45° b х= 5, а = 30° 
c а= y = 60°, -120,х-6 d a=90°, В = 60° 
е х= 4, а = 45° f о = 60°, х = 5 
2 аа= В = ү = 60° (equilateral A RST) 


b Ө = 20° (angle sum of А WXY), 
x = 12 cm (isosceles A WXY) 


с ZROP = 60° (base angle of isosceles A РОК), 
Ө = 60° (angle sum of A PQR), 
у = 7 ст (equilateral A RPQ) 
d у = 5, а = 60° (equilateral A LNQ), 
о = 2p (exterior angle of isosceles A ГОМ), В = 30° 
е ZABD = 55? (straight angle at В), 
ZBAD = 55° (base angle of isosceles A ABD), 
ZADB = 70° (angle sum of AABD), 
Ө = 70° (vertically opposite angles at D), 
ZAGE = 55? (alternate angles, AC ІІ НЕ), 
о = 125° (straight angle at С) 
f ZDCG = 55? (vertically opposite angles at C), 
ZCDG - 55? (base angle of isosceles A CDG), 
a = 70? (angle sum of A СРС), 
ZAGE = 55? (corresponding angles, BD || HE), 
ZEGD = 55? + 70° = 125°, 
В = 125° (vertically opposite angles at С) 








g ZDAB = 50° (complementary angles), 
a = 50° (alternate angles, AB || CE), 
ZAFD = 40° (base angle of isosceles A ADF), 
a+ ZFDC = 100° (angle sum of A ADF), 
ДЕРС = 50°, Ө = 130° (straight angle at D) 
h y = 2m (radii of circle), 
B = 25° (base angle of isosceles A ABO), 
a = 60° (base angle of isosceles 
A BCO, angle sum of A BCO) 


i зо + В = 180° (co-interior angles, AD ll BC), 
o. + 2p = 180° (angle sum of isosceles triangle), 
a = 36°, В = 72° 

ј ZCBO = 2a (A BOC isosceles), 


ZOBA = 90 – х (angle sum of isosceles triangle), 


ZOBC + ZABO = 95° (alternate angles, AB || CD), 
a = 10° 

К o = 130° (angle sum of quadrilateral) 

1 о = 108? (angle sum of regular pentagon) 

m © = 120° (co-interior angles, AB || DC), 
В = 60° (co-interior angles, BC || AD) 


3 6 sides 4 36° 


Exercise 8B 

1 a АВАС = AYXZ (SAS) 
с AABC = АРОК (888) 
e APQR = AXYZ (ASA) 


b AABC 2 AXZY (ASA) 
d AABC 2 AXYZ (ASA) 


2 а ZBCA = 40°, ZFED = 100°, “ЕРЕ = 40°, 
AB = BC 2 3cm, FD = 4.6cm 
b “АВС = 10°, ZEFD = 130°, CB = 4.2 cm, 
AC = 1.1 cm, ED = 5 ст 
с ZFED = 32°, ZCAB = 111°, ZBCA = 37°, 
АВ = 9.1 ст, ZAC = 8 cm, FE = 14.1 cm 
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d ZFED = 67°, ZCAB = 67°, ZABC = 67°, 
ZBCA = 46°, CB = 38.3 mm, AC = 38.3 mm, 
FE = 38.3 mm, ED = 30 mm 


a AD = BC (equal side lengths 
of square), DE = CE (given), 
ZADE = ZBCE (given), Л 
А АРЕ = А ВСЕ (SAS) 


b AE = ВЕ (matching sides in 
congruent triangles) 


P 








a PR = RS (equal side lengths 7 | 
of square), PX = ST 
(half side lengths of square), 
ZRPX = ZRST = 90°, 
ARPX =ARST (SAS), 


RX = RT (matching sides in congruent triangles), 
b RX = RT (froma), 
VR = VR (common side), 
VT = VX (half side lengths of square) 
A RXV = A RTV (SSS), 
ZTRV = ZXRV (matching angles of congruent triangles) 


a Diagonals of a rectangle are equal and bisect each other. 
bi ZAOD = 56° ii ZAOB = 124? 

iii ZOBC = 62? iv ZABO = 28? 
ZYDO = ZOBX (alternate angles, AB ll CD), 
ЖОХ = ZDOY (vertically opposite), 
OB = OD (diagonals of a parallelogram bisect each other), 


ABOX = ADOY (AAS), 
OX = OY (matching sides of congruent triangles) 


BP = PC (P is the midpoint of BC), 

ДОРВ = ZCPD (vertically opposite), 

ZPQB = ZCDP (alternate angles, AQ || DC), 

АВОР = ACDP (AAS), 

BQ = CD (matching sides of congruent triangles), 

CD = AB (opposite sides of parallelogram), AQ = 2AB 


Q 


A D 


DC = AB = YX (opposite sides of parallelogram), 

DC || AB |! YX (opposite sides of parallelogram) 
Therefore, DCXY is a parallelogram (opposite sides equal 
and parallel). 


D 


a a 1 
Х 
ZAKO = 2АОК (isosceles B С 


triangle AKO), 
ZKAO = 45° (diagonals of a K 
square bisect the vertex angles), 


ZAKO = ZAOK = 671 (angle 

sum of triangle), 

ZBOA = 90° (diagonals of a 

square intersect at right angles), A D 
ZKBO = 45° (diagonals of 

a square bisect the vertex angles), 


ZBOK = 22! , ZAOK = 3ZBOK 


Y 


0 
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10 а ADBC =ADBA (AAS) 
AB = CB (matching sides of congruent triangles) 


DA = DC (matching sides of congruent triangles) 


B 





D 


b AAXB = ACXB (SAS) 
So AB = CB (matching sides of congruent triangles) 

ACDX = AADX (SAS) 
AD = CD (matching sides of congruent triangles) 























D 


11 ZDAC = “ВСА (alternate angles, AD || BC) 
“АСР” = ZCAB (alternate angles, AB ll CD) 
AABC = ACDA (SAS) 
CD = BA (matching sides of congruent triangles) 
AD = BC (matching sides of congruent triangles) 
Thus, opposite sides are equal. 
ZABC = ZCDA (matching angles of congruent triangles) 
“ВАР = а + В = ZOCB 
Thus, opposite angles are equal. 











ICE-EM Mathematics 10 3ed ISBN 978-1-108-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 








12 Let X be the point of intersection of diagonals BD and AC. 
We use the results of Question 11. 
AD = CB 
ЖАС = ZBCA (alternate angles, BC || AD) 
ZBXC — ZDXA (vertically opposite) 
ZBXC - ZDAX (AAS) 
CX — AX (matching sides of congruent triangles) 
DX - BX (matching sides of congruent triangles) 


Thus, the diagonals of a parallelogram bisect each other. 











A 


13 A rhombus is a parallelogram. 
BC = CD (all sides of a rhombus are equal) 
BX = DX (diagonals of a parallelogram bisect each other) 
ABXC =ADXC (SSS) 
ZBXC = ZDXC (matching angles of congruent triangles) 
ZBXC + ZDXC = 180° 
So ZBXC = ZDXC = 90° 


Thus, diagonals of a rhombus are perpendicular. 


B C 











A 
14 АВАР = ADCB (SAS) 
BD - AC (matching sides of congruent triangles) 


B H C 

















A н р 


15 Let ZABK = ZDBK = а 
Then ZCBD = 20 
(diagonals of 
rhombus bisect the 
vertex angles) 
ZBAK = 180° — 40 
(co-interior angles 








AD || BC) : 
А К р 
ZBKA = 180° – (180° – 40) – о (angle sum of triangle) 
= 30 
= 3ZABK 
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16 ZCBX = ZCDY = 90° + 60° = 150° 
ZXAY = 360° — (90° + 60° + 60°) = 150° 
AXBC = ACDY = AXAY (SAS congruence test) 


Hence, XC = CY = YX (matching sides of congruent 
triangles) 
































17 2a + 2B = 360° (angle sum of quadrilateral ABCD) 
о + В = 180° 
so “АВС + ZBAD = 180° 
so ZBCD + ZADC = 180° 
Thus, AB ПОС and BC || AD (co-interior angles are 


supplementary). 


B C 








18 BC - AD and АВ- DC 
А BCD = ^ DAB (SSS) 
Hence, 


ZABD - ZCDB (matching angles of congruent 
triangles) 


ZADB - ZCBD (matching angles of congruent 
triangles) 


Hence, AB l| CD (alternate angles are equal) 
and ВС || AD (alternate angles are equal) 


B C 
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Exercise 8C 


1 


13 


14 


15 


a 


AABC is similar to ARQP (SSS) 

ALMN is similar to АОЕР (AAA) 

ASTU is similar to AXZY (AAA) 

ALMN is similar to ATSU (SAS) 

ABCA is similar to AECD (AAA) 

AGHF is similar to AJHI (SAS) 

AOMK is similar to ALMN (AAA) 

ASTR is similar to ASUQ (AAA) 

AEDC is similar to AADB (SAS) 

AIFG is similar to А/НЕ is similar to AFHG (AAA) 


a AAA bx =3.5 


ө 


сою 


а 
b 


a 


SAS b y= 14.4 
AJKL is similar to A JGH (SSS) 
a = 49a = B, b = 131- В 
ADEC is similar to A DBA (SAS) 
EC ED DC 
BA DB DA 
х- 2 
АСВ - 
3.75 cm 
AADE is similar to AACB (AAA) 
84 cm 


AAA b 





DCE, САВ = 
с 7.2cm 


CED, ZABC = ZEDC 





LM= 163 cm 


18.75 m 
130 m 
33 т 


ZDOC = ZAOB (vertically opposite), 
“АВО = “СРО (alternate angles, AB || CD), 
AAOB is similar to ACOD (AAA) 


OB ОА 


= 2,OB = 20D 





OD OC 


a 


b 


ZBAD = ZBAC (common angle), 

ZADB = ZABC = 90°, 

AABD is similar to AACB (AAA) 

ZBCD = ZBCA (common angle), 

ZABC = ZBDC = 90°, ABCD is similar to 
AACB (AAA) 


ZAEP = ZCBP (alternate angles, CB ІІ AD), 


ZEPA = ZBPC (vertically opposite), 
AAPE is similar to ACPB (AAA) 


АР = 25 = Е (ratios of matching sides of 

PC AD CB 

similar triangles) and AD — CB (opposite sides of a 
AD АЕ AE | 
PC CD CB 2 
AP - 2PC and AC - ЗАР 


ZEDB = 180? — ZACB (given), 
ZADE - ZACB (supplementary), 
ZBAC - ZDAE (common), 
AADE is similar to AACB (AAA) 


AE AD 
—— = —— (equal ratios of matching sides of similar 
AB AC 


triangles) 





parallelogram) 


д 


0 
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16 а ZPDB = 90° (given), ZAFB = 90° (given) 
ZDBP = ZABF (common) 
APBD is similar to AABF (AAA) 
AABF = AACF (RHS) 
So APDB is similar to AACF 


b TE = ae (matching sides of similar triangles) 
DB PB 


17 ІМ- i AC and NM = 5 AB. But AC = AB. Therefore, 
LM = NM. 
18 a ZABC = ZADB = 90°, ZBAC = ZBAD (common), 


AABC is similar to AADB (AAA) 


b ee бы ala — y) = с? (1) 
X с а-у 


с “АВС = ZBDC = 90°, ZBCA = ZBCD (common), 
AABC is similar to ABDC (AAA) 


d Бош зарн 
x у b 


е From (1) а(а– у) = c? and à? = c? + ау 
From (2) ay = b? 


а? =b? +c? 


Exercise 8D 
1 Let M be the midpoint of АВ. 


Let N be the midpoint of BC. 
MB = ЗАВ and NB = “св 


Непсе, ИБ cd апа NE 
AB 





AMBN is similar to А АВС (SAS) 


Hence, ZBAC = ZBMN (matching angles of similar 
triangles) 


MN || AC (corresponding angles equal) 


Also, MN = ЗАС (similarity factor of D 


B 


A С 


2 Let M be the midpoint of АВ and MN || AC. 
ZBMN = “ВАС (corresponding angles, MN |І АС) 
ABMN is similar to ABAC (AAA) 


BM = 27" (matching sides of similar angles) 
BM ВМ | 


BA BC 2 
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Thus, N is the midpoint of BC. 
B 





A С 


М is the midpoint of АВ. 
N is the midpoint of BC. 
P is the midpoint of AC. 


From question 1, 





MN = l AC, MP - | BC, PN = l AB 
2 2 2 
Therefore, 
NP = MB = АМ 
MN = AP = PC 
MP = BN = NC 
Hence, all the triangles are congruent by the SSS test. 
All triangles have angles о, В and Y. 


Therefore, each of the small triangles is similar to the large 
triangle. 


B 





С 





Let M, N,Q and P be the midpoints of AB, BC, CD and 
DA respectively. 


Join vertices B and D. 

In ACBD, МО Ill BD (Question 1) 
In AABD, MP ІІ BD (Question 1) 
Therefore, МО I| MP. 

In a similar way, MN || PQ. 
Thus, MNQP is a parallelogram. 


N 


A Р Р 


Іп АРАО апа АВАС 
ZPAQ = ZBAC (common) 
BA АС 7 
РА AQ 4 
АРАО is similar to АВАС (SAS) 
ZAPQ = ZABC (matching angles of similar triangles) 





663 


ANSWERS TO EXERCISES 






РО I| BC (corresponding angles are equal) 











B C 


6 а ASAC is similar to ASBD 


SA _ SC 
ЅА+ АВ | $C + CD 
SA x (SC + CD) = SC x (SA + AB) 


SA x SC + SA х CD = SC x SA + SC x AB 
SA x CD = SC x AB 


ЗА! 5С 
AB CD 





SA: AB = SC:CD 








b ASAC is similar to ASBD 
SB | SD 
SB- AB 8р -CD 
SB x (SD — CD) = SD x (SB – AB) 
SB х SD — SB х CD = SD х SB- SD х AB 
SB x CD = SD x AB 





SB _ 5р 
AB CD 
That is, SB: AB = SD:CD. 
с 24 = Be or ASAC is similar to ASBD. 
SB SD 
SA:SB - SC:SD 
; SA _5С 
AB Ср 


SA x CD = AB x SC 
SA х SC + SA x CD = AB x SC + SC x SA 
SA х (5С + CD) = SC x (AB + SA) 


SA x SD = SC x SB 
SA _5С 
SB SD 
Therefore, A SAC is similar to A SBD (SAS). 
Hence, AC ІІ BD. 
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Review exercise 
1 a = 37°, В = 80°, y = 20° 
2 а APCQis similar to AACB 
bxe=5 
3 a In ABEC and 
AFED, ZCBE = ZDFE (alternate angles, BC | AD) 


ZCEB = ZFED (vertically opposite), 
ABEC is similar to AFED (AAA) 








bi 2 ii 4 
4 aa=112° 
b о = 78°, В = 58° 
c a = 20° 
d B = 104°, 0 = 76°, y = 52° 
e о = 36°,B = 144° 
f о = 130°, В = 50°, y = 130° 


5 а ZBAC = 70°, ZACB = 55° 
b ZFIC = 55? (corresponding angles, FI l| AB). 
ZFCI - 559. So AFIC is isosceles. 
с ZDIB = 55? (corresponding angles, AC || DI). ADBI is 
isosceles (equal base angles), DB = DI 
d ZGIF = 53°, ZEFG = 17° 
6 а AONM s AZYX (AAS) 
b AABC s ARTS (RHS) 


7 | AAOB is similar to ACOD (AAA). 


Ratio of matching sides gives: BO = Be 
OD OC 
8 In ACFA and A BEA, 
ZCFA - ZBEA - 90? (altitudes), 
ZFAC - ZEAB (common), 
ACFA is similar to ABEA (AAA) 








ME - = (ratios of matching sides) 
СЕ AC 
B 
F 
- 
А Е G 
102 21 
9 ax= ын bx=— 
11 4 
119 


10 a x =13, EF = — 
13 


11 20cm 


Challenge exercise 
Only outlines of proofs are given in the challenge exercise 
1 а 272cm b 50455 cm 
с 16455 cm d approximately 67 cm 


2 Produce AY to Z. Let ZBAY = a ZAZC = a (alternate 


angles, BA |І ZC) 

Then ZYAC = a (angle bisector), and AZCA is isosceles 
So ZC = CA = 20A 

Next, AAOX is similar to AZCY (AAA) 


0 
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CY ZC 2 





ш = 2ог СҮ = 20X 
ОХ ОА 
3 PQ=BC - АВ = Ср = x and 
ВР = СО = 2х В Y 


AAXB = QXP (AAS) 
2 РХ = XB = x = QY = ҮС 


PQYX is a rhombus and XQ and PY 
are diagonals of a rhombus. Hence, 
AQ І DP. 


Р Q^ B 








4 Show that ZBAD BDA АСЕ = 54°. 
Hence, ЛАВР is isosceles with АВ = BD. 


Draw the perpendicular from B to AD. Let X be the 
point where the perpendicular meets A 
AD. X is the midpoint of AD. 


AAFC = ABXD (AAS). Hence, F X 
FC = XD and AD = 2FC. 


5  ASXY is similar to ASPR. 
sx =L PS, SY = LSR B C 
2 2 








Therefore, area of ASXY - i area of ASPR 
1 
Therefore, area of ASPR = 2 area of parallelogram PORS 
1 
Therefore, area of AXYS = 8 area of parallelogram PORS 
Q R 
Y 
Р x 5 


6 a ZBAD = ZBEC (corresponding angles, AD || ЕС) 
ZDAC = “АСЕ (alternate angles, AD ll EC) 
ABAD is similar to ABEC (AAA) 
AAEC is isosceles; AC = AE (base angles of AAEC) 





BD = BA 
BD + DC ВА + АЕ 
BD BA 





= (AC = AE) 
BD+DC ВА + АС 


ВГ(ВА + АС) = ВА(ВР + РС) 
BD x ВА + BD x AC = ВА х BD + BAX DC 
BD x AC = BAx DC 
BD BA 
DC AC 
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BC ВЕ (ВА ВЕ 





b From a, an 7 
CD Ер AD ED 
С 
Therefore, BG = Es 
CD AD 
Therefore, AD, - ын 
АВ СВ В 
AF АС 
c From a, — = — 
ЕВ BC 
BD BA 
fee eee eke A D 
DC CA 
AE | AB 
EC BC 





BD СЕ AF | BA BC АС. 


x x ——x 1 
DC EA FB ОХ Jd BO 
































B 
F D 
A E C 
a B' 
cb 
ab 
С" b2 A' 
b B" 
са 
а2 
с" ab A 
с А", В' 
cb 
ca 
ab 
a2 
в" C",C ы А 


d ZB” А” А' is aright angle. The new triangle is similar to 
triangle ABC. 


ec f +b = с? 


ХҮ = АС = WZ and YZ = m = XW. 


Therefore, XYZW is a parallelogram. Diagonals bisect 
each other. 
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Chapter 9 answers 


Exercise 9A 
1 а16 
d 27 
2 a2 
95 
3 a 1371 
d 2-10 
4 аа? 
d р! 
804705 
5 а = 
y 
а 29 
4 
6 аад рд 
4a6p? 
7 а 18m? 
mn 
8 а : 
2 
al 
9 
Ё 
8 75 
. 1331 
1 85 
m4 
1 
9 а 2 
2x^y 
6 
а 2— 
8x 
10 a 2 
m 
3p! 
246 
E 
8 ағ” 
ККЕ 
3 58с2 
x 
“у 
р тп?р? 
11 а ES 
27 
12 2. 
208 
14 a -Ž 
2,2 
à Зх?у 
x+y 











ICE-EM MATHEMATICS 
ICE-EM Mathematics 10 3ed 











b 125 c 64 
e 10000 f 216 
b 26 с 34 
e 54 Е 3 
b 7? с 13 
e 3+ f 11-10 
b a! c m? 
e адр! f m?n 
h 15х5у4 i 15x$y? 
2 
b зу с аёт? 
2с? ғ 4x3 
“зы y 
b х21у35 с dp coq? 
e 9448 f 644956 
b pt c аё? 
е ab? f pq 
b 5 с : 
4 3 
е 2 f 5 
1000 7 
һ 2 ‚27 
9 8 
К Қ 16 
п 1 ol 
1 y? 
b c 
9x*y* 64x? 
6,6 
е 2. f 4х10у10 
8 15p? 
b ab? € 4 
4 
л Ем 
2х 16 
8,2 
h m'n i ET 
m 
4ab? 1 
k 1 
3 m?n” 
2а!5 
Зри 
n ab 0 73 
aè 8а! 
чт ИГ: 
1 1 
b — c -— 
64 64 
13 13 
3 
1 1 
x P 
а х2у +ху? 
х2 + у? 
ҮЕАК 1 
ISBN 978-1-10 

















xt 


е — 
1+ 2х?у + x^y? 





b 4x 107! 
e 2.1 x 107 
2x 10!2 
3.012 x 103 


яғ 


b 6.700 х 1077 т 


b 92 000 
e 7412000 
h 47.26 


b 1x 10° 
e 2x10^ 
h 2x 107! 
k 5x 106 


b 5.83 x 10! 
е 12x10? 


5.8473 x 10° kg = 5.8473 x 10° tonnes 


с 


6.2 x 107! 

2.6 x 1077 
9.1345 x 10? 
1.000 51 x 107! 


1.5 x 10"! m 


0.048 
-402 


1.26 x 108 
4 х 1075 
2.5 x 10! 
5 x 10° 


6 x 1077 
1.6 x 102 


b 1.23 x 102? km 


c approximately 8 minutes 18 seconds 


b 4.73 x 10? 

e 5.124 x 10? 
h 5x102 

k 1.6 x 10? 

n 2.99 x 1027 
q 5.73 x 10° 


b 538 
e 0.00351 
h 478 000 


b 2.97 x 10? 


a between 14.5 cm and 15.5 cm 


b between 1.995 x 10? kg and 2.005 x 10? kg 


€ between 18.665 m and 18.675 m 
d between 4.87445 x 107 mL and 4.87455 x 107 mL 


Exercise 9B 
1 a 63xl10! 
d 74x10? 
g -8.66x102 
j 5.732 x 104 
2 a225x10? 
3 a 6400 
d 0.0087 
g —0.004 657 
4 а8х105 
d 2.04 x 10° 
g 121 x 10-16 
j 3x102 
5 а 1026 x10? 
d 4.34 x 10? 
6 
7 a 248x105 km 
8 1840 electrons 
9 a 5.766 x 102 
d 5x10? 
в 51x10? 
j 1.60 x 10? 
m 2.994 х 1027 
p 3x107 
10 a 5.60 
d 732 000 
g 372 
11 2.93x10 3 m? 
12 a 414 x10* 
13 
Exercise 9C 
1 a2 
d 2 
2 a : 
5 
же 
100 


- 


0 


r 


е 


ғ 


47 x 102 
5.12 x 1072 
1.603 x 103 
2 x10? 
3.0 x 1027 
7 x 102 


9670 
0.0142 


л Ww 


юре 


0 
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10 а25 


11 а 3.9811 


12 а m? 
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b 16 с 27 
e 243 f 100000 
ii i 1331 
81 
ыг у 125 
125 216 
7 16 
n — 0o — 
10 81 
b 43 с 5/20 
e 59 
1 1 
b 137 с 54 
2 3 
е 53 ғ 72 
2 
h 107 
4 5 
b 53 с 64 
7 5 
e 53 f 112 
b : с x 
2 11 
е -L f — 
1000 11 
b E" c4 
1000 
eL г} 
100 8 
17 3 
b 315 c 75 
3 Ш 
е 102 Г 1012 
1 1 
шин цан 
220 510 
9 
b 7 c 228 
e2 f 2 
107 
b 8.3203 с 12.748 
e 9.3152 Ғ 2.4150 
h 2.4721 
11 3 11 
b ald с x4yl5 
1 
е a2 f 2. 
тб 
1 1 
һ 4т5 і 3 
27т2 
13 
k EL 1 тб 
má 
mrt. 
8n? 
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13 a 8.586 
d 0.9547 


14 аад 
d p125 
pls 


8 2а97 





b 458.2 с 1.130 

e 0.010 46 f 0.001 406 

b m® с p 

e 4p? f 64 p93 
2n8 К p>! 
3т42 i as 
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2 
3 
4 
Ехегсісе 9Е 
1 a3 b 9 с 
е 3 f 2 g 
i 3 j 6 k 
2 а-а b -4 с 
е-5 f -3 g 
3 al Б с 
2 2 
3 2. 
e> f — 
2 3 Ё 
4 42 ЫГ с 
3 2 
1 2 
e f=- 
3 3 n 
5 a5 b -2 c 
3 
е- f 6 
2 g 
6 a 4and5 b 2 and 3 
d 2and3 e 4and5 
g land2 h 2 and 3 
j —land0 k бала 1 
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5 2 
3 5 
4 15 
0 -3 
—5 —10 
3 а 2 
2 3 
2 2 
Э 4 
5 a3 
7 4 
-1 Бо 
3 2 
4 
В 422 
3 15 
28 һ 2 
4 2 
c 5and6 
f 2and3 
i 3and4 
1 land2 
YEAR 1 





Exercise 9F 


1 


a 


3 


4 5 





1600, 3200! 6400 











ii 918.96 


ii 21.76 


ii 3840 
ii 100 
iv 0.1 





iii 2262.74 





iii 8.25 


iii 10861 


b 1.360 x 10!! 


b 42.0? 


b 80 000 


ii 125 


b logio 100 = 2 


34 = 81 is equivalent to log; 81 = 4 


5? = 125 is equivalent to logs 125 = 3 


25 = 32 is equivalent to log; 32 = 5 


d 
e 
f 7? = 343 is equivalent to log; 343 = 3 
g 
h 


c 86635 


iii 31 


€ log; 49 = 2 


10^ = 10 000 is equivalent to 10210 10 000 = 4 
i 10? = 0.001 is equivalent to 10210 0.001 = —3 
j 27 = 0.5 is equivalent to log; 0.5 = –1 


c i 303.14 
2 

c i 131.95 
3 ai 60 

bi 1000 

iiil 

4 a 8.2007 x 10° 
5 a 632? 
6 а 0.896 
7 а 1000 

bi 250 
Exercise 9G 
1 а log, 8=3 
2 a2 

e 0 
3 a3 

e3 


b 6 с 7 
f 8 53 
b 4 сз 
f 0 54 


4 12 
h 2 


а2 
h 3 


0 
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e —3 f -5 
5 al b 0 
e 100 f -2 
6 1 
7 0 
8 a 2.8971 
—2.2680 
9 a6 
-3 
ес 
8 
) 4 


Review exercise 


1 aa" 
2 а a 
16 
1 
€ ——— 
10000 
1 
3 а- 
a 
2 
а? 
1 
4 а p 
1 
d == 
2x3 
g 4x3 
5 a 4 
36 
а! 
5 
6 1 
d 7 
gl 
7 а 8ab 
d. 
32a 
8 22n-4 
9 б: 
23 
10 а26 
7 
с 23 
11 a 42x10? 
с 74x10 
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с-2 4-2 
5-4 h -3 
с 3 45 
6-7 h -13 
b -3.5229 с 7.8573 
e 56.8028 f —3.9085 
b 5 с -4 
e 27 f 25 
h : 1:72 
k 5 12 
b 1296т!9 с ab? 
b 6 
а 81 
16 
14 
d 
1 
а- 
4а6 
2 5 
it Е 
1 
e —- f 2x? 
5a^ 
3 3 
n AP Жэ 
а 6 
b T c кз 
64 16 
1 
с 2 
100 
b 5 с 1 
е1 f 5 
1 : 
һ 3 1 4 
b ab? c 2b 
9 а“ 
е — f — 
a 2 
11 
b a20 
3 
d 25 
b 6.2 x 10? 
d 2x107 
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12 a 5400 b 112000 
c 0.068 d 0.0097 
e 0.18 f 0.000 064 
g 7410000 h 402 
13 a 20 b 500 c 420 
d 34000 e 0.0068 f 0.0492 
g 480 h 600 i 0.007 
14 a3 b4 с -2 
ао -2 f -3 
5-4 h -3 
15 al b5 с 15 
-1 е -2 f —6 
16 a e: b 2 с 25 
3 3 5 
4-2 е-5 f 6 
1 
17 a 12 b— с4 
2 1 
а d. e 1 f 72 
128 2 
37,2 1 
18 а 3а2 b 79 
3748 4 
с 27,9 d ab 
19 a 32 b 37 = 2187 
cl d 7? = 49 
e = f v5 
10 5 
g5 h3 i 10 
20 a 8400 b 9261 с 8000 x (1.05)" 


Challenge exercise 
1 a 120x b 128 ec 


2 -8 3 z 4 -i 
6 
5 а 2306, 2308, 2312, 2320, 2336, 2368, 2432, 2560 


b n= 12 
7 ax=3,y=2 


с x25,p»23 


1 1 1 1 
8 aa +03 +03 b х+хї+32 
11 11 2 2 з 1 





9 а 3a—2a 3b2 — ab 2 — 6a3b + Да 3b2 + 2b2 
b a-b? 
1001001 
10 33 >22 >55 11 ху 
nl 13 18063 
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Chapter 10 answers 


1 


OA Review 


Chapter 1: Consumer arithmetic 














1 $4500 2 3years 3 8.7% p.a. 
4 a $23940 b $72 
5 2096 
6 a $24 b $120 
7 а 108 b 103.5 
с 36 а 20 
е 25% decrease f 150% increase 
g 253.75 
8 а 4% decrease b 15.5% increase 
с 4.32% decrease d 19% decrease 
9 11.384% increase 
10 а 20%іпсгеаве b 5% increase 
с 20% decrease d 15% decrease 
11 $56 314.12 
12 а $19042.49 b $19 301.25 c $19 362.03 
Chapter 2: Review of surds 
1 а 5/2 +243 b 74/5 +4 
2 a 3y2 b 842 
c 2442 d 943 
3 a-42 b 2643 
c 1643 d 8/7 
e 745 + 1842 f 24a 
4 а4/3-4 b 242 - 13 
c 13 d 5 - 24/6 
5 a8 ba-b 
c a + 2Jab +b 
6 а.б b 42 + 43 
34 543 15 – 45 
c d 
Э 5 
e 2418 +245 f ы" = 
7 + 2410 13 + 54/6 
7 а---- b —— 
3 19 
с 443 + 4v2 + VO + 2 а 142 - N55 
2 9 
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CANNE 


Chapter 3: Algebra review 


1 


13 


14 


15 


a 9mn2 — 3m 


с Tab? + a? 


a 5а+4 
с 6x? – 2x 
e 2х2 +11х+ 5 


ву + 5у+9 


а 6x? + 33x + 45 
c 10у2 + 7y – 14 





а (x — 5) metres 


b 0 
d 10р242 — 5p? 


2b +21 
17у - 5y? 
ба? + 17a – 14 


к o" аш с 


b? + 23Ь – 1 


b 12a? – 10а – 8 
а 7b? +37b+1 


b length 17.5 т, width 12.5 т 


24 km/h 
4 litres 
ax>4 


а x <-— 
7 


9.61 x 10° watts 











a s = 42.225 
4л2р 
age Т? 
c-b 
ах- 
а 
dx=- 
F=f 
_n-p 
x= " 
a x? – 25 
d 25x? – 4y? 


a (x — 6)(х + 6) 
с (9b — (92 +1) 














RU 
6 3 
i- 2226 
10 10 
1-4 , Sy , 73 
9 4 12 
TRES E 
3 3 
л Est 
3 3 
ТЕ і у= 9 
ТЕБ сх < 37 
х < —5 Їх»3 
Т =. 
t 
b е = 9.8 
Ба _cd—b 
a a 
e x = ya? fess 
y-c 
hx -(а + b) Зу-1 
а 2 
b х2-4 с 9x? -1 
e TE f Lanty 
16 9 


b (а-8Ха-8) 
d (3x — 2у)(3х + 2y) 


0 
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16 


17 


18 


19 


20 


21 


22 


х(х- 18) 
2(3b — S)(3b + 5) 
7(2x — 3y)2x + Зу) 


кок) 


(х + 2)(х + 3) 
(х= р(х - 2) 
(x — 3)(х — 6) 
(x — 5)(x + 2) 


і (x —7)(x +3) 


(x + 2)(2x + 3) 
(5х + 4)(x + 3) 
(3x — 10)(х — р 
(3x + 2)(x – 3) 


і (2х + 3)(х – 7) 


(2x + DQx + 3) 
(4x + 3)(x + 4) 

(2x – 5)(3х - 2) 
(2x – 5)(2х – 3) 


і (4х + 5)(2х – 3) 


2(x + 3)(х – 7) 
A(x + D(x — 4) 
3(2x + 5)(х — 1) 
5(2х + D(x — 6) 


і —2(3х + 4)(х +1) 


34x + 13 
35 
—3х – 11 
(x + 2)(х — 3) 
х-4 
x(x — D(x + 1) 


x+2 
х +4 





L 
x 


b 3x(x — 6) 
d 3(2b — 3)(2b + 3) 
f 6(3a — 2b)(3a + 2b) 


1 22ү 2 
БЭ хээ pr. 
(е IE 47 


b (х+2)(х +6) 
d (x — D(x — 5) 
f (x- 6x41) 
h (x - Ax + 2) 


b (3х + I(x +6) 
d (2x — Dx - 2) 
f (7x -9)x - 2) 
h (5x + 4)(x – 2) 


b (3x + 2)(2x +3) 
d (2x – 5)(2x — 3) 
f (5x - 62x – 3) 
h (2x — 5)(3x + 2) 


b 5(х + 2)(х 43) 
d 3(x — D(x + 5) 
f 4(2x + D(x + 2) 
h (4—x)(x - 6) 


5x +7 
(x + 2)(x + 1) 


4x + 5 
x(x + 2)2x + 3) 


5х + 9 
(x — 3)(х + 3)(х + 1) 





(x + D(x + 6) 
(х= 1)(х +1) 
—x(x + 3) 
3(x +1) 


Chapter 4: Lines and linear equations 


1 
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a 24/13 
b 242 
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c 4/34 
а J34 


) 





10 


11 


ст--і,с-7 
2 1 
ет---,с-- 
3 3 
ai3 
1 
сі- 
2, 





bm=l,c=3 

dm=-lc=4 

Pees uml 

4 2 
ii -— bi —2 н 1 
2 
ii —2 432 аз 
3 2 



































g yA 
> 
0 x 
-4 

ау-3х-2 су--х-3 
Б у=2х+1 dx+2y=8 
a 3х+2у= 6 b 2у-х = 2 
с у= 3 а х = 
е у= 2х -1 f у= 1-х 
ах= 2,у= 3 bx=Ly=l 
сх-б,у--5 dec -3 

Бс cue s 
ех-б,у--5 f x t =z% 

13 13 
a=3,b=2 
a3 
bia-2 й (а-2,1) 
2.2 a 2 

сі- ii 

a 4-а 
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di2 lm al i (5.2) gn 5 У һ _—-1+/2 
5 5 2 2 4 
e i Ja? +4 ii 3/5 8 айсы ру=+ 50 
12 а 310001, b 40 L/h e 32030455 d y -4t V13 
с V = 31000 – 40t d after 775 hours 1 5 34/21 
ет--і-- f n= 
2 2 2 
13 ai A started in Melbourne, B started 100 km from 
Melbourne. 9 а (x +7) metres, (x + 8) metres 
ii А finished 160 km from Melbourne, В finished in b 5cm, 12cm, 13 cm 
Melbourne. 
. . 10 a 3816ш b 102 seconds 
iii A took 2 hours 20 minutes, B took 1 hour 36 minutes. 
: 4 
iv A averaged 68 7 km/h, В averaged 62.5 km/h. 11 a length = 24 — 2x cm, width = 17 — 2x cm 
b А: d = 280, в: d = —62.5t + 100 bx-25 
7 c 19 cm x12 cm x 2.5 cm 
€ They passed after 46 minutes of travelling. 
: : 12 a х2ш? b (8x +16) m? 
Chapter 5: Quadratic equations Я 
5х 
ове а 8шх8ш 
1 а-4,4 b -2, 2 
5 5 13 ab=+4 bb<-4orb>4 
c -7,7 d->, = 
2 2 с-4<5Ь<4 
1 1 5 5 
е-,-- === 4 4 4 
2 2 2 2 14 аа-- ba<- са>- 
3 1 3 3 3 
2 а0,- b 0,-- 
P Chapter 6: Surface area and volume 
с 0, 5 4 0, 5 1 а 2200cm? b 6000 cm? 
2 
еа f 0, -5 2 5cm З 5cm 
6 0,7 ҚАС 4 a 44cm? b 728 cm? с 880 cm? 
j dst 
54 5 а 4712 litres b 64cm 
3 aa-4or-3 і--3ог-5 6 ai 360cm? ii 400 cm? 
ст--7оғ3 т = 40r -1 b i 96r cm? ii 96r cm? 
ех-4 b=9or-3 
7 а 254.6 m° b 160 m? 
5 1 11 
аа 493 8 a4cm b 8/6 cm c 328 cm? 
ЭЭ” 4-7,3 » 
3 6 2 9 а 18л т? b лт? 
1 35 4 
è=, 1 f -=,= 
3 2 6 10 a 9, 27 b 2.25, 3.375 с 2,8 
T h 3 d 6, 216 e 5, 25 f 9,81 
5 a3 b -5 с -l Chapter 7: The parabola | 
44 e-5 г 5 i а-%-3 b -5.6 
с 4+ 43, -4- 43 d2442,2- 2 
6 а (x + ./5)(х— J5) 
= 2 
b (x + 2— 24/2)(х + 2 + 242) 2 ау= (х+3)? – 6, (-3,-6) 
с 2(x — 3 —-/5)(х 3 + V5) b у= (х= 2)2 – 2, (2, -2) 
2 
7 ау=-1+ 45 ba=2+ /6 еу-2(::3) 21-3 1) 
41 7 + \/41 2 5 202 
€ ax—l1z—— dx= 2 
2 2 а =3(x+4) 10 ( 4 £) 
eee (215433 ы 3) з'\з' 3 
474 4 
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тоқ 


к 


ІСЕ-ЕМ Mathematics 10 3ed 


y2-2x!46x48 
у= х2 —8x +15 


y = 2x? - 12x +16 
у = -3х2 12x - 7 


у = 3х2 -12x+12 
у= -x? -2x+2 
у= x? - 10x + 21 
































| 1 2) 
5 “264 
6 
> 
011 5 x 
> 
-3 0 2 x 
(3, -4) 
y^ d УЛ 
4 9 
> 
-2 0 2 x 
> 
-3 0 X 
f УЛ 
> 
-У24 0 V2 x 
-2 














о“ (3, 2) 





хү 
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ч 

к 
ETT 
Wile 

| 
|» 
|o" 


y 1 y^ 

6 14°57 
4 > 
1-357 10 xX 

4 
-7 
> 1 8 
0 x 4478 





1 
b (-+. о), 0) 





8 а12-2х b A = x(12 - 2x) 
c3mby6m 
9 а (-1-8) 
b (0, –7), (-1 -242, 0), (-1 + 2/2, 0) 
c y^ 
-2/2-1 22-1. 
0 x 
-7 
(-1,-8) 





d -2/2 -1 < x < 2/2 -1 











10 a yA 
ҮЗ 
155211 143 
> 
0 x 
(1, -3) 
bin ereis 
2 2 


11 а-6<х<5 


b x < -3 orx 2 -2 


сх<-богх>10 


Chapter 8: Review of congruence апа 


similarity 


Note: Proofs are not given in answers for this section. 


1 aa-22,b-25 
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CANNE 









































3 ai AAA ii x = 3.75 10 a 5400 b 5832 
b RHS с 5000 x 1.08* d 23305 
bc d sj П ai 4116 — i 4037 ій 4200x 0.98" 
b ASA ai ii iii x 0. 
: b Population Л 
6 a ZDEC = ZABC (given both 90°), ZECD = ZBCA 
(common), ADEC is similar to AABC (AAA) 4200 
bx=5 с a = 126.87? 
7 а APQL is similar to ALTP is similar to ANML (ААА) 3200 
b LT =75m 
d > 
12 х- гэ О РА х уеагѕ 
Chapter 9: Indices, exponentials and с 14 years 
logarithms = part 1 12 a4 b2 с i d : 
1 aa b 24x7y° c ab 
РЕ 10В Miscellaneous questions 
a e 2xy f 2y 
5 1 a 140km b x km 
2y3 p? .y 
в x^ h d Е EDI с as hours, 140 hours 4 70 km/h 
3 5 
a Ин ае 2 аі 11 һошѕ ii > hours iii 144 km/h 
с 2.67 x 10~ d 2.5x 102 : шан 
bi (d—m)km ii T= 
3 a 9017x104 b 4.552 x 10+ И 
-6 20 got ыл iv w ЖЖ 
с 6.516 x 10 d 9.468 x 10 a Cd Gm 89 
w(d — т) 
4 a3 b3 c2 d 2 e 3 f 4 Ұу------ 
wntd-m 
1 1 
5 а 4 b 8 c9 d 8 е 57 155 с 5616 km/h 
e жй b а? қ а? 4 ae 3 а X takes 24 hours, Y takes 13 hours 
b 5 b 3 b X averages 24 km/h, Y averages 36 km/h 
3 2 
e L f За? ё 4a? na € They pass 31.2 km from A. 
b? b 
7 а yA b y 4 a2km 
(1, 3) b Shen finishes first by approximately 10 minutes. 
1 (1,2) 1 
Š 5 a 30m/s 
0 x 0 x b y m/s A 
c УЛ 4 УЛ 30-| 
(-1,5) 0 jd 20 Lindy 
-1 
40 | John 
1 
(1, —5) 0 | | | | | Т 
0 А 3 6 9 12 15 
x 
с 7 seconds а 5 m/s? 
8 agel iut ТЭРЭЭ: еі 180m ii 207 metres 
2 2 fi 90m ii 180m 
d x=3 5 x=- f х-3 iii (30r — 180) metres 
g i 18 seconds ii 360m 
9 ax=5 bx=l cx _11 1 
4 6 ai 3 ii 3 
19 17 
x= ех--- # x=6 1 
18 15 bi у= =х+2 ii у= -х- 4 
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с 


: (ж 12b 85-452 


7 а 
b 
с 
а 


c 


10 a 


11 a 


12 a 


2. 


oO 


13 а 


14 


к 


2. 


15 а 


ІСЕ-ЕМ Mathematics 10 3ed 


а 27 е 18 


(6, 4) 





) when b = 0, Е = (0, 0); when 


4-b ° 4-b? 
b = 2 the lines are parallel so Е does not exist; when 
b = —2 the lines are the same. 
20 km 
i 1042 km ii 2542 km 
(1542, 10) 
i P = (0, —20), R = Q542, 0) 
4 245 
шин 

242 
iii y = ——x — 20 
5 

ih=3r — idi V-mr? iii A = J10nr? 
i 7.55cm ii 62.9 cm? 
ZAGB = ZCGF (vertically opposite angles at С), 


ZGAB = ZGCF (or ZABG = ZCFG) (alternate 


angles in parallel lines), so AAGB is similar to ACGF 
(AAA) 





AEBA, ABFC 
13:2 й 2:3 
і ААА iix = 51 ш 24 
49 
і х= 3y ii 2 
2 9 
і 3 й 3.5 
iii V6 iv 1+ V3 
1 
утас 
х 
ZABE = ZACD (given), ZBAE = ZCAD (common), so 
AABE is similar to AACD (AAA) 
: PME: 
i (x +10) metres ii =— 
x+10 3 
20 metres 
‚1з 2 m 12 2 
i —x^m ii | 450— —x^ | m 
2 2 


i e = 450 — e ii 15472 metres 








A = (15 - x)? - (15 - 2x? 
75 m2 
10 km b 0.5 km 
A = (1.13, 0.2), В = (8.87, 0.2) 
7.75 Кт 
y^ 
Gipps 
Rd 
9 
Bells Rd 
Q, 
> 
x 
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16 


17 





bi у= (х- 2)2 +5 


ii 9 

iii see graph 
c I1 km 
di у-2а-2 

ii y = a? 4a 49 
f d^ 

11 

(3,2) 
— > 
0 а 





g 2km,3 km east of origin 





bi (-L-10) ii (28.0). (4 X) 





(-1, -10) 
P(-1, -12) 





d 200 km 


e 3x? +6x-7 
3x? +x-10 


аі h-rtanO 





bi Area (A)= je 
ii Area (B) = r? tan 


d 57.5? е 4n = 12.57 mm? 


10С Problem-solving 


1 


2 
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x = 12 and y = 2, or x = 12 and y = -2 














or x = —12 and y = 2, or x = —12 and x = 2 
or x = 36 and у = 34, or x = 36 and у = —34, 
or x = —36 and у = 34, or x = —36 and y = -34 
а і 24259 cm ii 24257 cm 

b 5cm 

(4 - 243) m 

a l6r cm? p 5 3 

с S em? d 8x cm? 
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6 Midpoint of AB = X ( 





, 


Xp tX? L| 














2 2 
Midpoint of BC - (2 tx» ») 

2 2 
Midpoint of CD = z( ЫЕ уу Р n) 

2 2 
Midpoint of DA = „(® : хо» : x) 


Gradient of XY - JW 
X3— X 


Gradient of WZ - 357» 
X3—X 
y Л B(x, y3) 
X 


А(х |y) 





D(X4, уа) 








Therefore, XY I| WZ 





1 
XY = 270% — xy + (уз — yo)? 





WZ = ses = xy + (уз — yo)? 

so XY = WZ 

XYZW is a parallelogram. 

(РА)? + (РС)? = x? + y? + (х – а)? + (у – b? 


(РВ)? + (Рр)? = (х— а)? + у? +х? + (y- by 
so (РА)? + (РС)? = (РВ)? + (PD)? 


y^ 
Р(х, y) 
D(O, 5) (a, b) 
А(0, 0) В(а,0) 





AAQX - ACRZ - ABPY 

Quad AQRZ = Quad BPQX = Quad СЕРУ 
APQR is equilateral. 

ABPY is similar to ABCZ (AAA). 
Assume АВ = ВС = СА = 1. 


Then CZ = AX = YB = >. 


A 


\ x 
ZON, 


ШЕ 


Apply Pythagoras’ theorem twice to find ZB = 


The enlargement factor from ABPY to ABCZ is 47. 


ІСЕ-ЕМ МАТНЕМАТІС5 YEAR 1 





10 


11 


-. area of ABPY 


l area of ABCZ 


= И area of AABC 
area of APQR = 3 x area of APBY 
= 5 x area of AABC 


60° 
C M Y B 





AARD is similar to APRB 


Therefore AR = RD. 
RP КВ 


ABRA is similar to ADRQ 


. RD | КО 
"RB AR 
‚ AR _ RQ 
"URP AR 


7 AR? = RP x RQ 
Draw MX || АВ. 


“АВС = ZMXC (corresponding angles АВ || MX) 
“АВС = ZMCX (AABC isosceles) 
2. ZMXC = ZMCX (AMXC isosceles) 
2. MX = MC 
ALNB is similar to ALMX 
NM = ML (given) 
-. LN = 2LM and NB = 2MX = 2MC 
A 


B X C L 


ZAEB - 60? (AAEB is isosceles) 
ZDEA - 30? (complementary to ZEAB) 
ZCBE - 30? (complementary to ZEBC) 
ABEC - AAED (SAS) 
ADE AED BEC ECB - 759 
(АВЕС апа AAED are isosceles) 
ZEBF = 30° + 60° (square and equilateral triangle) 
ABEF is isosceles 
ZBEF = 45° (angle sum of ABEF) 
Therefore, 
ZAED + ZAEB + ZAEB + ZBEF = 75° + 60° + 45° = 180° 














Points A, E and F are collinear. 











2 сп 13 2:1 14 12042 
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Chapter 11 answers 


Exercise 11A 
1 a 



































УЛ УЛ 
5 1 
-5 -1 
© УЛ УЛ 
4 ҮЗ 
> > 
-12 -3 
diis УЛ УЛ 
5 AT 
© УЛ УЛ 
(5 242 
ak . 242 
-15 
3 a yes b no 
d yes е yes 
4 ayes b no 
d yes e no 
5 a УЛ 
2-43 
A” 
Ol 1 E 
© УЛ 
3-5 
3 -V5 
072 у 
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11 


12 











е УЛ f УЛ 
8 8 
-1 a 
zw 3 О X 








a centre (—2, —3), radius 2 

b centre (1, — 4), radius ЛЗ 

с centre (3, 4), radius 8 

d centre (7, 4), radius 5 

e centre (4, 3), radius 4/10 

f centre (4, 2), radius 4/10 

a (x — 1)? + (у – 3)? = 9 b (x +2)? + (у – 12 = 16 
с (x-4 + (у+ 1) = 1 а (x-2)? + y? = 4 
Ja7 = 5)? + (17 — 12)? = 13, so the point (17, 17) is 13 
units from the centre at (5, 12). The equation of the circle is 
(x — 5)? + (y — 12)? = 169. 

(x — 3)? + (y + 4)? = 25 

a (х — 6)? +(y—7)* = 36 b (x - 6)? + (у— 7)? = 49 





a 6 b (5, 6) 
с (x—-5? +(y- 6)? =9 
а 1042 b (2,—1) 


с (x 2) + (у+1)? = 50 


Ехегсіѕе 11В 
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су=2 
су--24 
су-2 
ecd 
18 








b -1,-2,-4,4,2,1 
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ҮЕАК 1 


ph s 
2 2 
а —12000 b —60 c 4 
d E e L 
2 12 
а -2 b -3 с —600 
4 600 eos 
997 
a4 b 120 с 1200 
d -1200 e -12000 
а YA b УЛ 
23 | 14,3) 23 
у= ' у= 3 
ž 2 2% (1,3) 
О * О im * 
(3.1 
с УЛ 4 УЛ 
ЕЕ etn 3 
ЛАУА 7703 у= 
О > О % 
(1, -1) (4, -3) 
а уд 



































с УЛ 
ээн 
x+3 | 1 
! 3 
| po т 
im 
11 
ШІ 
ің 
| > 
=! х 
E 1 
| 7 
Hi 
а УЛ 
1 
ys. 
— ÁO ee ран у-1 
7% |0 x 
b T. 
УЛ yx 3 
1 
3 
2 > 
x 
€—— ИЛИИ y=-3 
5 УЛ 
221 
у= Хог 
kp oH pre v E у-4 
1 
О| |4 x 
x 
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1 ai 6 d i YA 
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Exercise 11С і 
1 a (2,4),(-2,4) b (1, D, -1,) 

c (2,1) d (3,9), (4,16) 
2 а(-,) b (-5, 2), (1, 8) c (2,4), (1,7) 


1 1 
а (+. o} (0,1) e (5 2) (1, 6) 





3 а (2,0) b (-3, 0), (3, 0) 
с (4,4),(-4,-4) а (-3,-6V2), (3, 642) j 
4 a 








intersection points: 









































(1, 3), (3, -D no intersection point 
b УЛ с УЛ 5 а(3,1),(-,-9) b (1, »,(-$.-2] 
17 
C1, 4) d (-1, 5) 126 
N17 V17 ~\26 426 
О = О = 
(4-1) (5,4) 
-Ү17 ~\26 
intersection points: intersection points: 
(4,-1),(-1,4) (-1,5),(5,-1) 
а y e 
45 а (-1,1), (1,-1 
0,4) (-L D, (1, 1) 
-2N5 245 
О E 
-2,-4 
( ) 215 
intersection points: intersection points: 
(C2, 4), (2,4) (2. 1 ч) (2,1) 
5 5 























f g 
6 aA- L UE В = (1,1) 
707) , 
b area of AOAX is T area of AOBY is ; 
7 (2,3) 
8 (x-5? +4x?=4, (x-1? = -16 so this quadratic 
-3V2 | 57 
equation has no solution and the line does not meet the 
intersection point: intersection point: circle. 
(2,2) (3,3) 
h intersection point: 9 аа-3/2ог-3/2 b -3V2 < a < 342 
(3, 4) са<-3/2 ora > 342 


10 (1,2./2),(1,-2-/2) 
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Exercise 11D 
1 
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D a 


4 
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ax+y<2,y-x<2 by2zx-l,y<3x+3 


су>2,х<2 ау>х,у<2 
еу<х,х<2,у>0 


Ғх>б0у>0,х<3,хғу<6 

















| 
N 
© 











СЕ-ЕМ МАТНЕМАТІС5 


ҮЕА 








Review exercise 


1 





Е УЛ 
3 х2+у2=9 
3 3X 
-3 
b УЛ 
2 х2-у2-4 
-2 27% 
-2 
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е ул 
о > 
x 
f УЛ 
1+2V6 
(1, 1) 
1:26 : 126 2 
О x 
1-2У6 





3 а сешге(-2, -4), radius 245 


b centre (-2, -1), radius МО 
с centre (2. -2) radius х6 


d centre (2, -3), radius 5/2 


4 ах +у2 = 9 
b (x + 1)2 + (у - 4)? = 36 
с (x 2)2 + (у – 5)2 = 1 
а (x + 2)2 + (у + 6)? = 16 


УЛ 
(1,4) 





чү 


C1, -4) 
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(1, -4) 
6 a yh 2221 
Ут? 
1 
2 
о *® 
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D ын 


T 


8 


10 


11 





ICE 
ICE-EM M 


а (-2,18),(2,6) 


а (3,0) 
c (2, 243), (2, 24/3) 


a (4,3) 











b (0, 2), (2, –12) 


b (+, 0), (4, 0) 








к 
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13 a (4,3), (3, -4) b G -6),6, —1) 
с (3,2 


d no points of intersection 


Challenge exercise 
1 а А 
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d i YA 
i 5 
qi Ў= = =09 
п. 
“i у-4 
L3 14 
5712 
А 23 
ату : х- ii у= 
v3 v3 
с а a 2+ (5- 


аа . 442 
Centre ( 27 2) radius E expand 


(-9 6-3 - (2. 














а? +b? » „_ (a—by + 46% 
" Ё 
4p? 
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зү 








X х-у? 


= -у? 
— 


(0, 3) and (2, 0) 13 (5.2) and (-1, 3) 








x+y- х= 5у+4 = 0 
1 
ах b = —, eliminating у. 
х 


ax? + bx = 1 
ах? + bx -1=0 
-b + JD? + 4a 
x= —— 445 4a > 0, since a > 0 
So there are always two points of intersection between the 
line and the hyperbola. 
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Chapter 12 answers 
Exercise 12A 


1 аа-742 b b =3.71 c c=6.17 
d d = 2.29 е і = 3.51 f j = 13.59 

2 aa-1497 b b = 9.01 c e = 11.75 
d h = 38.70 

3 a 25.4° b 56.39 с 60.3° 
d 70.9° е 39.6° f 70.8° 

4 ах-710 b Ө = 44.9° с а = 8.08 
d a = 226 e Ө = 61.9? f Ө = 52.1° 
g x = 10.15 һ у = 10.63 i а= 939 


5 а 3.92 cm, 2.52 ст, 50° 
с 9.78 сіп, 30.8°, 59.2° 


b 6.97 сіп, 40.72, 49.3? 


Exercise 12B 


1 a5 b 642 с 643 
d 443 e 443 
2 al b -1 c 2-43 
a 2*6 ККЕ T 
4 2: 
3 10cmand10V3 cm 
4 а16/3сш b 1243 cm c 843 cm 
d 443 cm e 12cm 
5 а = 2043 аһах = 40 6 50(/3 +1) 
3 3 
7 543 cm 
Exercise 12C 
1 а 24/41ст Ь 38.7° с 24/77 ст 
а 27.1° е 24/34 ст f 34.49 
2 а 124/3 ст Ь 35.3° с 90° 
а 35.3° 
3 а 10/2 ст b 542 cm с 4194 cm 
d 59.59 e 5cm f 67.4? 
g 69.0? 
4 а 47.5ст b 40 cm с 45.7? 
5 a312m 
b 1 504/5 т = 111.8 т 
ii 15.6° 
iii 296.69 
6 а1306т b 962m с 162.2 т 
а 216.4°T 
7 81m 
8 а73ш b 260m c 16? 
9 42m 
Exercise 12D 
1 a 1046 b 6.88 c 8.69 
2 a 8.63 b 10.89 с 9.34 
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3 a 7.33 b 10.63 
4 a 54° b 34° с 66° 
5 a 47.34? b 61.66° с 16.76 cm 
6 ZACD = 35.07,26.01 m 
7 a 708m b 547m 
8 а27 b 132.56 m c 119m 
9 16m 10 7.11m 
Exercise 12E 
1 a 65° b 57° с 42° d 85° 
1 1 
2 a 7 b 755 
3 а 30°, 150° b 35°, 145° с 151° 
4 
5 a 44.42 b 6.47 
6 а 140° b 155° 
7 а The two angles are supplementary, and the sines of 
two supplementary angles are the same. 
bh=bsinA ch-asinB 
8 59° 9 25.1m 
10 a 234°T b 1285 т 
11 а 341°T b 1282 т 
Ехегсіѕе 12Ғ 
1 а 8.65ст b 3.82 ст 
с 16.34 ст а 6.93 ст 
2 1791cm 3 6.2m 
4 410km 5 103km 
6 а 14.38 т b 7.01 m с 50.43 m? 
7 | From ABXA 


c? = I? + x? and x = ccos(180 – A) = —cosA 
From ABXC, 


а? = (b + xy +h? 
Hence, 


а? = b? + 2Ьх + x? + с? — x? 
b? + c? — 2bc cos A 
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Exercise 120 2 а10 b 18/2 c 2543 
3 uu 22. 
Шалы жалы. 3 A = 264°, В = 1M73*,C = 36.3? 
b b? = a? +c? — 2ac cos B 5 
бе дараға 4 a92 b 1211m 
2 
2 a 526° b 54.89 е 78.59 „а wy To SUUM 
3 адА = 39,89, В- 45.49, C - 94.8? 8 a 49.0? b 71.0? c 20.3cm 
b A= B = 29.0°,C = 12219 d 142.5 cm? 
c A = 21.0°, B = 18.6°, C = 140.4° 9 141m 
4 194° 10 a ZC = 91°, ВС = 5.44 cm, AC = 4.31 cm 
5 1084? b BC = 4.46 ст, ZC = 90.195, ZB = 41.81? 
6 16°,34°,130° € АВ = 11.17 cm, ZB = 61.88°, ZA = 38.12 
d АС = 19.08 сіп, ZA = 33.005, ZC = 27.00? 
ы e ZB = 105.05°, ZC = 43.95°, AB = 10.78 cm 
8 ai 21.8° ii 4.4 cm b 9.5cm,11.8cm f ZC = 149.009, ZA = 13.00°, BC = 10.92 cm 
Exercise 12H 
1 a395cm? b 29.8 cm? c 48.5cm? Challenge exercise 
2 10.08 cm? b 46.98 cm? 43.30 cm? 
5 ын ES ы Е 1 id sinC = ШИТ 25 = 
3 а 732° b 56.82 с 134 cm? 2 2 SAU SURE 
4 a 36.3? b 21cm? 2 ай һ ii h 
tan 12° tan 9° 
5 a 57cm? b 30 cm? с 199 cm? 
b 47.5m с 318°T 
6 а85сш b 9.6 cm с 36.79 
7 229 4 b b=acosC +ccosA, с = acosB+bcosA 
8 а 152.6m b 159.7° с 6213.6 m? 7 If given angle А and sides b апа a: 
9 a 108° b 47.55 ст2 c 16.18 cm 0 triangles if a < bsin A or A is obtuse and a < b 
d 36° e 729 f 36° 1 mangle if A is obtuse and a > b or A is acute and 
a = bsin A 
g 76.94 cm? h 172.05 ст? 2 triangles if A is acute and bsin A < a < b 
10 98cm? 
1 1 
П Area = 7 x (ka) x (kb)sinC = 5 x absinC Chapter 13 answers 
= k? x area of triangle ABC Exercise 13A 
12 Area = хах 1 ай 90° 
1 . b ii The angle at the centre is twice any angle at the 
= гаа sin (180 - С) circumference standing on the same minor arc. 
= 1 ab зїп С iii The reflex angle at the centre is twice any angle at the 
2 circumference standing on the same major arc. 
2 аа = 90° (Тһаеѕ’ theorem), 
В = 75° (sum of angles іп a triangle is 180°) 
b Ө = 90° (Thales’ theorem) 
с 8 = 10° (ZJLK = 90°, Thales’ theorem, sum of angles 
in a triangle is 180°) 
d y = 70° (OS = OT radii of circle and base angles of an 
isosceles triangle are equal), 
a = 40° (sum of angles in a triangle is 180°), 
Ө = 140° (straight angle), 
B = 20° (base angles of an isosceles triangle) 
13 a 31.29° b 42.85 cm? c 34cm e Ө = 55° (OZ = OY radii of circle, base angles of an 
d 42.85 cm? isosceles triangle are equal and the sum of angles in a 
triangle is 180?), 
Review exercise В = 35? (external angle of isosceles triangle is 70?) 
1 a31.0? b 33.6? с 10.58 f Ө = 80° (ZAOC = 20? and ЛАОС is isosceles) 
d 7.20 
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3 a Ө = 110° (angle at the centre is twice angle at the а о = 220? (sum of angles about a point), 
circumference standing on the same arc) В = 110° (angle at the circumference is half angle at the 
centre standing on the same arc), 


b y = 44° (angle at the circumference is half angle at the : . . 
y = 60? (sum of angles in a quadrilateral is 360°) 


centre standing on the same arc) 
e à = 200? (sum of angles about a point), 
В - 100? (angle at the circumference is half angle at the 


5 : : centre standing on the same arc), 
d y = 100° (angle at the circumference is half angle at the y = 80° (co-interior angles, PQ Il OR) 


centre standing on the same arc) 


с à = 190° (angle at the centre is twice angle at the 
circumference standing on the same arc) 


f o = 100? (angle at the circumference is half angle at the 


e Ө = 129° (angle at the circumference is half angle at the centre standing on the same arc), 


centre standing on the same arc) В - 60% (construct ОА, as OB - AB - OA the triangle 

f o = 40? (angle at the circumference is half angle at the is equilateral), 
centre standing on the same arc) y = 40? (sum of angles in a quadrilateral is 360°) 

g B = 30? (angle at the circumference is half angle at the 6 а i OA = OP so AAPO is isosceles with 
centre standing on the same arc) РАО = ZAPO = а 

h y = 100° (angle at the centre is twice angle at the OB - OP so APBO is isosceles with 
circumference standing on the same arc) ZPBO - ZBPO - p 

i Ө = 24? (angle at the centre is twice angle at the so ZAPB = a. B; ZXPB = о + В, external angle 
circumference standing on the same arc) of AAPB | 1 

4 ад = 120° (sum of angles about а point is 360°), ii ZXPB + ZAPB = 180°,a+B+a+ В = 180°, 

B = 60° (angle at the circumference is half angle at the Xa + В) = 180°, a + В = 90° 


centre standing on the same arc) 


b Ө = 30° (ZAOB = 60°, sum of angles about a point is 
360° and angle at the circumference is half angle at the 
centre standing on the same arc so Ө is half of ZAOB) 


b i OA = OP so AAPO is isosceles with 
ZPAO = ZAPO = а, ОВ = ОР so APBO is 
isosceles with ZPBO = ZBPO = В, ZAOM = 20 


НЯ and ZBOM = 2f, external angles of AAPO 
с Ө = 220° (ZSOR = 140°, angle at the centre is twice and APBO 


angle at the circumference standing on the same arc and 
0 + ZSOR = 360°, sum of angles about a point is 360°) 


d a =B = 40° (any angle at the circumference is half 


ii ZAOM + ZBOM = 180? so 2a + 2p = 180° 
іш Thus о B = 90° 


angle at the centre standing on the same arc) 7 а i OB = OP so APBO is isosceles with 

е Ө = 320° (ZSOR = 40°, angle at the centre is twice ZPBO = ZBPO = p.so ZAPB = p 
angle at the circumference standing on the same arc and ii “АОВ = ЭВ, (exterior angle of triangle) 
Ө + ZSOR = 360°, sum of angles about a point is 360°) 


b i OA = OP so AAPO is isosceles with 
a = 20° (angle at the circumference is half angle at the “РАО = ZAPO = а, 


centre standing on the same arc, ZSOR = 40°) OB = OP so APBO is isosceles with 
f œ = 100? (OR = OQ radii so base angles of an isosceles ZPBO = ZBPO = f, 


triangle are both 40°, sum of angles in a triangle is 180°), _ p 
В = 140? (sum of angles about a point is 360°), 30 ZARB = ABPO Hune р =ù 








y = 20° (OR = OP radii, y is a base angle of an isosceles ii ZXOB = 2p (exterior angle of triangle), ZXOA = 20 
triangle) (exterior angle of triangle), 

g о = 80° (angle at the circumference is half angle at the ZAOB = 2p - 20 = 2(B — a) = 2ZAPB 
centre standing оп Ше same arc); 8 а The diagonals bisect each other. 


B = 200° (sum of angles about a point is 360°), 

y = 100° (angles at the circumference is half angle at the 

centre standing on the same arc) c The diagonals of a rectangle are equal and bisect each 
h о = 60°(ZDAB = 90°, Thales’ theorem, so other, so ОА = ОВ = ОР. A circle with diameter АВ 


b A parallelogram with a right angle is a rectangle. 


a + 30° = 90°) has centre О and passes through Р. 
В = 60° (OA = ОВ radii, so & = , base angles of 9 The angle at the centre is twice the angle at the 
isosceles triangle), circumference. As the horse moves from position 1 to 
y = 30° (ZABC = 90°, Thales’ theorem, so ү + В = 90°) оо 2, angles are subtended both at the binoculars and 
e centre. 
і а = В = 45° (both are base angles in isosceles triangles 
with the third angle 90°) Exercise 13B 
5 аа = 90° (Thales’ theorem), 1 b They are equal. 


В = 10? (alternate angles, AB 1 FG) 


b a = 60? (ОР = OA = AP so the triangle is equilateral), 
В = 30° (angle at the circumference is half angle at the 
centre standing on the same arc) 

c 0 = 20° (alternate angles, PO ll OR), b a = В = 20° (angles at the circumference standing on 

the same arc) 


с They are equal. 


2 аа = 50° (angles at the circumference standing on the 
same arc) 


Y = 40° (angle at the centre is twice angle at the 
circumference standing on the same arc), 
В = 40° (alternate angles, PO П QR) 
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с «= 20° (angles at the circumference standing on the 
same arc) 


B= 40° (angles at the circumference standing on the 
same arc) 


d о = 40° (angles at the circumference standing on the 
same arc) 


B = 30° (angles at the circumference standing on the 
same arc) 


е Ө = 90° (angles at the circumference standing on the 
same arc) 


a = 40° (о + Ө = 130°, exterior angle of triangle) 


f а = 20° (angles at the circumference standing on the 
same arc) 


Ө = 100° (ZQPK = 60°, angles at the circumference 
standing on the same arc, sum of angles in triangle 
is 180?) 

3 a Ө = 80? (opposite angles in a cyclic quadrilateral are 
supplementary) 


b о = 100? (opposite angles in a cyclic quadrilateral are 
supplementary) 


В = 95° (opposite angles in a cyclic quadrilateral are 
supplementary) 


с a = 40° (angles at the circumference standing on the 
same arc) 


В = 45? (angles at the circumference standing on the 
same arc) 


Ө = 35° (80 = В + Ө exterior angle), 
y = 60? (sum of angles in triangle ACD is 180°) 


d © = 50? (opposite angles in a cyclic quadrilateral are 
supplementary) 


В = 90? (sum of angles in triangle is 180°), 
y = 30? (sum of angles in triangle is 180°) 


е a = 110° (straight angle), 


Ү = 70° (opposite angles in a cyclic quadrilateral are 
supplementary) 


В = 80? (straight angle), 
Ө = 100? (opposite angles in a cyclic quadrilateral are 
supplementary) 


f а = 20? (angles at the circumference standing on the 
same arc), 


В = 90? (Thales' theorem), 
y = 90? (Thales! theorem), 
0 - 70? (opposite angles in a cyclic quadrilateral are 
supplementary) 
4 а о = 70? (co-interior angles, DC ІІ AB), 


y = 110? (opposite angles in a cyclic quadrilateral are 
supplementary), 


В = 70? (opposite angles in a cyclic quadrilateral are 
supplementary) 


b a = 65° (angles at the circumference standing on the 
same arc), 


y = 65° (alternate, TU || SR) 
В = 65° (alternate, TU Il SR) 
с a = 30° (4ВОМ = 30°, alternate, BQ ІІ AP), 


B = 30° (angles at the circumference standing on the 
same arc), 


y = 30° (angles at the circumference standing on the 
same arc) 
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d В = 70° CZJML = 90°, Thales’ theorem, sum of angles 
in triangle is 180?) 
a = 20° (ZMJK = 90°, Thales’ theorem, o + В = 90?) 
e à = 70? (alternate, AD || BC), 
В = 40? (AAOB is isosceles with base angles 0, so 
ZAOB = 40°, alternate, AD || BC), 
y = 40° (ABOC is isosceles with base angles y and В), 
Ө = 70? (ZDOC = 40°, alternate, AD || BC and ADOC 
is isosceles with base angles Ө) 
f о = 60° (construct SO, ARSO is equilateral), 
B = 120° (opposite angles in a cyclic quadrilateral are 
supplementary), 
ү = 60? (co-interior, ST I| RU) 
a i ZQ = ZT = Ө (angles at the circumference standing 
on the same arc), 
£P = ZT = Ө (alternate, РО ll ST), ZP = ZS = Ө 
(angles at the circumference standing on the same arc), 
so ZP Q S T=0 
ii ZP 0-4 T = 0, ASMT and АРМО 
аге isosceles, so SM = TM and РМ = QM, so 
SM + МО = ТМ + MP giving SQ = TP 
i a = 60° (A РОК is equilateral), 
B = 120° (opposite angles in a cyclic quadrilateral are 
supplementary), 




















= 


ү = 30° (base angle of isosceles triangle PGQ) 


ZGRP = 30°, ZGRQ = 30° (angles standing on the 
same arc), 


ZPMR = 90° so РО 1 GR 


= 


i 


к 
- 


i а = 110? (opposite angles in a cyclic quadrilateral 
are supplementary), 

В = 70? (straight angle), 

Y = 110? (opposite angles in a cyclic quadrilateral 
are supplementary) 


As ZTQP and ZSPQ are co-interior and 
supplementary then PS | QT. 


= 


i 


c 
- 


і а = 130? (opposite angles in a cyclic quadrilateral 
are supplementary), 


В = 50° (AABM is isosceles, straight angle at A), 


y = 50° (ZQBA = 130°, straight angle at B, 
opposite angles in a cyclic quadrilateral are 
supplementary) 


ii ZQPM and ZBAP are co-interior and supplementary, 
so PỌ Il AB 


iii ZOPM = РОМ, OMP is isosceles with QM = PM, 
also BM = AM, so ОВ = РА 
a i ZABS = 90? and ZABT = 90? (Thales' theorem) 


ii ZTBS = ZABS + ZABT = 180°, so ZTBS isa 
straight angle ~. T, B and S are collinear 


c 
- 


i ZABC = 90°; (opposite angles in a cyclic 
quadrilateral are supplementary), ZABD - 90? 
(Thales! theorem) 

ii ZCBD = ZABC + ZABD = 180°, so ZCBD isa 

straight angle ~. C, B and D are collinear 

iii ZANC = 90°; by the converse of Thales’ 

theorem ZANC is in a semicircle with AC the 

diameter 
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а ZDBC = ZDAC = o (angles at the circumference 
standing on the same arc) 


ZBDC = ZBAC = ß (angles at the circumference 
standing on the same arc) 


b ZDBC + ZBDC + ZBCD = 180° (sum of angles in 
a triangle), 
о + В + ZBCD = 180°, so ZBCD = 180° – о – В 
с ZBAD = а + В ; thus, ZBAD + ZBCD = 180° 


а і ZC = 180° – Ө (opposite angles іп а cyclic 
quadrilateral are supplementary), 
ZC = 0 (opposite angles in a parallelogram are equal) 
ii From a 180? — Ө = Ө, so Ө = 90°, so 
ZC = ZA = 90°, similarly ZB = ZD = 90°, so 
ABCD is a rectangle. 
b A rhombus is a parallelogram with all sides equal and so 


if a cyclic parallelogram is a rectangle, a cyclic rhombus 
must be a square. 


а ZMDC = 180? — Ө (co-interior, AB || DC) and 
ZBCD - 180? — 0 (opposite angles in a cyclic 
quadrilateral are supplementary) -. A MDC is isosceles 
ZMBA = 180? — Ө (corresponding angles, AB ll DC) 
and ZMAB = 180? — Ө (straight angle at А) г. A MAB 
is isosceles 


b As AMDC is isosceles, MD - MC and as AMAB is 
isosceles, MA = MB, so AD = ВС 


Exercise 13C 
2 
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a х= 3,0 = 53.1° 
b x = 2/13, 0 = 33.79 
c x = 443,0 = 30° 


a i 17.0cm ii 8.5 cm 
b i 24cm ii 73.7? 
с i 6cm ii 106.3? 


a 0 — 50? and ZUOT - 50? (chords of equal length 
subtend equal angles at the centre of a circle) 


& = 65? since AUOT is isosceles 

b œ = 60? (AABO is equilateral), 
B = 240° (AABO and ABCO are equilateral, sum of 
angles at a point) 

с Ө = 30° (ARQO is equilateral, so ZQRO = 60° and 
ZROQP = 90°, Thales’ theorem) 

а a = 45° (base angle of isosceles triangle with third 
angle 90°), 
B = 25° (base angle of isosceles triangle with third 
angle 130°), 
ү = 20° (base angle of isosceles triangle with third 
angle 140°) 

е Ө = 50° (ZHOF = 130° as А НОҒ is isosceles, ZGOF 
is a straight angle) 

f o = 36° (10 congruent triangles in a circle), 
В = 72° (base angle of isosceles triangle with third 
angle 36°) 


a ZFPO = 60° (AFPO is equilateral), ZFGO = 30° 
(angle at the centre is twice angle at the circumference 
standing on the same arc) ZFMO = 90° (angle sum of 
triangle) 


b FG = 43 
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- 


ii 


- 


ii 


- 


ii 


- 


ii 


- 


ii 


- 


ii 


iii 


iv 


- 


ii 


=: 


ii 


iv 


AO = BO (radii of the circle) AM = BM (as M is 
midpoint of AB), 

OM is common г. AAOM - АВОМ (555) 

ZAMO - ZBMO (matching angles, 

ААОМ s АВОМ) and 

ZAMO + ZBMO = 180? (straight angle at M), so 
ZAMO - ZBMO - 90? 

ZAOM - ZBOM (matching angles, 

AAOM = ABOM) 

“АМО = ZBMO = 90° (given), AO = BO (radii of 
the circle), 

OM is common г. AAOM - ABOM (RHS) 
ZAOM - ZBOM (matching angles, 

A AOM = АВОМ) and 

AM - BM (matching sides, AAOM - ABOM) 

so OM bisects ZAOB 

ZAOM = ZBOM = a (given), AO = BO (radii of 
the circle), 

OM is common г. AAOM = АВОМ (SAS) 

ZAMO - ZBMO (matching angles, 

AAOM = АВОМ) and 

ZAMO + ZBMO = 180? (straight angle at M), so 
“АМО = ZBMO = 90° AM = BM (matching sides, 
AAOM s АВОМ) 


Join OA and ОР.ОА - OP - OQ (radii of the circle) 
so AAOP and А AOQ are isosceles with base angles 
9 making the third angle in both triangles 180? — 20, 
so AAOP = AAOQ (SAS) 

AP = AQ (matching sides, A AOP = A А00) 

Join OS ZTFS = ZSFO = Ө (given) and A FSO is 
isosceles (OF = OS, radii), 

so ZSFO = ZFSO -. ZTFS = ZFSO 

Join OF. ZTFS and ZFSO are alternate and equal, so 
FT || OS 

SQ = SP (given), ОТ = РТ (given), ST is common 
-. A SQT = ASPT (SSS) 

ZP = ZQ (matching angles, A SQT = A SPT) 

ZP + 20 = 180° (opposite angles in a cyclic 
quadrilateral are supplementary) 

As ZP = ZQ from ii and ZP + ZQ = 180? from iii 
then ZP = ZQ = 90°, so ST is a diameter (converse 
of Thales’ theorem) 

Join OR, OS, OT and OU. AOST is isosceles with 
OT = OS (radii of circle centre O through T), angles 
opposite equal sides are equal so ZOST = 2015 
AOUR is isosceles with OR = OU (radii of circle 
centre O through U), angles opposite equal sides are 
equal so ZOUR = ZORU 

ZOST = ZOTS (from i), ZOUT = ZORS (from ii) 
and OR = OU (radii), so AORT = AOUS (AAS) 

RT = SU (matching sides, AORT = AOUS) 





GO = FO (radii of the circle centre O), PG = PF 
(radii of the circle centre P), OP is common 

г. AGOP = A FOP (SSS) 

ZFOM = ZGOM (matching angles, AGOP = AFOP) 
GO = FO (radii of the circle centre O), 

ZFOM = ZGOM (from b), ОМ is common 

2. АСОМ = A FOM (SAS) 
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с ZGMO = ZFMO (matching angles, AFOM = АСОМ) 
апа ZGMO + ZFMO = 180° (straight angle at М), so 
ZGMO = ZFMO = 90° and OP 1 FG, FM = GM 
(matching sides, AGOM = AFOM) 


9 a APAM= APBM (SSS), so ZAMP = ZBMP = 90° 
b APAM = APBM (SAS), so AP = BP 
с Take three points А,В and С on the circle. Construct the 
perpendicular bisectors of AB and BC. By parts a and b, 


the centre lies on the perpendicular bisectors of AB and 
BC, so the intersection is the only centre of the circle. 


4 i Imagine the vertical line through the centre of the 
circle, and let P be any point on this line. Then P is 
equidistant from all the points on the circle. 

ii A sphere 
iii An infinite cylinder 
iv A cylinder with hemispherical ends 
у A plane perpendicular to the interval through the 
midpoint of the interval 


vi One method is to take three chords, not in a plane. 
Take the plane perpendicular to each chord through 
its midpoint, then the intersection of the three planes 
is the centre of the sphere. 


Exercise 13D 
1 а a = 90° (tangent perpendicular to radius at common 
point on circle), 
В = 40? (sum of angles in a triangle) 
b a = 75° (ZOFP = 90°, sum of angles in a triangle), 
В = 37.5? (base angle of isosceles triangle with external 
angle 75?) 
с a = 70? (angle at the centre is twice angle at the 
circumference standing on the same arc), 
В = 20° (ZOTU = 90°, sum of angles in a triangle) 
d a = 62° (ZMTO = 90°, sum of angles in a triangle), 
В = 31? (angles at the circumference is half angle at the 
centre standing on the same arc) 


е Ө = 50° (ZUOT = 40°, angle at the centre is twice 
angle at the circumference standing on the same arc and 
ZOTU = 90°, sum of angles in a triangle) 


f a= 90° (ZOTU = 90°, alternate angles, TU || BA), 
B = 45° (base angle of isosceles triangle with third 
angle 90°) 

g В = 70? (alternate angle, DT ІІ AC), 
a = 20? (a + B = 90° = ZDTO) 

h o = 25° (alternate angles, TR || SD), В = 90? 
(Thales’ theorem), 
y = 65? (sum of angles in a triangle) 

і о = 35° (ZBTS = 90°), 
В = 55° (ZSQT = 90°, Thales’ theorem, sum of angles 
in triangle) 
Ө = 70° (ZSPT = 90°, Thales’ theorem, sum of angles 
in triangle) 

j a = 30° (ZDTO = 15°, angle at circumference is half 
angle at centre standing on same arc), 
В = 60° (OTB = 90°, sum of angles in a triangle) 

К Ө = 30° (ATXO is equilateral, ZXTO = 60°, 
ZLTO = 90°), 
В = 120° (ZYZO = 60°, sum of opposite angles іп a 
cyclic quadrilateral) 
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І o = 30° (АТОО is equilateral, ZTOQ = 60°, angle at the 
circumference is half angle at the centre standing on the 
same arc), 

Ө = 30? (complementary with ФОТО = 60?) 


a x — 5 (tangents to a circle from an external point have 
equal length), 
a = 70° (base angle of an isosceles triangle), 
В = 40° (sum of angles in a triangle), 
y = 20° (ZOSP = 90?) 
b x = 8 (tangents to a circle from an external point have 
equal length), 
a = 70? (base angle of an isosceles triangle), 
Ө = 140°(ZT = ZS = 90°, sumofangles inaquadrilateral) 
с x = 2 (tangents to a circle from an external point have 
equal length), 
y = 3, z = 3 (tangents to a circle from an external point 
have equal length) 
d x = 7(SQ = 4, tangents to a circle from an external 
point have equal length, so RS — 7) 
e x = 9 (SB = 4 (equal tangents), SP = 14 and TP = 14 
(equal tangents), TA = 5 (equal tangents), x = 14 — 5 
f о = 100? (reflex ZSOT = 260°, angle at the centre is 
twice angle at the circumference standing on the same 
arc, sum of angles at point O), 
В - 70? (sum of angles in a quadrilateral), 
Ө = 20? (ZPSO = 909 
a x = 5 (radius), y = 8 (OB = 13 by Pythagoras’ 
theorem), Ө = 22.62? 
b x = 4133 = 11.53 
€ x = 19.23, y = 13.47 


ZPAB = 90° (tangent perpendicular to radius) and 
ZVBA = 90° (tangent perpendicular to radius), ZPAB and 
ДУВА are alternate and equal therefore PQ 11 UV 


AB + CD = AP + PB + CR + DR 
= AS + ВО + QC + SD (tangents to a circle 


from an external point 


have equal length) 
= AD+ BC 


b Join OS and OT. ZOSP and ZOTP are angles in 
а semi-circle, centre M, so by Thales’ theorem 
ZOSP - ZOTP - 909. As OS and OT are radii of 
circle, centre О, PS L OS and РТ L OT, so PS and РТ 
are tangents to circle centre O. 


c PS — PT (tangents to a circle from an external point 
have equal length) 


a i ZPSO — ZPTO (tangent perpendicular to radius), 
SO = TO (radii of circle), PO is common. Thus 
А PSO = ^ PTO (RHS) 
ii PS = PT (matching sides, APSO = APTO), 
РО = ZTPO (matching angles, APSO = APTO), 
ZSOP = ZTOP (matching angles, APSO = APTO) 

i ZSPO = ZTPO (from aii), SP = TP (from aii), PM 
is common 
Thus A PSM - A PTM (SAS) 

ii SM - TM (matching sides, APSM - АРТМ), 
ZSMP - ZTMP (matching angles, APSM - АРТМ) 
and 
ZSMP + ZTMP = 180? (straight angle at M), so 
ZSMP = ZTMP = 90°. 

Thus ОР is the perpendicular bisector of ST 


c 
- 





691 


ANSWERS TO EXERCISES 






8 КО L AB, QO L AC, PO L BC (tangent perpendicular 
to radius) 
Area of AABC= area of AAOC + area of ABOC + area of AAOB 


= X AC x OQ +5 XBC x OP & 7 хАВ x OR 


; x radius x (AC + BC + АВ) 


; x (radius of circle) x (perimeter of triangle) 


9 а i ZBTA = а (base angle of isosceles triangle), 
“ВТО = p (base angle of isosceles triangle), 
о + В = 90? (tangent perpendicular to radius), 


В = 20 (exterior angle of AABT). 
So 3a = 90°, о = 30°. 


ii B = 60° 
b i OT = ОВ (radii) and OB = BA (given), so 
ОА = 20T, ГОТА = 90°, sina = d = I = : 
OA 20T 2 


1 
ii sina = —,a@ = 30°, 
2 


so ZTOA = 60° (sum of angles in a triangle), AOBT 
is equilateral and B = 60° 


10 а i ZATO = 90° (tangent perpendicular to radius), 
ZATP = 90° (tangent perpendicular to radius) 
ii ZOTP = ZATO + ZATP = 90° + 90° = 180°, so 
ZOTP is a straight angle so O, T and P are collinear 
b A 
T 
B 
ZATO = 90° (tangent perpendicular to radius), 
ZATP = 90° (tangent perpendicular to radius), 
“АТО = АТР = 90° so О, T and P are collinear 
11 а i MF = MG (tangents to a circle from an external 


point have equal length) 


MR = MS (tangents to a circle from an external point 
have equal length) 





ii FR = MF — MR = MG- MS = GS 





MF = MG (tangents to a circle from an external point 
have equal length) 


MR = MS (tangents to a circle from an external point 
have equal length) 


FS = ЕМ + MS = GM + МК = СК 
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12 а MA = MT (tangents to a circle from an external point 


have equal length) 


MB = MT (tangents to a circle from an external point 
have equal length) 


<. MA = MT = МВ 


b Circle centre M and passing through A, B and T has 


a diameter AB, so ZATB is in a semicircle, hence by 
Thales’ theorem ZATB = 90°... AT L BT 


Exercise 13E 


2 


a 
b 
с 
d 
e 


& = 35° (alternate segment theorem) 

0 - 40? (alternate segment theorem) 

В = 110? (alternate segment theorem) 

y = 150° (alternate segment theorem) 

а = 70° (alternate segment theorem), 

В - 110? (opposite angles in a cyclic quadrilateral are 
supplementary) 

В - 125? (alternate segment theorem), 

a = 55? (opposite angles in a cyclic quadrilateral are 
supplementary) 

а = 50° (alternate segment theorem), 

В = 50° (alternate angles, FG || LM alternate segment 
theorem), 

y = 80° (straight angle) 

B = 70° (base angles of isosceles triangle are equal), 
a = 70° (alternate segment theorem), 

y = 40° (angles in a triangle) 

В = 80? (alternate segment theorem) 

В = 35° (ATSF is isosceles), 

a = 35° (alternate segment theorem) 

a = 130? (alternate segment theorem), 


B = 80° (ZBTS = 50°, straight angle at T and ABTS is 
isosceles, tangents to a circle from an external point have 
equal length) 


a = 50° (alternate segment theorem), 
B = 80° (AUAT is isosceles, tangents to a circle from an 
external point have equal length), 


y = 55° (ABUS is isosceles, tangents to a circle from an 
external point have equal length) 


ZBAO = 90° – Ө (ZOAT = 90°, tangent perpendicular 
to radius) 

ZAOB = 180° — 2(90° — Ө), (AAOB is isosceles with 
base angles ZBAO and ZOBA, sum of angles in a 
triangle), so ZAOB = 20 


ZAPB = 0 (angle at the circumference is half angle at 
the centre standing on the same arc) 

ZANB = 180 — о (opposite angles іп a cyclic 
quadrilateral are supplementary) 

ZABN = 90° (Thales’ theorem) 


ZNAB = 180 — (ZABN + ZANB) 
= 180 - (180 — œ + 90) 
=a-90 

ZSAB = 90 + (a — 90) 
=a 
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ZAOB = 20 on major arc АВ (АРВ оп same arc) 
ZAOB = 360 — 20 on minor arc, AB 


ZOAB = ae (AAOB is isosceles) 


180 — (360 — 2a) 
2 
- 04-90 
ZSAB = ZSAO + ZOAB 
= 90 + (a — 90) 
=a 
6 а ZLBA = 180° – Ө (opposite angles in a cyclic 
quadrilateral are supplementary) 


ZTBA = Ө (straight angle at В), ZGTA = Ө (alternate 
segment theorem) 


b ХАСТА and ZLKT are alternate and equal so LK | FG 
7 а ZGTB = Ө (alternate segment theorem), ZOTA = 0 
(vertically opposite to ZGTB) 
b ОРТ = Ө (alternate segment theorem), “ОРТ and 
“СЕТ are alternate and equal so FG 1 ОР 
8 а ZP = O0 (alternate, FG ll ОР) 


b ZGTB = Ө (alternate segment theorem), ZATQ = 0 
(alternate segment theorem), so LGTB = АТО, since 
ATB is a tangent then GTQ must be collinear for ZGTB 
and 2АТО to be vertically opposite. 


Exercise 13F 


1 a x = 8 (products of the intervals on intersecting chords 
are equal) 

b x = 6 (products of the intervals on intersecting chords 
are equal) 


сх = A (products of the intervals on intersecting chords 
are equal) 
d x = 6 (tangent and secant from an external point) 


e x — 12 (tangent and secant from an external point) 


9 : 
fxs 3 (tangent and secant from an external point) 


g x — 22 (secants from an external point) 
h x = 6 (secants from an external point) 
1 x = 3 (secants from an external point) 


j x(x 5) = 24; x = 3 (products of the intervals on 
intersecting chords are equal) 


k 6? = 4(x + 4); x = 5 (tangent and secant from an 
external point) 


І x(x +8) = 48; x = 4 (secants from an external point) 


2 AMAQis similar to AMPB (AAA) 
AM M 
= ом (matching sides in similar triangles) 
PM BM 
Therefore, AM x BM = QM x PM 

3 AM x BM = TM? and PM x QM = TM? 
Therefore, AM x BM = PM x QM 
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4 а AOGM = AOHM (RHS as OG = OH, radii, 
ZOMG - ZOMH, given, and OM is common), so 
MG - MH (corresponding sides) 
b GM x HM = AM х BM, so g X g = a x b, 8° = ab 
+b 





: : EET 
с diameter is a + b, so the radius is 


d 0 < GM & radius, so 0 < g < radius and g - Jab, so 
0s Jab < radius(= 2 ; *) 


5 PT? — PA x PB (tangent and secant from an external 
point) and PS? - PA x PB (tangent and secant from an 
external point), so PT — PS 





6 а ZMSA = ZMBS (alternate segment theorem), 
ЖУМА = ZBMS (common), so AMSA is similar to 


AMBS (AA) 
b = = pu (ratio of matching sides in similar triangles 


a 1 
are equal), so — = — 
x m 
c ZMTA = ZMBT (alternate segment theorem), 
ZTMA - ZBMT (common), so AMTA is similar to 
BT ТМ ! : 3 : 
AMBT (AA) and — = —— (ratio of matching sides in 
ТА АМ 


similar triangles аге equal), 
jos 
b m 





d From b and c = = ш У soab = xy 
x m b 


Review exercise 
1 a а = 110° b а = 17° с а = 40° 
d о = 260° e a = 110° f о = 46° 
2 а В = 42°, а = 84° 
b o = 62°, В = 124° 
с а = 53°, В = 37° 
а a = 32° b a = 52°, В = 38° с о = 45°, B = 45° 





4 
ZDBC = ZCAD (angles subtended by the same arc) 
ZBCA = ZBDA (angles subtended by the same arc) 
AAPD is similar to ABPC (AAA) 

5 
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ZBDA = “ВСА = 90? (Thales’ theorem) 

AB = BA (common) 

AABC = ABAD (RHS) 

Thus, AD = BC (matching sides of congruent triangles) 
Alternatively, use Pythagoras’ theorem 





Let ZBCA = а 

ZBDA = © (angles subtended by the same arc) 
ZDAC = © (alternate angles BC || AD) 
ZBPA = 2ZACB (exterior angle of AAPD) 





ZABC = 180 - ZCDA (cyclic quadrilateral) 
ZEBC = 180 — ZABC (straight line) 
ZEBC = ZCDA 


Q 


5 


АРОК = APSR (AAS) 
Let ZQPR = ZRPS = В and ZQRP = ZSRP = а 
20+ 2p = 180° 

a +В = 90° 

Thus ZPOR = ZRSP = 90° 








Join B to E. Let “ЕПС = а. 

ZCBE = 180? — о (opposite angles of cyclic 
quadrilateral) 

ZABE = © (supplementary angles) 

ZAFE = 180? — о (opposite angles of a cyclic 
quadrilateral) 

ZAFE and ZCDE are co-interior angles and 
ZCDE + ZAFD = 180? 

Thus, AF I| CD 
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Q 
R T 220 
Ё ql 5 
ч. 
Let ZRVP = a 
ZRTP = КТР = о. (angles subtended by the same arc) 
ZSTQ = a (vertically opposite) 


ZQTS = ZSVQ (angles subtended by the same arc) 
Thus, ZOVS = ZPVR 


1 
а ZADC = 3 44e - ZAQX (angle subtended at the 
centre is twice the angle subtended at the circumference 
in the small circle) 


1 
«АВС = 2 ДАРС (angle subtended at the centre is 


twice the angle subtended at the circumference in the 
large circle) 


<. LAQX = 2ZABC 
b ZACB = 90° (Thales’ theorem) 
AB? = BC? + AC? (Pythagoras’ theorem in AABC) 
= BC? + 4(AQ? — XQ?) (Pythagoras’ theorem in AAQX) 


Challenge exercise 


1 


a ZBCP = 90° (Thales’ theorem) 


ZP = ZA (angles on the circumference standing on the 
same arc) 








In ABCP, sin P= 2 so BP= 2 
ВР sin А 
502Е- 2 
sin A 


b ZP = 180° — ZA (opposite angles іп a cyclic 
quadrilateral are supplementary) 
In ABCP, sin (180° — A) = -, so 2R = — 
BP 


= Pe 
sin A 





since sin (180? — о) = sin a 


зэ 


А 


а ABRI = ABPI (AAS) as ZRBI = ZPBI (ZB is bisected), 
ZBRI = ZBPI (right angles), and BI is common 2. 
IR = IP (corresponding sides of congruent triangles) 
ACPI = ACQI (AAS) as ZPCI = ZQCI (ZC is 
bisected), ZCPI = ZCQI (right angles), and CI is 
common .. ЇР = IQ (corresponding sides of congruent 
triangles) 

b From a /Р = IQ = IR, ZARI = ZAQI (right angles), 
and AJ is common 
^. AARI = AAQI (RHS). So ZRAI = ZQAI 

(corresponding angles of congruent triangles) 

-. [A bisects ZA 


c IP = IQ = IR = radius, ІК L AB,IP L BC,IQ 1 AC, 
so AB, BC and CA are tangents to the circle 
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3 а ZCLH = 90° so СН is a diameter of a circle that 
passes through L (converse of Thales’ theorem) and 
ZCKH = 90° so CH is a diameter of a circle that passes 
through K (converse of Thales’ theorem), so C, K, H 
and L are concyclic. 


b C, K, H and Lare concyclic, so ZHCL = ZHKL 
(angles on the circumference standing on the same arc) 
апа ZAKL = ZHKL = Ө 


с ZAKB = 90° so AB is a diameter of a circle that 
passes through K (converse of Thales’ theorem) and 
ZBLA = 90° so AB is a diameter of a circle that passes 
through L (converse of Thales’ theorem), so B, K, L 
and A are concyclic. As B, K, L and A are concyclic 
ZABL = ZAKL (angles on the circumference standing 
оп the same arc) апа ZABL = ZAKL = Ө 

d AMC is similar to ALB (AA) as ZABL = ZACM 
(both Ө), ZBAL = ZCAM (common) 

-. ZBLA = ZCMA = 90° (corresponding angles in 
similar triangles) meaning CM is an altitude of AABC 


4 a MG: СО= 2: 1 (оіхеп), АС: GF = 2: 1 (centroid 
property), 
ZAGM = ZFGO (vertically opposite) г. СМА is similar 
to AGOF (SAS) 

b ZOFG = ZMAG (corresponding angles in similar 

triangles), so MA Il OF (alternate angles equal) 
-. line AM 1 CB since FO 1 CB, so M lies on the 
altitude from A 


c By the same argument, BM L AC and CM L AB. 
Hence, M — H from question 3. 


5 a ZABC + ZAPC = 180° (as APCB is a cyclic 


quadrilateral), «АВС + ZADC = 180? (given), so 
“АРС = ZADC 


b Dison AP апа ZAPC = АРС, so D and P coincide. 
6 a PM xCM = AM x BM (The product of the intervals on 
intersecting chords are equal) 


b DM x CM = AM x BM (given) and 
PM x CM = AM x DM (from a), then DM = PM. D is 
on MP and DM = РМ, so Р and D coincide. 





a Let the intersection of AA’ and BB’ be M. 

AM = BM and A'M = В/М (tangents to a circle from 
an external point have equal length) 

As AA’ = AM + A' M and BB’ = BM + В/М, then 
AA’ = BB’ 

b YC’ = YB’, XC = XA, XA’ = XC’, YC = YB, (tangents 
to a circle from an external point have equal length), 
XY = XA + AA’ – YC’ (eqn 1) and 
XY = YB’ + BB’ – СХ (eqn 2) 
eqn 1 + eqn 2 gives 
2ХҮ = XA + AA’ — YC’ + YB’ + BB’ - CX 
2XY = XA — CX + AA’ + BB’ – YC’ + YB’ 
2XY = AA’ + BB’ 
2XY = 2AA' so XY = AA’ 
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с The indirect common tangents (AA’ and BB’) become 
the same common tangent at the point of contact and 
AA’ = BB’ = XY. 


a A D 
С 
В 


ZD is constant as angles оп the circumference standing 
on the same arc are equal and ZC is constant as angles 
on the circumference standing on the same arc are equal. 
So any triangles drawn as described are similar (AAA). 


b Area = ELS x BDsin B 


B is a constant. ~. largest area when BC and BD are 
diameters. (If BC is a diameter, ZCAB - 90?. Therefore 
ZBAD - 909. Thus BD is a diameter by the converse of 
Thales’ theorem.) 


a B 





CA = CP and CB = CP (tangents to a circle from an 
external point have equal length), so CA = CP = CB 
-. C is the midpoint of AB. 





Let the centres of the circles be O and Q. 

As the circles touch at P, the radii OP and ОР are 1 
to the common tangent at P, so ОРО is a line. ADOP 
is isosceles as OD - ОР (radii), so ZODP - ZOPD 
and AEQP is isosceles as QE — QP (radii), so 
ДОРЕ = ZQEP. 

ZOPD = “ОРЕ (vertically opposite) 

-. ZODP = ZQEP, so ОР 1 QE (alternate and equal 
angles). Finally the tangent at D is perpendicular to 
OD and the tangent at Е is perpendicular to EQ, so the 
tangents must also be parallel. 


Area of AABC = Zab sin C 
1 : 
= —bcsinA 
2 


1 
= —acsinB 
2 





‚ 2x Area of AABC _absinC _ besinA  acsin B 


abc abc abc abc 
Е sinC  sinA © sin B 








с а b 
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Chapter 14 answers 
Exercise 14A 


1 


10 


11 


12 


13 


14 


15 


a3 
40 
54 
а-4 


е. 
WIN [ел |ә 


E 
1000 


g5 
ад 
42 


4 


а log 2-2 


d log3)1024 = 2 


g Іі = 0 
а25-32 


а Е = 2743 
а 102335 

а 2 

а 108410 

d -1 

а 100-105 
40 


а20-0 
d 79 +В + бү 


g ao +В cy + а 


а ху=х+у 
даря 
1-у 


b 3 
e 4 
h6 
b -3 
e -3 


e 
10 000 
h 60 


b V2 
e 3 


b logio 0.001 = -3 


е Тору N = x 
h 1001313 = 1 


b 3% = 81 
ерх = у 
b log, 15 
e 2 


b log72 
е 102510 


b 10845 


b B+ 2y 
е B+ 4y 


log; V = log = + 31095 r, 


"m^ 6 


log; 2 = -1 
2 


logs 542 = 3 


107 = 0.001 
а= № 

log, 63 

0 


1 
1 


0 


a+B+y+ő 
«+В+2ү+6 


у = 125x? 


ог log, V = 2 + log; п — log, 3 + 3109 r 


1 y 
x = — logio — 
b 8107 


A = Рх10” 


Ехегсіѕе 14В 


1 


5 
а“ 
2 
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a 1.1292 
d 2.3347 


a 2.3219 
d 1.7604 


a —0.4225 


41 


Exercise 14С 


а 


Ь 0.6826 
е 0.9622 


Ь 2.6309 
е -2.8074 


Ь 0.1587 





























с 
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b They have the same x-intercept, по y-intercept and the 


same asymptote, the y-axis. 


с log» x grows faster than log; x as x grows 


5 a yA 








y = log, x 
(3, 1) 
ol Л x 
b УЛ: 
УЛ | у-106,(х- 1) 
| (4, 1) 
O| : /2 = 
х=4 
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-5 УЛ у= І06-(х +5) 

















d 
(3, 2) 
> 
O| /1 x 
е уд у =log, (х) +2 
(3, 3) 
o A = 
9 








Exercise 14D 


4 hours 19 minutes 


a М =0.72x5'g 

b 186 

с 10 hours 20 minutes 

d 39.94 days 

e This is unrealistic, as there will not be enough food to 
keep the bacteria alive, so they will not multiply at the 
same rate for long. 

а 4х1.02/-1976 billion 

b 28.98 billion с 2022 


а 750 x 1.047:1970 million 
b 1995 с 2014 


4 2050 (this is clearly impossible, because if the 
population of China increases at the same rate, the world 
population will increase at a rate getting closer to 4%, 
not the assumed 2%) 


a Mo = 10, k = 8.864 x 10+ 
b 339.59 years 


a5 b 14 

6 

a $62 985.60 b $65816.20 c 55.5 
d 38.3 
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Review exercise 























1 a4 b 3 c9 
40 e —3 f -6 
g4 h -3 
2 a4 b 2 с 2 
48 е5 f 5 
3 a log,1024 = 10 b logiga = x 
с logg1 = 0 а log,,;11 =1 
е log3b = x f 1025625 = 4 
4 a3*-8l b 2° = 64 с 102 = 0.01 
db =c еа =b 
5 а log,55 b 1og535 с 108677 
d —log34 el f1 
6 а 109›140 b 0 с-2 
4-2 
7 а1.2323 b 1.2091 с 2.8928 
d 3.2362 e 0.75 f -1.2619 
8 а 2.8074 b 3.9656 с 2.0704 
d 3.0339 e —2.3219 f -2.4650 
9 ald b 27 c -1 
2 
d 10 000 -2 f 10 
10 a 
ET [do ug 
N; 
и! (5, 1) 
м, 
О i m 
€ y 
! у= log, (x + 4) 
> 
! x 
d у = 108, (х) +5 
у 
(2,6) 
О||2-5 X 
1 ау-10х b y+1 = 100x 
12 1093-1 
13 11 
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CANNE 


а 102240 b log, (2 


a 4 years b 7 years 


Challenge exercise 


1 


10 


11 


From Pythagoras’ theorem, а? = с^ — b? = (c — Ь)(с + b); 
now take log of both sides 


-5 


ac b 10 or10 2 
7 
23 
с 40г2 4 а 9 or 27 
ax=3,y=5 bx-25yz2 
63 9 
сх----,у--- dx=2,y=3 
x 8 y 4 x y 


log, x log, x 


Change base: 
log, b 


= log, b, so log, x = + log, b, 


rebot 
b 


Р 
b Suppose logio n = È then 107 = n, 10? = и, then 
q 


for n to be an integer, it must contain an equal power 
of 2 and 5, and no other prime factors; that is, it is a 
power of 10. 


loga x _ loga y 10242 
y-z 4-х x-y 


Let a = 





Add together 
log, x + log, y+ log,z = 0 
xyz = 1 
Now, x = q9979*, y= q9*79* and z = q9*79y 
хууд: = qk O + Oy - Oxy + OXZ - OYZ 


x =2aor х = 5а 


Chapter 15 answers 
Exercise 15A 


1 


3 2 + 3 3 
13 12 5 
T 5 È 
5 П 


а € = {5,6,7,8, 9} 

b P(5) = : Р(6) - : pns Р(8) = 2 po) = 1 
10” 10” 4? 20” 5 

4 

5 





с 


0 
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7 а<-С((, 2),(1, 4),(1, 7),(2, 2),(2, 4),(2, 7),(3, 2), 
ie 4),(3, 7) | 


b equally likely, 5 с 


tol 


ж 
к 


& = {2,3,4,5,6,7} 
1 
Р(2) = т» PG) = 





= 


1 1 1 
,Р(4)--,Р(5)--., 

5 P(A) LP. 

1 


с P(sum is less than 5) = ; 


! b 


ale 


1 БІ 
4 18 
10 a & = {-5,-4, -3, -2,-1,0,1, 2, 3, 4, 5} 
1 
с = 
6 


e 


w] = blu 


11 аё = (05, Ri), (Ri, Ro), (Ri, R3), (Ri, Wi), (Ri, W2), 
(Ri, Y), (Ro, Ri), (Ro, Ro), (Ro, Кз), (К, Wi), (Ro, W2), 
(R5, Y), (Кз, Ri), (R3, R2), (Кз, Кз), (Кз, Wi), 
(R3, W5), СКз, Y), (Wi, Ri), (Wi, Ro), (Wi, R3), 
(Wi, Wi), (Wi, W2), Wi, Y), (W2, Ri), (W2, Ro), 
(W2, Аз), (W2, Wi), (Wo, И), (И, У), (Ү, Ri), 
(У, R5), (Ү, Кз), Y, Wi), (У, W2), (У, Y)] 














bi — ii Ч 
18 18 
gal ь 33. с 29 
8 400 200 
Ехегсіѕе 15В 
1 5 2 12 
5 13 
з 13 а 2 
15 20 
5 а 23 b : с 2 4 ы 
10 5 5 5 
6 a 2 р 2 с A 
4 13 13 
d a e 0 f = 
52 13 
7 a 1 b : с0 
6 2 
4 2 e i f 2 
3 3 3 
29 23 49 
8 a — — ce — 
100 100 100 
413 Ш ғ 13 
20 100 20 
22 nt il 
100 8 8 
9 a 
| (884) 
bi a ii 2 iii 0 
10 5 





10 £ 
































а- b a c : 4 2 
40 8 20 
11 
| (898) 
13 
a T “200043 
5 5 65 65 
Bal o adio з „ш 
5 1000 100 500 
9 1 1 
е-- f — g — 
500 100 500 
13 a = b zn с 16 
85 85 85 
ijt ss ct 
26 13 2 
15 КЕ 
15 
Exercise 15С 
pa ын QD 
48 24 48 
18 2% pa 
31 13 22 
2 a : b l 3 1 
3 2 3 
4 a EE b = 
13 13 
5 a ul b КЕ с E d 1 
11 11 5 3 
6 a 2 53. 20 а 1 
20 100 77 2 
7 
8 




















Outcome 

















Probability 
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10 


11 


12 


1 
а — b2 ез а> «© 
13 19 4 19 5 
2 b — es 
14 28 3 
ас bl 
6 2 


0.3 


Exercise 15D 


1 


No. Example: P(M A Yes) + P(M) x P(Yes) [0.6 x 0.55 
= 0.33 # 0.25] 


No. Example: Р(< 30 A Yes) + Р(< 30) x P(Yes)[0.5625 х 
0.6875 = 0.387 # 0.4375] 


b a 0.55 
38 


a 0.27 
с P(M) = P(MI > 10 km/h) 
d P(Minor r^ Not speeding) + P(Minor) x P(Not speeding) 


| 41 146 43 | 

200 200 200 

a ch b È с 12 а 22 
35 35 35 35 

Р(А) = Р(А\В) = i or P(A A B) = P(A) x P(B) = + 


or P(B) = P(BIA) = 2 


а 















































8.41 pe бі 
36 6 36 6 


Events independent since P(A A В) = P(A) x P(B). 





b P(A) = 


€ P(A A B) + 0. Therefore, events A and В are not 
mutually exclusive. 


Exercise 15E 


1 


ICE-EM Mathematics 10 3ed 


1 

a — b 2. с a 
16 16 8 

a2 èZ ғ 2. 
16 16 16 
1 

а — b ыг с 13 
17 34 34 

413 MEE 15 
68 68 34 
1 

419 „2 214 45 
39 39 39 

а 10 62 с 30 42 
91 91 91 91 

а 2 b — c 2 d 2 e Ы 
36 18 18 18 18 
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6 351 595 945 
1891 1891 1891 
6 12 4 13 
7 at -- 022 Az 
25 25 25 25 
eat si sd ас 15 
16 16 16 16 16 
3 125 E 
216 216 8 
ac 5 t 
8 216 216 
10 P(G)- P(GIC) = s 
Review exercise 
2 9 гоол ЕНЕРІ РР) . 16 
1 ai— ii — ш — iv — 
25 25 25 25 
bi ES ii — iii — 
10 
2 a A. b E c ES 
10 2 20 
3 























1 
bi Р(А)-- 
(А) 2 


1 
ii Р(В)-- 
ii Р(В) 4 


5 
с ANC 19,1611, 125; Р(А MC) = — 
{ БРАсС)-2, 





d No. P(A) x P(C) = ЇЇ „ 19 sum 
2 12 24 24 
à: 5 2 
3 5 
6 a 5 b = c 2 
20 20 5 
7 1 
2 
а 2 ыг acm. at 
100 50 25 100 10 
Challenge exercise 
1 ai 330 ii 150 iii 215 iv 215 
b2 
c i 028 п 0.288 iii 0.49 
2 a E b HE c © 
119 30 11 
3 ai 1296 ii 360 iii 810 
671 
1296 
a 2 z DOTI С” 
3 n(n — 1) 
5 
7 a 210 b= 
21 


0 
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Chapter 16 answers 
Exercise 16A 








la 














1 b т = 5п 
2 
01 5 101520 р 
Е 
3 
4 aR=4s b P =0.12T 
са = 44b dV = 8r? 5 
5 
6 130 кт 7 210.5 т 8 
8 1852 КҮ 9 864m 
10 а The surface area is multiplied by 9. 
b The radius is multiplied by 4/3. j 
11 a mis multiplied by 32 
1 11 
b m is multiplied by 32 
с nis tripled 12 
d nis divided by 4 
12 а ais increased by 11.8% 13 
b ais decreased by approximately 4.08% 
13 a pis increased by 6.27% 14 
b pis decreased by 1.70% 
€ qis increased by 33.196 
а q is decreased by 27.1% 
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Exercise 16B 









































k 23250 y = 22 
x 





x 2 4 8 10 16 
y 8 2 ОЙ ОЗ2 Б 0125 
55 km/h 10 54 
а 1i units b 2m 
a mis divided by 4 b mis multiplied by 4 
c nis divided by 4 d nis tripled 


а 18 decreased by approximately 13.04% 
а 18 increased by approximately 13.64% 


p is decreased by approximately 24.8796 
p is increased by approximately 37.1796 
4 is decreased by approximately 5.90% 
q is increased by approximately 7.7296 
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15 а i The height is divided by 4. 
ii The radius is divided by 3. 


b kı = 36 
Exercise 16C 
1 a = 12bc 






































2 
3 у-5 
kx? 27 
4 ау--- b у= — 
y a y 4 
5 а а= kb b b = 32 


b 2916 units 
7 90N 

8 6430 cm = 32.86 cm 
9 аг-12 bn=24 
10 а yis doubled b yis multiplied by 13.5 


11 a yis multiplied by approximately 1.154 
b yis multiplied by approximately 1.562 


12 а F is divided by 4 b F is multiplied by 12 


13 1.65 m/s? 


Review exercise 
1 a xis directly proportional to y 
b pis directly proportional to the square of n 
с ais directly proportional to the square root of b 


d p is directly proportional to the cube of q 


2 ai p=48 Е 
2 
buc 
4 
io ii a = 180 
4 


3 ak=12,y=12x 
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4 а yis multiplied by 8 
b yis multiplied by 27 
€ yis divided by 64 


5 а mis multiplied by 42 (increase by 41% since 4/2 = 1.41) 
b mis halved 


6 а ais increased by 10.25% 
b ais decreased by 15.36% 


_ 80 


7 ay 3 b x = 60 
8 аа-2 T 
9 :-27/2 10 I 


Challenge exercise 
0.00224 L 
К------ 
р? 
b 5.736 = 5.4 ohm 


с resistance is halved 


1 


d resistance is increased by 21.9% 


2 а= капір = Kc 
а+Ь = (k + K)c so (а + Б) ос 
a-b= (к — K)c so (a — Б) ес 


Jab = [kc x Kc = A KkKc so vab eec 











150x 1080 12 2abC 
3 = + 4 у= 5 
19 19x? 5 (a * by? 
6 a+b = k(a — Б) 


а? + 2ab + b? = К?(а? – 2ab + b?) 
2abk? + 2аЬ = k?a? — а? + k?b? — p? 
2ab(k? + 1) = (k? – D(a? + p?) 


к2 +1 


а? +b? = х 2ab 
2-1 





a? + D? œ ab 
Chapter 17 answers 


Exercise 17A 


1 a yes b no c yes 
d yes e yes f yes 
g yes h yes i no 
j yes k yes 1 no 
2 a3,1-6 b4,5,0 c1,-4,7 
d 0, 15, 15 e 3,7,5 f 2,3,8 
g 3,-14,0 h 5,1,0 i 6, -31 
5 3 
3 a monic b non-monic с monic 
d monic e non-monic f monic 
4 а-б b -6 c 0 
d -12 e —6 f -30 
g à-a-6 h 8а? -2a -6 i -a+a-6 





5 а 0, 60, —90 900, 0 
—1, —55, 295 001, 1 


b 39, 0, 11712, 32 
4 -27,0,0,-20 


ө 


х2-10х--25, х2,2,25 

x? + 5x — 50, х2, 2, —50 

—3x? + x3, -3x7, 1,0 

x? + 12х? + 36x, х, 3, 0 

3x! + 6x° + 3x3, 3х7, 7, 0 
—6x,—6x,1,0 

x3 + 9x? 26x + 24, x3, 3, 24 
3x? + 12х + 14, 3x2, 2, 14 


mg "= © д б 7e 


8 а P(x) = х2 -5x4+1 b Q(x) = 2х + 10x 
с R(x) = 7x* + 7x3 + 7х2 + 7х +7 


Ехегсіѕе 17В 
1 а 3x3 – 3х2 — х+5,- x? + 3х2 + 7х + 5 
b х +3, 4х3 – 6х2 – 9х +7 
с 8x? – 6х,12 
а хі + х3 — 2x? +2x 2, xt — x3 
е 0,10x3 + 4x? - 2x - 10 
2 a12 «44 —12x? + 20 
b —16x° + 10x? — 7x? +27 
с -5i3 + 5x3 – 5x? +15 
d 0 


b x®-1 


а х5 + 3х4 – х? – 3x? 


3 а 5х6 – 222 + 7x4 
с хб 1 
е хі +2 +1 

4 а equals the sum of the degrees of Р(х) and Q(x) 
b the product of the constant terms of P(x) and Q(x) 


b xt — 6x2 +9 
а 9x!9 + 30x8 + 25x 


5 a x?-14x+49 
с xô — 14x4 + 49x? 
e xt + 203 + 302 + 2х +1 
f x8 +255 + 3х4 + 252 +1 


6 а is twice the degree of P(x) 
b equal to the square of the constant term of P(x) 


с the leading coefficient of P(x) is 1 or —1 


7 a -5x44+5x3 — 7x -3 
b 6x4 — х? — 15x? - 2x +3 
с 4х — 3x3 + 26x? + 28x +2 


8 ах4-5х2-4 
b x^ + 10x? + 35x? + 50x + 24 


Exercise 17C 
1 a 68=11x6+2 
с 2765 = 21x131+14 


b 1454 -12х121--2 
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2 a 
b 
c 
d 
e 
f 

3 a 
b 

4 a 
b 
c 
d 

5 a 
c 

6 a 
b 

7 a 
b 





x? + 6бх +1 = (х + 2)(х + 4) – 7 

x? — 5х2 — 12x + 30 = (х + 5)(x? — 10x + 38) – 160 
5x3 — Tx? — 6 = (х — 3(5x? + 8x + 24) + 66 

x* 43x? — 3x = (x + 2)(x? – 2x? + 7x – 17) + 34 


4x? - 42+ 1 = Qx+ (20? 3 2)-7 


xt + 3х9 — 3x? – 4x41 = (х + D(x? + 2x? — 5x +1) 








R(x) = —5х + 1,0(х) = x? -x +3 

Q(x) = x? - 2x + 5, R(x) = 15 – 8x 

x + 5х2 -х+2 = (х2 + х + 1)(х +4) – 6х - 2 

x? — 4x? —3х + 7 = (x? – 2x + 3)(х - 2) - 10x +13 

xt + 5х2 +3 = (x? — 3x — 3)(х2 + 3x + 17) + 60x + 54 

x — 3x4 — 9х2 +9 = (х? — x? + x — (02 – 2x - 3) 
9x? +х+6 

0 b Oorl 

3 or higher d 4 


Р(х) = (x + 5)(х + 3(x — 7) 
Р(х) = (x + 2)2(х + 3)? 


i х^ — 3x3 -5x +х-7 
= (x + 5)(x3 — 8х2 + 35x — 174) + 863 
ii —870 


i х®—3х%—5х°+х-7 


= (x? + 5)(x? — 3x – 10) + 16x + 43 
ii a = –15, b = —50 


Exercise 17D 


1 a 
c 
2 а 
c 
3 a 
c 
e 
4 a 
5 a 
6 a 
7 a 


38, not a factor b 0, is a factor 
-274, not a factor d 0,15 a factor 
0, is a factor b —6, not a factor 


38, not a factor d 20, not a factor 
0, is a factor b —14, not a factor 
1, not a factor d -4, not a factor 
6, not a factor 0, is a factor 


х+1,х+2,х—2 Ььх-1,х-1,х44 
k=4 bm=4 

p = 28 b b = -23 
а--14,5 = -22 ba=9,b= 


а-17,5-21,с-0 


Exercise 17E 


1 а 


Р(х) = (x - 12)(х + 9) b x? — 3x – 108 


2 P(x) = (х—1)(х + 1)(х— 2)(х +2) 
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3 ЬР(у-(х-Цо2-5х-6) 
Р(х) = (x - р(х — 2(x — 3) 


e 


4 а (х+1)(х+2)(х+3) 
(x + I(x + 5)(х — 3) 
(x — 1)2(х + 3) 


b (х+1)(х—1)(х-7) 
а (х – 5)(х + 3)? 
£ (х= 00 +2)? 


e 


oO 


5 a(x*D(x-D(x-2x-3) b (x+1?(x +5? 


6 а 3(х- 2)(х – 0(х +5) 
x(x — 2)(х + D(x + 2) 


b 5(x — 2)(x – D(x + 2) 
d x(x - D2(x + 3? 


е 


7 a(x-DG? + 3х + 5) 
с x?(x - 2)(х2 + 6x – 3) 


b (x + 3)(х2 + х +1) 
а (x - 2)(х + 3)(х2 + 3x + 1) 
8 ІҒР(о)-0, then, a,0” + a, 407-7! + a, 5077? +... + 

a, + ag = 0 


Therefore, ay = -о(а,о0-! + a, 407? + a, 507 +... + aj) 
and o divides ap 


Exercise 17F 
1 a-7,5,-6 b 3,-1 
с 2,4, 6,8 4 0,7,-8 
2 a 3,34 417,-3- 417 
1 1 
b —5, —(1+ V7), -(1 - V7 
(1e 47) 20-47) 





с 0, 7, -6 

d 2, 5,10, -/10 
3 а-2,-1,5 b -2, 2,3 

с -7,0, 1,3 4-2,-1,1,7 
4 а1,5 b -3,2 с 1,5 

d -3,2 e -6, -1,0 f -1,1,2 
5 a (x—3)(x? —4x -153,2- 45,24 4/5 


b (x + DG? + 3х + 7); – 1 
€ x(x – 2)(х — 3)(х2 + 3x – 1); 0, 2,3, 


1 1 
Цээл). (сз) 
d (x + Dx - I(x — 262 + 2x 425 1,1,2 


Exercise 17G 
1 ах-2,х-4 


Sign of y | + 0 - + 





0 
x Values | 2 4 


УЛ у=к-2)х-4) 
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Signofy|- + - + 


x values 0 2 4 


УЛ y-2x(x-2)6-4) 





op A f= 








ex=-3,x=1x=3 


Sign of y |- + - + 





x values | 3 1 3 


Y^ y2G3)- 16-3) 





3 О 5x 





ах--2,х--і,х-3 


Sign of y |- + - + 





x values | -2 -1 3 


у= (x+ 2)(х + 1)(x- 3) 
























2 ах-і bx=1 
Sign of y | + + Sign of y | - + 
x values | 1 x values | 1 
"| усаар уһ >-6-1У 
1 — 
О 
=] 
О 1 x 
сх-і 


Sign of y | + + 





x values | 1 


yA у= (= 1) 








0 
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4 








a b УЛ 
у= (х+2)? 
8 
4 у= (х+2)3 
-20 x 20| х 
с УЛ 
у= (х+2)* 
16 
20| x 
а у= (х+2)(х-1)(х+4) 
УЛ 








bx>1-4<x<-2 


ex<--4,-2<x<l 


5 a y= 3x(x -4)(x+ 4) 
У 





чү 


b y = (x - 6)(х + 6)(х — 2)(х + 2) 
УЛ 











6 а P(x) = (x - 2)(х – 4)(х – 6) 
УЛ 





зү 





ISBN 978-1-108-40434-1 


b P(x) = (х+3)? 
УЛ 











с P(x) = (х— 2)? 








7 а-Ъ 
у= =х(х- 1)(х + 1) 
8 a-b yA у= (х-1)3 
-11 
y2-(x-198 
9 a-b : P(x) = (x +3)4 


Exercise 17H 
1 ax=0,x=2 








P(x) = —(х + 3)4 


Signofy|- 0 + 0 + 
x values 0 2 
Уух(х- 2)2 











А 
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bx=2,x=4 
sign of y | + 0-0- 
x values | 2 4 
УЛ 
у-(х- 2)?(x – 4)? 
64 
о 
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ex=0,x=-3 


Signofy|- 0 + O + 


x values -3 0 


y у=х?(х +3) 





dx-2-2x-2-1 
sign of y | - 0-0- 
x values | -2 -1 









у=(х+ 2)2(х + 1)3 





2 ах= 4х = -4 





























sign of y | + O + 0 + 
x values | -4 4 
у= (к-4)0(х+4? 7) 
256 
> 
-4 О 4 X 
bx=-lx=4 
sign of y | + 0-0 + 
x values | -1 4 
у = (х — 4 (х + 1? 
> 
x 
сх-0,х-4 
Sign of y | - + + 
x values | 0 4 
y=x (x-4) 
у 
> 
4 x 
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6 



































dx=0,x =-2 
Sign of y | + + + 
x values -2 0 
УЛ 
у=хҢ(х + 2) 
> 
=2 О х 
а b y=(x+2P7(x-2) 
УЛ УЛ 
у = (х + 2)2(х – 1)? 
4 
> 
=2\ О 2 x 
> 
-20|1 х 
-64 
УЛ 
а у= (х + 3)3(x — 1)? 
Һх>1,-3<х<і1 сх<-3 


a y 2 3(x - (х + D(x + 3)%(х — 3)* 











2)x + 2) 





а Р(х) = (x — 2)3(х — 4} 
УЛ у= (6 - 2)3(х- 4)3 








0 
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b Р(х) = (x + 3)%(х — 1)? 


yA у= (х +3)З(х – 1)? 














у= —(х — 1)3(х + 1)3 


Review exercise 


1 


11 
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a 
с 


е 


а 
b 
с 


polynomial b polynomial 
polynomial d not a polynomial 
not a polynomial f polynomial 
2 b 3 c4 d 2 e 3 
2 b +4 c II 
-13 e а? *2a-1 f 8а? + Да –1 
= -3 5 а= -1 
P(x) + Q(x) = x? + 3х + 6; P(x) - Q(x) 
= =x? — х; P(x)Q(x) 
=x + 5х2 +9x+9 
P(x) + Q(x) = 2x? + 4; Р(х) - Q(x) 
= —2; P(x)Q(x) = xt + 4x? +3 
P(x) + О(х) = x? + 2; Р(х) - Q(x) 


= 4x — х2; Р(х)О(х) = 2x3 - 3x? +1 


6x? + 13x — 2, remainder 2 


2x? — 5x + 10, remainder —7 


x? — 4x — 6, remainder -17 


d x? + 3, remainder 7 


a (x - 3x - Dx +2) b (x Ax  DQx - 3) 
с (x - I(x + 4)2x - 3) а (2x + 3x - 2)(3x - 1) 
а-4,5--1 10 4-4 

а--2,5--19 








12 а 2,3 Һа--2,Ь-4 


13 а x-intercepts: —1, 0, 2 y-intercept: 0 
b x-intercepts: —2, 1, 3 y-intercept: 6 


с x-intercepts: —2, — 1, 1 y-intercept: -2 


d x-intercepts: —1, -i 3 y-intercept: -6 
2 
e x-intercepts:, —4, EFT 2 y-intercept: -16 


: 1 1 : 
f x-intercepts: 728 1 y-intercept: 1 

















14 a 
b 
2 ^ О % 
с у 
Mi did 
ОГ 3» *^ 








a 
Ne: 
> 
- 
Il 
х 
N 
T 
+ 
m i 
“9 











N 

O 
- 
I 
a 
с 
3 
ры 

aV Ы 
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у= (х – 3)2(х + 1)? 





> 
x 





Challenge exercise 
1 a=-3 


2 (x2 —2x + 2)(x? + 2x +2) 
3 b=14,a=-l1 

4 bx - 6x? +11х-6 

5 P(x) = 6x° – 15x* + 10x3 
6 a=landb=2 

7 4x 


8 c (x^ 4+ 2x? + 2xy + (х – 2x2 - A 





(А-В)  (Ba- Ab) 
a-b i a-b 











Chapter 18 answers 


Exercise 18A 
1 a range = 17, IQR = 9 
c range = 9, IQR = 2.5 


b range = 9, IQR = 3 
d range = 17, IQR = 9 
2 a lower quartile = 27, median = 32, upper quartile = 38.5, 
IQR = 11.5 
b lower quartile = 64, median = 76, upper quartile = 82, 
IQR = 18 


3 mean = 5.7, mode = 10, median = 5.5, interquartile range = 6 

















4 
number of | lower quartile | median | upper quartile 
dataitems| position position position 

a 100 2515 50.5 YDS) 
b 101 256 51 76.5 
5 a 38cm b 161.5cm с 22.5cm 


6 ЮВ = 14ст 


7 а median = $149, lower quartile = $143, 
upper quartile = $153.50 
b IQR = $10.50 


8 35710121213 and35610111213 (others are possible) 
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9 No.11122318, mean = 4, lower quartile = 1 
and upper quartile = 3; 
11313141416, mean = 12, lower quartile = 13 
and upper quartile = 14 
10 а 35 b 13.7 
Exercise 18B 
1 $49 and $10.50, respectively 
2 а $40000 b $120000 с $100000 4 560000 
a 40 b 65 c 55 d 20 
` | [I] 
| | | | | L> 
50 60 70 80 90 100 
5 a median = 75, upper quartile = 78.5, 
lower quartile = 69.5, IQR = 9 
А ГІ 
да! | | | — s 
60 70 80 90 
6 a50% b 25% с 50% а 25% 
7 no 
8  Itdepends on the spread of the values between the lower 
quartile and the median compared with those between the 
median and the upper quartile. 
9 aB b B c B d B 
10 aA b B c B d B 


e Class A. Lowest mark is higher, and lower quartile, 
median and upper quartile are all higher. Only the 
maximum mark is lower. 


lower 
quartile 


upper 


Е тахітит 
quartile 


median 


minimum 





y 10.5 15 163 23 








7.8 11 14.6 16.7 25 














b channel A 
d channel A, channel B, channel C 


e If the criterion is the highest rating for the lowest rating 
show, then Channel C is the winner. 


с channel В, channel A, channel С 


Exercise 18C 


1 


а О, = 151.5, О; = 171.5, median = 164 
b IQR = 20 
1 
120 140 160 180 
There аге no outliers 





200 


0 
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2 a О, = 67000, Q, = 100000, median = 81500 
b IQR = 33000 








3 a iii, symmetric b i, negative skew 
с ii, positive skew 


4 a 
























































V 150-159 160-169 170-179 180-189 


b Qı = 173, median = 179, Оз = 187, IQR=14 


c — 


190-199 





150 155 160 165 170 175 180 185 
d symmetric 


5 аапа are outliers; c is not an outlier 


6 a озь 
1 |147 
2 |04446789 51 mean 51 
3 |1356 
4 |02 
5 |1 





b median = 26.5, О, = 18.5, О; = 34, IQR = 15.5 


190 195 





0 10 


с The distribution is symmetric. There are по outliers. 


7 а median = 38.5, О, = 32.5, О; = 44, IQR = 11.5 





200 











20 30 40 50 60 
с 62 is an outlier 
8 а 
е е 
е е 
е е . 
e е е е е 
е е е е е е е е 
322250607089 1 1 2 1 
b 
— T -à 
1 | 1 | 1 1 | 1 1 1 1 
3 4 5 6 7 8 9 10 11 12 13 
T T T 
Q4-5 median 03-75 


-6 

с The distribution has a slight positive skew. 
minimum = 4, О, = 5, median = 6, О; = 7.5, 
maximum = 13, 12 kg and 13 kg are outliers 
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Exercise 18D 


1 


2 


10 





15.54 


City A : 30.43, City B : 31.86; City B has the greater mean 
daily maximum temperature. 


60 kg 4 412 


a i xy = 5,0 = 3.16 ii x = 5,0 = 1.34 


b Both data sets have the same mean but data set i is more 
spread out. 





2 

14 

18 

4 

10 

12 
Total = 60 
































Total = 60 


b x = 14,0 = 3.46 





a x = 30.55 b 10 с 10.22 
a 6.15 b 10 с 2.46 
ах- нээн nd the 

sum of the deviations =a -x +b-—xX+c-X 


= (а+р+с) – Зх 
а+р+с 


= (а+р+с) - 3х 3 
=0 


Хх HX + xg +... +X, 


х= апа 





the sum of the deviations = (x, — X) + (x2 — X) + 
(х\ — Х)+...+(х„—Х%) 
= (x, + X2 + X3 +...+Х,)—ПХ 
= (Х| + X2 + X3 +... + x)— 


Хх 5Х3 + А3 +... Ех 
пх 1 2: 3 п 





Exercise 18E 


1 


2 
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a Х-9,6-545 b 
сХ-9,6-545 


All three data sets һауе the same mean. Data set b is less 
spread out than the other two, with a standard deviation of 
1.31. Data sets a and с have the same mean and standard 
deviation. (The size of © for a would be much smaller if 
the outlier 22 is omitted. It drops from 5.45 to 1.34. This 
does not happen when any one value is omitted from c.) 


a i between 32.5 and 37.5 
ii between 30 and 40 

b i between 35 and 45 
ii between 30 and 50 


с i between 27 and 43 ii between 19 and 51 
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3 a Mathematics : X = 16.136 = 2.63; 2 5 
English : x = 15.870 = 2.83 24 
b The mathematics result is about 0.05 standard deviations E 3 
below the mean, whereas the English result is 0.66 Е 
standard deviations below the mean. Тһе mathematics #2 
mark is better. Ё Р "d 
4 a David's mark for English is one standard deviation 


below the mean. 


David's mathematics mark is more than one standard 


deviation below the mean. 


His English mark is better. 


b Akira's mark for English is two standard deviations 


above the mean. 


Akira's mathematics mark is less than two standard 


deviations above the mean. 


Her English mark is better. 


c Katherine's mark for English is one standard deviation 


below the mean. 


Katherine's mathematics mark 
deviation below the mean. 


is half a standard 


Her mathematics mark is better. 


d Daniel's mark for English is more than one standard 


deviation above the mean. 


Daniel's mathematics mark is one standard deviation 


above the mean. 


His English mark is better. 


5 a ix=65,0 =1.71 
iii x = 6.5, 0 = 1.98 

b i x =11.5,0 = 1.71 

iii x = 11.5,6 = 1.98 
с ix =13,0 = 3.42 

iii x = 13.0, 0 = 3.96 


6 а1111155555 
с 1111559999 


7 a 11111111111 
с 5555555555 


li x = 6.5,0 = 1.38 


ii x = 11.5,0 = 1.38 


ii x = 13,0 = 2.77 


b 1111199999 


b 1111111111 


8 а average annual salary increases by about $5200 


b the standard deviation remains 


с an increase of $2900 


Exercise 18F 


1 a as 


unchanged 





16 © 











14 м. 
Е 12 
o 





10 v 


ж 























Ез 
86 
4 
2 
o 


JFMAMJJASOND 


Month 


b The rainfall is high in January 
decreases to reach a minimum 


and February and 
in September. The rainfall 


from September to December increases significantly. 
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YEAR 1 























1989 1991 ' 1993 





1995 1997 
Year 
60 
50 HA 





ы 
© 





ас 


M 





N 
o 





Number of births 
Ww 
б 





= 
o 











JF MA MJJASOND 
Month 


The number of births fell over the first half of the year. 
From July until the end of the year, the birth rate was 
roughly constant. The maximum occurred in January and 
the minimum in October. 


12 
iol 
8 N 


А 


2 4 6 8 10 12 14 16 18 20 22 


Round 














Position 


ON PO 

















The team improved its position quite markedly during 
the first half of the season and maintained a position in 
the top five teams between rounds 7 and 18 (except for 
round 12, when it was sixth). However, during the last 
five rounds, the team’s position deteriorated again to 
eighth at the end of the season. 


























a fourth quarter b third quarter 
с yes 
1st quarter sales: 45, 51, 55 
2nd quarter sales: 63, 69, 71 
3rd quarter sales: 67, 75, 79 
4th quarter sales: 43, 39, 49 
а 140 
„120 N, 
3 100 FN 
o 
2-5 ТЭХ, 1 m 
3 o. 
= 60 
От 02 ОЗ Q4 ОЛ Q2 ОЗ Q4 Q1 Q2 Q3 Q4 
2009 2010 2011 
b Car sales per quarter have shown a general upward trend, 
with major fluctuations. 
c It seems that the car dealer is able to sell more cars in the 


third and fourth quarters each year than in the first and 
second quarters. 


0 
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Ехегсісе 18С b The scatter plot does not support the claim ‘the greater 
the kicks, the greater the handballs’. This would only be 
1 ч supported by ап upwards trend from left to right. 
90 s 
E 80 . 6 70 
e 
70 e——? e. * 
E: е 60 
ор 60 e . 
5 _ 50 5 . 
50 : 5 " А 
40 
+ 2 30 5 е 
о ^ 5 Ы 
50 60 70 80 90 100 $ 20 . 
Mathematics mark е ° . 
2 Р 10 
a a е °- 
Е 0 
5173 ы 10 20 30 40 50 6 
FUE T Goals for 
EAM ЫГ i The best team is F, with easily the greatest “goals for’ 
59 апа very nearly the least ‘goals against’. 
t 8 ii The worst team is E, with the least ‘goals for’ and the 
8 А 5 ыы greatest ‘goals against’. 
Fi e 
È ол iii Jis better than Н — while the ‘goals for’ are about the 
30 4050 60 70 80 90 100110120130140150160170180 same the n oals a ainst’ clearl favour J 
Average monthly rainfall (mm) á 5 5 y i 
b The number of rainy days per month generally increases Р : 
нг igi Б y 7 аВ-у b C=ii с D=iv 
as the average monthly rainfall increases. 
3 а 1 e d E - viii е F=vi f G=ii 
29 ы : - 
88 g H=i h / = vii 
@ e 
7 
8$ ө 8 аА-Ш b В = іу c C = viii 
24 D = vii е E=vi f F=v 
83 ө 
52 56-і hHzi 
1 е 2 
07 4 m eee 
30 40 50 60 70 80 90 9 ai 54 ii 55 iii 36 
Amount of carbohydrate (grams) iv 84 v 67 ог 68 
b There is по apparent relationship between carbohydrate bi 52 ii 53 iii 32 
content and fat content. iv 84 v 66 
4 a 28 - Exercise 18H 
26 1 
24 1 1 i y 
422 
іл 
2 20 5 
8 
S 16 
ке e 
o 
E 14 -— 
12 
e 
10. 
о 2^, ? 
100 104 108 112 116 120 124 
IQ 
b The time taken to complete a puzzle tends to decrease as 
IQ increases. 
5 а 18 
e 
16 
2 
5 14 
5 12 
5 ° e ee 
= 10 
- 
о 8 ° . 
>. 
8 6 e. e 
Е 4 . : 
2 е е ° е 
2 
° 
О Le e 
02468 10 12 14 16 18 20 22 24 26 
Number of kicks 
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2 а і increasing ii decreasing 


iii increasing iv decreasing 
b i weak ii strong 


iii moderate iv weak 


3 а 161cm, interpolation 
b 185 cm, interpolation 


с 195 cm, extrapolation 


4 а number of seeds = 40 x (weight kg) - 260 
b 468 seeds 
с 8.5 kg 


5 а Using points (4, 69) and (8, 59) we get the equation, 
time = - X (fitness level) + 79 


b 71.5 seconds 
€ 7 (rounded up from 6.8) 


d Interpolation. A fitness level of 3 and time of 62 seconds 
18 within the data range already obtained. 


6 а Too few points to judge if there is a relationship between 
variables. If there is, it appears weak at best, so using the 
line of best fit to make predictions would be unreliable. 


b The form of the scatterplot is not linear. Hence, 
using a linear equation to make predictions would be 
inappropriate. 


7 54300 300, extrapolation 


Review exercise 


1 а 6.7 seconds b 14.3 seconds 





a Grade A; 29 hours, Grade B; 26 hours 

b Grade A; 4 hours, Grade B; 8 hours 

€ Grade A; 2 hours, Grade B; 4 hours 

d Grade А; 20(50% of 40), Grade В; 10(25% of 40) 

e Grade A; symmetrical, Grade B; positively skewed 

f In samples of 40 batteries, a Grade B battery lasted 
longer than any other (32 hours) 

a See below on this page 


b See below on this page 


a 2.6 b 1.93 с 1to4 
d The mean would increase by one (from 2.6 to 3.6), but 


the standard deviation would remain the same (1.93). 


Kathryn performed better in history, relative to the rest of 
the class, since she achieved a score that was a full standard 
deviation above the mean, whereas in mathematics her 


score was — of a standard deviation above the mean. 






































1/2 3 4 5 6 7 8 9 0 1 1 1 
b In the first quarter (Jan-March) 





c Sales figures are seasonally changing, with greatest 
sales in and around the summer period, and least sales 
in the winter to early spring period (July-September). 
Nevertheless, it can be observed that there is a general 
upwards trend in sales. 


a height(cm) = 2.5 x tibia(cm) + 72.5 (Determined using 
points (45, 185) and (31, 150).) 


b 182.5 cm 
c 29 cm 


d The answer to (b) is interpolation since a tibia length 
of 44 cm is within the data range already collected. The 
answer to (c) is extrapolation since a height of 145 cm is 





€ 2.4 seconds d no outside the data range already collected. 
3 a e 
e 
e өө e 
e оо ө өө e e 
ее 90909 о 00000000 өө өөө өөө өө e ө ee ө ө 


| | | | | | | | | | | | | 
85 90 95 100 105 110 115 120 125 130 135 140 145 150 











| І 
О1-100 median = 106 Q3=117.5 
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Chapter 19 answers 


Exercise 19A 





1 а second b third с third d fourth 
e second f third g second h fourth 
2 а sin10° b -сов 10° с —tan 10? 
d -яш 10? e —cos 10? f (ап 10° 
g —sin 10? h cos 10° i —tan 10° 
1 1 
3 а-- b -— с -у3 
2 2 = 
d -1 e EE f УЗ 
2 2 
1 1 
213 h— EUM 
g -J3 5 Lem 
4 a fourth b second c third 
d third e second f third 
5 aL0,0 b 0,1 
c -1,0,0 а 0,-1 
е 1,0,0 f 25 not defined 
1 1 
6 а-- b -— c 0 
42 2 
4-1 өл pong 
42 2 
7 а - b З с : 4 2 
4 4 3 4 
3 
e3 f — 1 һ 1 
й g 
2 2 2 2 
8 а (2) + (2) = = = 1, by Pythagoras’ theorem 
с с с 
ру 2 
b соѕ20 = | — | = —, the rest remains the same 
с с? 
с itis still true 
2 2 
9 а-- b1 с-- а-2 
v3 v3 
1 1 2 
e —2 f — == Һһ-- 
J8 ИЙ: 43 


10 a 


From question 8, sin? Ө + cos? Ө = 1, now divide both 
sides of the equation by cos?0 . 


The identity holds for all Ө between 0° and 360° except 
when cos Ө = 0. That is, when 8 = 90° and 270°. 


Exercise 19B 


1 a 30°, 150° b 60°, 240° с 45°, 315° 
d 120°, 240° e 240°, 300° f 45°, 225° 
2 а 225°, 315° b 150°, 330° 
с 150°, 210° d 90° 
e 90°, 270° f 0°, 180°, 360° 
3 a 10°, 170° b 155°, 205° с 65°, 245° 
4 233°, 307° e 36°, 324° f 106°, 286° 
g 161°, 199° h 23°, 203° і 258°, 282° 
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Exercise 19C 


























1 a УЛ 
(en 
> 
47х 
с УЛ 
9 | 
> 
1 x 
2 а УЛ 
> 
Оз. x 
ў 
с УЛ 
N P 
Са) X 
£7209 
3 а 30° b 0° с 0° d 40° 
4 a 30° b 30° с 0° d 0° 
5 a0 b -1 c 0 at 
2 
1 1 1 
е-- f -3 2 һ-- 
2 43 8 2 2 
43 1 
6а-“ b= c -1 
2 42 
а 1 el tl 
2 2 2 
7 a0 b1 c 40 
el f 0 g 
Exercise 19D 
1 
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180°|+ ө (cos 0, sin Ө) 

































































2 0 
-1 Ҹо 1 ^ 
(cos (180? + 0), sin (180° + 0)) 
cos (180° + Ө) = -cos Ө 
9 |o? 
cos 011.00 
3 а i 05 ii —0.9 iii 0.9 іу 0.95 
у -0.85 vi 0.40 vii —0.8 viii 0.55 
b i 30°,150° ii 120°, 240° iii 65°,115° 
4 А с УЛ 
іу 55°, 305° у 55°, 125° уі 145°, 215° 


уй 205°, 335° viii 105°, 255° 
с 45° апа 225° 
4 al,-l 


b maximum: 90° (plus multiples of 360°); minimum: 270° 
(plus multiples of 360°) 


5 aL-l 


b maximum: 0? (plus multiples of 360?); minimum: 180? 
(plus multiples of 360?) 














(cos 0, sin 0) 








> 
1 Х 

















у 
cos (180? – 0) = —cos 0 (соѕ Ө, ѕіп Ө) 


(cos (-0), sin (-0)) 








cos (-0) = cos Ө 
sin (-0) = -sin Ө 








8 Ө 0% 15° | 30° | 45° | 60° | 75° | 90° | 105° | 120° | 135° | 150° | 165° | 180° 








3sin(20)| 0 15 | 26 3 26 | 15 0 1.5 | -2.6 3 AG ЕЛЕР || © 





Ө 195° | 210° | 225° | 240° | 255° | 270° | 285° | 300° | 315° | 330° | 345° | 360° 





















































3sin (20) ПБ || 2S 3 2G 175 0 | -1.5 | -2.6 3 2.6 |-1.5 0 








у = 3sin (20) 
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9 0 0? 15° | 30° | 45° | 60° | 75° | 90° | 105° | 120° | 135° | 150° | 165° 
4cos(20) 4 3.5 2 0 -2 |-35 | -4 1-35 | -2 0 2 3.5 
Ө 195° | 210° | 225° | 240° | 255° | 270° | 285° | 300° | 315° | 330° | 345° 
4cos (20) 3:5 2 0 2 3.5 4. 3.5 2 0 2 3:5 
1 1 1 
T gc b -> е-е 
42 2 43 
1 1 1 
> а = 2 Pl 
0 2 E 48 
8 a 35°, 145° b 126°, 234° 
с 65°, 245° d 235°, 305° 
Exercise 19E 9 а 60°, 300° b 120°, 240° © 60°, 120° 
1 a 30°, 150° b 60°, 120° с 240°, 300° d 240°, 300° e 270° f 09.360? 
4 60°, 300? e 45°, 225? f 1509 330? | 
g 150°, 210° һ 60°, 240° Challenge exercise 
2 а 36°,144° b 56°, 304° с 63°, 117° 1 4 
d 228°, 312° e 16°, 344° f 256°, 284° 4 
y 
3 а 60°, 120°, 240°, 300° b 45°, 135°, 225°, 315° 1 . 4838 
\ у= 
с 60°, 120°, 240°, 300° 4 45°, 135°, 225°, 315° / \ 360% 
т т t T > 
е 30% 150°, 210°, 330° f 30°, 150°, 210°, 330° 1 EN ub AES NV ө 
-1 -7 
4 а 45°, 225° b 60°, 240° 
Review exercise т” 
1 a35? b 30° с 50° d 20° | ” 
е 70° f 60° g 60° h 60° 5 
2 
\! у= seco 
6 y = cosec Ө 
УЛ ji i 
3 | 
4 
у =cosec 0 
7 а 60°, 300° b 30°, 150° с 30°, 150°, 270° 
1 А 1 : 1 : 
8 b Area = absin(a + В) = 7 ya sina + ybsinB 
5 1 
= 5 (ab sin & cos D + ab sin B cos о). 
Thus sin (a + B) = sina cos В + sin B cos a 
2 t X6 
с Use а = 45° and В = 30°: sin75° = 528 
9 а 2510 сов0 b ZCGD =0+Ө = 20 





6 а 120°, 240° 
d 120°, 300° 


b 45°, 135° 
e 60°, 120° 


с 45°, 225° 
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с 25іпӨ cos@ = area ABC = area ВСР” = 5 BCx DE —sin 20 
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Chapter 20 answers 


Exercise 20A 

1 а all real numbers 
cx#0 
exz-4 


g x + 2апіх ж-2 


IV 


Һх>-7 


ех>0 


x 


a ы 
м 
а|-о 


x 


3 a all real numbers 
сх>0 


ех<0 


4 а function 





УЛ i 

4): 

(с, | шай 
ос ет 





b not a function 








УЛ x=3 
О e=3 4 
с function 











O| € х 


а function 








е nota function 


Y^ 
(x- 2)2+ (у - 3)? = 25 





зү 
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b all real numbers 
dxz2 

fÍxz2 
hxz3andx # 3 


сх 7 


Ғх>7 


b all real numbers 
dx>2 


f all real numbers 


YEAR 1 





f function 


УЛ 








g function 





(c, logs (c +5)) 








-5: 


h not a function 





с 


у = logs (x + 5)! 


> 
x 





с no 


d not a function 





domain: x = 0 

















domain: x = 0 


0 
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Exercise 20B 


ул Үр ух 
1 а 4 










































































inverse: у = ES І inverse: у = 3x 
а, е 1 YA 3 X 
6 P3 
з Аг 
^ b 
7 = 2- > 
JO 3 6. 
Ж уз 55 
›=6—2х 
Rl. | inverse: у = 6-х : 
yes is the inverse of y = 3x + 2 
and y = 3x + 2 is the inverse of y = 5-2 
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6-х y=6-3x 





inverse: y = 
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1 а3 b -17 
-9 е 204 

2 аб b 2 
ac e 4 
4 

3 al b 0 
a? e3 
2 

4 ai b Ž 
6 5 

5 ах-догх-4 
e x=-lorx=5 
ex=2-J50rx =24+VJ5 





bx=2 
d no values of x 


f x=lorx = 3 
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6 aa-4 b y? + 4у 
d 9с2 + 6c – 3 e х^ – 4 


7 a true b false 


true e true 


8 а false b false 


false e false 


е. 


all real numbers, у < 3 
x#0,y + 0 

all real numbers, у > 4 
-23<х<3,0<у<3 
АП real numbers, у < 6 
all real numbers, y 2 4 


all real numbers, y > -3 


mg "= © шесы 


all real numbers, у > 7 

i -5<х<5,-5<у<0 

j all real numbers, all real numbers 
kxz0,yz0 

l x< 7, all real numbers 


mall real numbers, -1 < y < 1 


3n 


Exercise 20D 
1 a 





y -2fQ) 





Indeed in this case, -/(-х) = f(x) 
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,..., all real numbers 


у=/(х) +4 





719 






3 


14! 





а domain: ай real numbers 
range: y > 5 
УЛ 


f(x) -х2-5 





О x 





b domain: all real numbers 


range: y > 0 
УЛ 
2 
10) = @- 5» 
“о 5 х 





с domain: ай real numbers 
range: y > 0 
УЛ 


16 





4 domain: ай real numbers 


range: y > 0 








e domain: all real numbers 





range: y > 1 
yA 
Го) =5Б*+1 
2 
EA ce | СИИК y=1 
O X 





f domain: all real numbers 


range: y > —4 


Ó Лд-5-4 
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f(x) = (x + 4)? 








g domain: x > 0 


range: all real numbers 


УЛ f@)=2+ log, x 





ols 
зү 





domain: x > 4 


range: all real numbers 


f(x) = log, (x - 4) 








i domain: x <0 


range: all real numbers 


Го) = log, Cx) |Д 
-1 
1 2 > 


domain: all real numbers 








range: y 2 2 


YA 


U^ НЫ 


2 





О 25 





domain: ай real numbers 


range: y > 4 


— 
О x 





domain:x > 0 


range: y > 0 
y 


fe) 2x 





> 
x 


0 
8-40434-1 © The University of Melbourne / AMSI 2017 Cambridge University Press 
Photocopying is restricted under law and this material must not be transferred to another party. 








4 domain: x > 0 


range: y > 2 





Дх) =V2x +2 


е domain: x > 2 


range: y < 0 





ТО) --3х-2 


f domain: x 2-2 














range: y < 2 
4 /О)=2-—-ух+2 
> 
x 
: ZA у=уо+» 
(C5, 5)/ 16,5 
у= 0) 2f) 
у--/(д--/(-х) 
6 УЛ 
у= f(x) 
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Exercise 20E 
1 a3 b5 c 10 
da+3 е g(f(x) 2x3 


The result is a translation of 3 units to the right. 


2 a0 b -6 с -4 
а -2 e3 f -4 
gx? -6 h x? — Ax i x-4 


j х^ -8x +12 f(gGO) * g(f GO) 


3 a2 b2 c4 
d 4 ex f x 
f(g(x)) = x and g(f(x)) = x, f and g are inverses of 
each other. 

4 a2 b 2 с 4 
d4 ex f x 
f(g(x)) = x and g(f(x)) = x, f and g are inverses of 
each other. 


5 ag(x)2x-5 
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е g(x) =6-2x 








6 a g(x) = 4х +2 


b g(x) = 2- x 
с g(x) = 15 





1 
7 а domain: x # 0, g(x) = p* #1 
x 


b domain: x + –1, g(x) = 2 4-4 #0 
x 








с domain: x #2, (а) = P, у #1 
x: 
: 2x 

d doming seco EU ce xXx 353 

8 а/(/О)-/5-х-5-(5-х-х 


b ff@) = (х) = х 


e ffo» = 4-4) =x 








а f(fG) = л) =x 
e fray = (7) =. 
г СО) = (GR ) =x 


9 а domain: all real numbers; g(x) = ыг, domain of g(x): ай 
real numbers 3 


b domain: all real numbers; g(x) = ТЕ x; domain of 
g(x): x >0 3 

с domain: all real numbers; g(x) = log; Х, domain of 
g(x): x >0 5 

d domain: x > 0; g(x) = 57; domain of g(x): all real 


numbers 1 


1 ж 

е domain: x > 0; g(x) = - x 42; domain of g(x): all real 
numbers 3 

f domain: x > 3; g(x) = 2* + 3; domain of g(x): all real 
numbers 

g domain: all real numbers; g(x) = logs(x) + 1; domain of 
g(x): x >0 

h domain: x > 0; g(x) = 4574; domain of g(x): all real 
numbers 

i domain: all real numbers; g(x) = Logs (х- 5); domain 
of g(x): x > 5 3 


10 у-,49-х2,-7<х<0;у- У49-х2,0<х<7; 
Уу--У49-х2,-7<х<0;у--У49-х2,0<х<7 
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Review exercise 


a all real numbers 
схж5 
ex22 


gxz#-5 


a -4 
d 12 
g Жа2-1) 


a 3 
d 11 
g 3—4a 


b -3 
ea?-4 
h a? – 4а 
bil 

e 3-2a 
h 7-2a 


bxzo 
dx#-8 
f all real numbers 


һх>-6 


с -3 
f a?-4 


c5 
f 3+2a 


a domain: all real numbers; range: all real numbers 


b domain: all real numbers; range: y < 4 


с domain: x # —6; range: y # 0 


а у--Жб) 


УЛ у= A(x) 





«V 














«V 


0 
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Ho x 
yzfo)-3 
УЛ 
y =f) 
2 
1 
ол * 
-2| у=-/(х) 
a4 b 11 c -20 
d 3 e 3l f 4 
g 11-2х2 h -4x? - Ax +4 і 4х+3 
і-х +10х2 – 20, f(gG)) # (70) 
х-4 2-х 
а = b = 
y 3 y 3 
2 1 
су-4х-2 4у---2 


Challenge exercise 


a f(a* b) = 2(a* b) = 2a+2b= }(а) + f(b) 
f (ka) = 2ka = kf (a) 
b Assume f(a+b) = f(a)+ f(b) 


Thena+b+2=a+2+b+2=a+b+4, whichisa 
contradiction. 


Assume f (ka) = kf (a). 
Then, ka + 2 = ka+ 2k. 
Thus, k = 1. 


a f(xt+y) = 2"* = 2* xV = f(x) f(y) 


bxt+y=xy.x=2andy=2,andx=y=0 


a f(x) = x? is even and f(x) = x? is odd. 

b Let f (x) and g(x) be even functions. The sum function 
(f + gx) = f(x) + g(x) 

(f + g\(-x) = F(x) + g(-x) = f(x) + g(x) = G^ + (x). 





с Let f(x) and g(x) be even functions. The product 
function ( fg)(x) = f(x)g(x) 


(Ж)(—х) = f(x) x а(х) = f(x) a(x) = GG) 





AN 
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d Let f(x) and g(x) be odd functions. The product 
function ( fg)(x) = f(x)g(x) 


(fg)(-x) = f(-x) x g(7x) = -f (x) x (-8(x)) 
= f(x) g(x) = (f)(x) 


e Let f(x) and g(x) be odd functions. Then 
f(g(-3)) = /(—в(х)) = —/(в(х)) 








Chapter 21 answers 
21A Review 


Chapter 11: Circles, hyperbolas and 
simultaneous equations 

















1 a УЛ 
7 
ЖЕ T 
27 
b УЛ 
V7 
> 
oo Xx 
-—N7 
с у 
а УЛ 
2-415 
-1-2У3 —1 + 2V3 
> 
AX. 
2-15 





2 a(x-3?4y?-16 
b (х+ 02 + (у= 2)2 = 3 


3 а (x-2Y + (у +3)? = 4, centre (2, 3), radius 2 
b (x - D? + (у + 4)? = 16, centre (—1, —4), radius 4 
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4 а asymptotes: x = 0 and y = 0 9 
b asymptotes: x = 0, y = 2; x-intercept x = 2 
УЛ 
1 
у=2-= 
2 
Есета НЕЕ АС ананан у= 2 
olli E 
2 
d asymptotes: x = -3 and y = -2 
x-intercept = = -intercept = 2 
P y? р 3 
1 
із”? 
> 
5 f X^ 
AES Го — 
3 h 
5 а (3,12),(-2,-3 b (-2,-1 (3-6) ч eel 
(52) (52-3) (2-14; 1 tm 
3 2 5 
—-7,-2],(1, 3 d (-3,-2),| 2.9 3223 
° | 2 ) a (5%-2) E ) pos 
6 а (45,2, (-45, 2) b (1, 43). 0, -3) 10 
2 4 
с (0, 2), C2, 0) d (0, 2 (85. 2 3 
3 3 
6 17 
7 --,-|,2,-3 
| 5.5 ) ) 
8 (-4,3),(6,8) 
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2 
3 
4 
6 
7 
Chapter 12: Further trigonometry 
1 a @ = 43.2° bx = 2.9 ex = 49 
2 а23ш b 1.9m 
3 634° 
4 al35km b 132.0°T 
5 281.2°T 6 525m 8 
7 а 4.619т b 18.475 т с 4.619 т 
9 
8 ах= 2 b x =5(3+ v3) 
10 
9 х= 50(43 –1) 
20(3 - V3) 
10 ----- cm 
3 
11 12km 
12 а В = 102.6°,C = 274°, AC = 64 
b A = 7125, В = 38.85, BC = 6.0 
c С = 35°, AB = 13, AC = 2.17 
13 148km 14 34.03m 
15 100(/3 +1)m 
16 а 24.8° b 56.99 1 
17 a 3637cm b 50.89 c 46.06 cm 
18 10.09 2 
19 а 459 b 32.09 
20 a Pat Bor C, ZEPH = 35.26? 3 
b P is midpoint of BC, ZEPH = 38.94° 
Chapter 13: Circle geometry 
1 аа= 60,6 = 120 4 
b c= 20 
c h -110,j = 70 
d d =50,e = 40, f = 10, g = 40 5 
e k = 25, т = 65,r = 40, 5 = 50,1 = 65 
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a i 90? ii 60? iii 30? iv 30? 
b 643 cm 
C B 
CB — CA (equal tangents). Hence, 
ZCAB - ZCBA - 45? (isosceles 
triangle), САР = 90? (tangent to D 
circle at A). Therefore, BA bisects 
ZCAD. 


BE - 2cm 5 15-17сш 
ЕС = 10, ED = 6 


If BP x РО = CP x PR 


BP PR 
then — = — 

СР PQ 
ZBPR = ZCPQ 








(vertically opposite) 

ARPB is similar to AQPC (SAS) 

ААВО is similar to AACR (AAA) 
AR А 

so АС = 20 

AR x AB = AC x AQ 


a PY =9cm, XY =5cm 
с PX =4cm 


b PT =9cm 


ZBOC = 150° 


a Let ZYAL = В e 
Then ZLAB = В (given) X 


ZABL = В (alternate segment 
theorem) О 


So AALB is isosceles, AL = BL A “Ы \ 2 В 
b Let ZXAK = о. Then ZKAB = а VL 
(given) 
Therefore, 20 + 2B = 180? 
a+ В = 90° 
ZKAL is aright angle. Therefore, KL is a diameter 
(converse of Thale’s theorem) 


Y 


Chapter 14: Indices, exponentials and 
logarithms - part 2 


a4 b4 c 10 

d 0 e 5 

а —5 b -5 c —4 

4-2 e —4 f -3 

g -11 h -5 

а 10075 b 102.63 с 108533 

4 102100 е 108740 fl 

g -l h 1 11 

а 108514 b 10220 

с —logs343 = —3logs7 d logi; = 

a 125 b 256 c 620 
1027 10001 

d — e —59 LM 

6 2 
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6 a3 b 23 с 26 d 10 
7 ayh ТЕРНИ b yA | = log; (x – 2) 
IN 
(5,1) ГЕ 275,1) 
O| /A x O| : 3 x 
i 1 = log; (x + 5) 
' "T 
am X 
ram 
ЇЕ 
ПІН 
аг 
4 Р = 3log, х е yA y = log; (x) - 
(2,3) VA 
> O} /9 * 
0| /1 x 
Chapter 15: Probability 
1 а : р 1 
3 2. 
1 1 3 
ma ex с — d ee. 
ша b 5 52 13 
1 5 
2 — 4 = 
200 16 
5 а = b 2 с B 
12 36 18 
6 ai a ii 2 
25 15 
TES i È 
25 15 
2d » 7 40 42 
2 200 77 5 
4 1 
8 ap-2— bp=- 
P715 > 
9 а 0.75 














b They аге not independent as P(H A F) ж P(H)P(F) 


10 a 0.5 


b 0.25 


Chapter 16: Direct and inverse proportion 
1 
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b i 2, y = 2x? ii 
сі5,у-- 
dily=— 
y "m 
2 y-29Jx 
3 154cm 
4 y 40 


5 а 2,c = 2ab? 




















6 a=32 7 
8 а 2250 joules 


b 8 times the original energy 


z= 243 


Chapter 17: Polynomials 


























1 a3 b5 
d 0 e4 
2 aa=7 bb=2 
а Р(х) + Q(x) = —x3 + 3x? +7, 
P(x) – Q(x) = 3x3 – 3х2 +8x+7 
b Р(х) + Q(x) = x? - 3x, 
P(x) - Q(x) = —6х? – x? - Зх +14 
с P(x) + Q(x) = -x +2, 
Р(х) - Q(x) = 8x3 — 10x? – 11x +10 
4 a P(x) = (х + 2)(x +6) – 
b Р(х) = (х + 6(x? — 12x + 60) – 330 
с Р(х) = (х – 1)(5х2 – 2x - 2) -3 
5 а 45 p 
8 
6 а--іІ 
7 а (х-1)(х+2)(2х+3) 
b (x - 2)(х + D(2x + 3) 
с (x —2)(x – D(x + Dx + 3) 
8 ах=1огх 2 or x 
b x =20rx=1 огх--і orx= 
9 а Pd) =O for all x. bk=7 


с x -lorx = 20гх = 4 
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сё 
f аё—-2а+4 


c — 




































































io ajr bii 2- 5х Chapter 19: Trigonometric functions 
х-1 х* +2х 1 а second b third с third 
"m d fourth e second f fourth 
Chapter 18: Statistics 
g third h fourth 
1 ax-945,0 = 3.85 b x-13.50,0 = 3.54 
2 a 170 2 a sin5 b —cos 30 c —tan 20 
€ 160 d —sin 20° e —cos 20° f tan 5? 
S 450 55 о 
30 g —sin5 h cos 10 
л 140 
5. з a p E 
Ч 120 2 2 2. 
1110 
100: А А i : 1 2 
15 25 35 45 55 а-/3 үй 43 
Body mass (grams) Js 
3 
b There is some tendency for the heart mass to increase Bl h - > 
as the body mass increases. The relationship could be 
described as linear and of moderate strength. 1 1 43 
4 а 2 р 2 с 0 а ШЕН 
3 As the scores оп Test 1 increase, the scores on Test 2 
increase. 5 а 60°,300° b 120°,300° с 45°,135° 
d 210°,330° e 150°,210° f 135°,315° 
350 
и x 6 а 15.93°, 164.07° b 156.42°, 203.58? 
290 с 66.002, 246.00? а 243.84°, 296.16? 
«270 * e 45.495, 314,519 f 111.12, 291.12? 
% 250 
Ф 
F 230 zw b E c1 
210 НАА 2 2 
гея а 23 “22 po 
170 2 2 2 
150: |. |. |. ; 
15 200 En 300 350 8 а 60°, 300° b 150°, 210° с 240°, 300° 
es 
d 120°, 240° e 45°, 225° f 30°, 210° 
4 a 38 b 11.5 


Chapter 20: Functions and inverse 


j -ГІ-- functions 


| | | | | І-> 1 a-l b 7 с -3 d -11 
0 10 20 30 40 50 





2 а8 b 2 с 1 а-2 
5 а19 b approximately 150 2 
с 4 hours d approximately 50 3 a2 b 4 с -2 46 
6 ai a=38,c =6Le = 88 ii 62 4 a? ь 1 
bi 17 ii 63 
5 ахж-2 bx#2 
7 а public holiday, roadworks, accident сх<5 ах>2 
bi 340.8 ii 341 iii 53.5 exe Sand x23 Ёх»-7 
© —f J] LT g all real numbers haz 
i x«6 


295 314 341 367.5 383 

6 a domain: all real numbers, space and range:y 2 —3 

d George may have sampled over school holiday period. 
Community group may have sampled for a small 
number of days and obtained high counts, or may be 
exaggerating. 
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b domain: all real numbers, space and range: у < 6 





с domain: x > —3 
range: all real numbers 
mo; yA 


log, 3 





зү 


'/—2 |O 





d domain: all real numbers 


range: y > 6 





зү 





е domain: ай real numbers 


range: y < 6 








f domain: 4 < х < 4 


range: 0 < y < 4 


y 
4 
-4O| 4 * 
у-2/0) 
y =f(-x) УЛ | y = f(x) 
/# (1,1) 
x 





8 al 
с gfx) = 2х2 -3 
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b -1 
d f(g(x)) = Qx - 3? 


YEAR 1 





1 


2 


The domian for a, b, d, e and f is all real numbers. The 
domain for c is the real numbers > -3. 





а gx) = 572 Қада 

с g(x) = log?(x + 3) а g(x) = 3* -1 

е g(x) = 48- x f g(x) = 4/8 + х 
21B Problem-solving 

a 10.2 km b 295.5? 

ai 4/3m ii 53? 

b (543 + 12) m 





a 
b 
с ZPAY = ZSXY = 90°, ZAPY = ZXSY = 60°, 
ZAYP = ZSYX = 30°, so APAY is similar to 
ASXY (AAA). 

2.5km 


d 
e 


N 

85° 
A 25° 1.5km 

70° 

5 

3.335 km d 3.205 km 
і 60° ii 30? iii 30? iv 90? 
i 10km ii 5 km 


i шин " 30 үл 


7765 km 


3,4,5 triangle b ZAPB 


AP - AQ (radii of smaller circle), BP - ВО 
(radii of larger circle), AB - AB (common), so 
AAPE - AAQB (SSS). 


і 53? ii 106? 
53? (ZPFQ is angle on circumference standing on the 
same arc as ZPAQ, the angle at the centre of circle) 


ZCEP = ZDEQ (common), ZECP = ZEDQ = 90? 


(tangent L radius), so ACPE is similar to ADQE (AAA). 


ZGFP = ZGHQ = 90? (tangent L radius), 
ZFGP - ZHGQ (vertically opposite angles at б), so 
AGFP is similar to AGHQ (AAA). 


0 
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с From ACPE and ADQE, СЕ er 


DE DO 


From AGFP and AGHQ, д = РЕ, = СЕ (radii), so 
GH HQ DQ 
CE _ FG so СЁ = РЕ 
DE GH FG GH 


a deviation of 4.30° 








b J275 - 220 cos 10°)? + (220 sin 10° + 754/3)? 
= 177.94 m 


a х2 +y =16 b y=2x-4 


c P= (S. 2), peg is 3.2 m east and 2.4 m north of the 
centre of the garden 


aih-rtanO ii s = 





cos 8 


bi Area (А) = je ii Area (B) = r° tan 0 





c La = r? tan Ө, шэн tan Ө 
2 2 


4 57.59 e 4л = 12.57 mm? 
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10 a i 60? ii 30? 


bat+b=90 
сі CE = (10 – х) ст ii DE = (10 – у) ст 
d x(10 — x) = y(10-») > 0 = 10y -= х) – (у? - x?) 
= 0 = 10(у - x) - (у - x) + x) 
0-(у-хй00-у-х) 


еі —cm? ii 500 - x)(10 - y) cm? 











f Er d 
2 10 x)(10 — y) 


xy = 100 – 10у – 10x + xy 
10(x + y) = 100 
х+у= 10 





х(10- х), 
—— ——— cm 
2 


һх-бог4 
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